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INTRODUCTION 


My books “Higher Secondary Elective Mathematics” 
Parts I—III in Bengali for classes IX—XI have been highly 
spoken of by students and teachers alike. Some of my friends, 
teachers of experience, haye often urged me to publish these 
popular books in English. Being thus encouraged, I have ventured 
бо prepare Hglish versions of the said books in three volumes 
under the title "A Text Book of Higher Secondary Elective 
Mathematics (in English )". The first part of the book (in 
English ) has just been published and the other parts for classes 
X & XI will be out in due course, 


This book is designed to serve as a Text Book for class IX' of» 
Higher Secondary Schools. It covers the entire Syllabus of 
Algebra, Geometry and Trigonometry for the class. 

I have lucidly dealt with the topics, illustrating them by 
copious examples, culled from the examination papers of different 
Universities, to enable the students to learn them at ease. 

Now the students have to buy at a time separate big volumes 
of Algebra, Geometry, Trigonometry, etc. at a much higher cost. 
I hope this book will remove that difficulty. 

I shall be happy if this book is received with sympathy by the 
teachers and introduced as a fext book in their schools. 


November, 1962, | Kesbab Chandra Nag, 
Calcutta, Author. 


[ Note: H.S. Examination Question Papers and a Chart 
of Important Formulas are special features of this new edition. ] 
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ELECTIVE MATHEMATICS ^7 
MM 
Syllabus for Class IX 


ALGEBRA: e 

The Remainder Theorem, Divisibility ( factor theorem ) : 
Harder Factors, Laws of Indices (formal proofs for fractional 
and negative indices not being required ); Surds ; Involutions 
and Evolutions ; Simple Simultaneous Equations and problems 
with two or more variables ; Quadratic Equations ; Graphical 
Solutions. 


GEOMETRY : 
To Prove : 


In an obtuse-angled triangle, the square on the side subtending 
the obtuse angle is equal to the sum of the squares on the sides 
containing the obtuse angle together with twice the rectangle 
contained by one of those sides and the projection of the other 
side upon it. 

In every triangle the square on the side bubtending an acute 
angle is equal to the sum of the squares on the sides containing 
that angle diminished by twice the rectangle contained by one of 
those sides and the projection of the other side upon it. 

Tf a straight line is drawn parallel to one side of a triangle, 
the other two sides are divided proportionally and the converse. 

If two triangles are equiangular, their corresponding sides are 
proportional and the converse. 

If two triangles have one angle of the one equal to one angle 
of the other and the sides about these equal angles proportional, 
the triangles are similar. 


opposite side internally in the rati 
angle and likewise the external bis 


If а perpendicular is drawn f, 
angled triangle to the hypotenus 
the perpendicular are similar to 
another. 


rom the right angle of a right- 
e, the triangles on each side of 
the whole triangle and to one 


The ratio of the areas 


of similar triangles ig equal to the ratio 
of the squares on the corr 


esponding sides, 
TRIGONOMETRY ; 


Measurement of an i 
radians. Definition o 


to be excluded ) 
of an angle immediately 


derivable from a right-angled triangle, Trigonometrica] ratios of 


complementary angles, 


SOME IMPORTANT FORMULAS & RESULTS 
Algebra 
a?-b*-—(ad-b(a-?) 2. a? --b? = (a-4-b)(a3 ~ab+b?) 
a? — b? — (a — bY(a? --ab--52) 
(a--b--c)? —a? 4-53 4-3 "F(a--)(b-Fc)(c--a) 
a? --b? c? — Sabc— (a-I-b--c)(a2 +52 +c? — ab — bc са) 
—&(a-F5--c)l(a — 5)*-- (5 —с)* +(c—a)?} 
6. (i) a*(b-c)+b2(c—a)+c2(a— 5)= - (a - B)(b - cc — a) 
Gi) 9«(b— c)J-ca(c — a) -ab(a — 5)  — (a — b(b — c)(c — a) 
(i) a(b* —c*)--b(c* – a*)--c(a? — 53) = (a — bb — cY(c — a) 
(iv) a*(b-c)--b*(c — a)--c*(a — b) 
=- (a - b(b с)(с- a)(a--b4-c) 
(v) b*c*(b— c)--c*a* (c — a)--a*? (a — b) 
= -(a-b)(b-c)c— aYabd-bc--ca) = 
(vi) a^ (b-t-c)--b*(c-4-a)4-c? (a-41-5) -- 3adc, | 


Са bo 52 * del 


be(b-+e)-+-ca(c+a)-+ab(a+b)+ 3abc, 
alb? --c*)-- b(c* a?) --c(a3 4-53)2-3abc 
] Each —(a-4-54-c)(ab--bc--ca) 
(vii) а°(0--с)--2°(с--а)--с?(а--0)--афс, 
bo(b-1-c)--ca(c--a)--ab(a 4-D) 4- абс, 
alb? с) Не-а?) +c(a* 4-53) -- 9c, 
(a-1-b--cY(ab-l-bc--ca) — abc 
Each = (a--b)(b--c)(o4-a) 
(viii) 250° 4-90242 4-920° -at -pt -ot 
=(a+b+c)(b+e — a)(c-ta- b)(a+b-c), 
7. ш – а ів a factor of f(x), if f(a) — 0. 
8. (i) a”-b" is exactly divisible by a-b, when л is a 
positive integer, even or odd. 
(ii) a”-b” is exactly divisible by a+b, when n is an even 
positive integer. 
(iii) a^-Fb" is exactly divisible by a+b, if n is an odd 
positive integer. 
(iv) a”+b" is never exactly divisible by a-b. 


[2] 


9. Laws of Indices: 

G a"xa^—a"". (ii) ат" (ти) 

(у) а%= (iv) ana, and E p 

(v) (s")"—a"^ (vi) (ата (vii) a"p"—(aby". 

10. If s+ J/y—a-- Jb, where z and a are both rational, and 
Jy and ~b are both irrational, then z— a and yb. 


11. Itaz?--bz-4-c—0, then s= 2E = — Час. 
@ 


12. Graph: (i) The equation of a linear graph is y—mz 
or y=ma-+e. 
(ii) The graph of a quadratic equation in the form zy=0 is 
` а pair of straight lines, <=0, y=0. 
(iii) The equation of a circle is a? +y? =a? 
or (¢+0)?+(y+c)?=a?, 
: (iv) y=ma* ог mz=y? represents a parabola, 
(v) aa?-Fby* =c represents an ellipse. 
(vi) az? —by*-c? represents a hyperbola and zy=a or 
zy--az--by =c represents a rectangular hyperbola, 


Trigonometry 
1. %=*/=3'1416 (App); Circumference of a circle— лу 
(r being radius), Area of a circle = лу, 


DT right-angle -90*— 1004 = 7 (radians) ; 
1 


se *—-7. radian; 19—.9. EE 
TS 9 grades, 1 180 radian; 1 10 degree 300 } 

Ы o 
1-2 right angle 190 — 900° ; lradian— 57^17'44'8" (App.) 


1 degree—'0174533 radian (App.) 
Circular measure of an angle —arc--radius, i.e., 


p where sis the arc, r the radius and Ө is the angle in 


radian, 


| 


sec 0 and cos 
cob 0 can have any 


[3] 


г à 1 1 А д 
3. HII = sec Q———, .. = 
3. (i) sin mae, 90 EET sin 0 x cosec 0—1 


(ii) соз j=, sec so 89 Г. cos 0x sec 0— 1. 


sec 0 cos 0 
ae T Д; 
tan 6= 3 =—,-. =1. 
(iii) ta БЕП cot 6 pct tan 0 »ecot 0—1 
(iv) tan pz BE) cot 0= 008 6. 
cos 0 sin 0 
4. (i) sin*0--cos?0—1, (i) sec?¢=1+tan*9, 


(ii) cosec*0— 1--cot? 0. 


6. Complementary angles : 

sin (90° — 0)= cos 0, cos (90^ — 0) —sin Ө; 

tan (90° — 0)= cot 0, cot (90° — 9)— tan 0 ; 

sec (90° — 0) = cosec 0, cosec (90° — 0) = sec Ө. 

sin Ө and cos 9 can never be numerically grenter than 1 ; 
ec 0 can never be numerically less than 1 ; tan 0 and 
value according to tho value of 0. 


— 


7. 


Corrigendum 
Page 5, line 15, read а for xt, 


» 14, in sum $, read — 16 for +16 Я 
» 35, in last line of Ex, 8 read а= – 36. 
» 48, in last line read = 3 for = 0. 
» 93, in sum 10 read a? for а? and 
in sum 13 read 5? for b?. 


» 109, in sum 14(b), read 2 „/5— 1 for 2 „/5-1. 


» 123, in 9nd line of Ex. 5, read — 2 /15 for — 21 Jf. 


» 143, in Ex. 2, read 64 for 65. 
» 164, in sum 91, read 10 for 15. 


+2 XE. 
ат for " 
» 184, in Table, read 20 23 


» 198, in line 5, read 55 for 50. Я 
» 200, in the denominator of sum 2(d) read 6 for 2. 
» 279, in sum 4(v), read x° for 29, 

» 284, in line 19, read P10M; for РОМ, 


» 292, in sum 18, read tan*@ for tant, 


» 298, sum 26 should be cot co t= 


» 381, in answer 12(iv), read „/80 for J35. 


ALGEBRA 


INVOLUTION - 


1. Power. The product obtained by multiplying together 
several factors all equal to the same number or expression is called 
the power of shat number or expression. 

Thus 3 X3 is the second power of З and is briefly written as 8? 
4X4X4 is the third power of 4 and is written as 4°, 
aXaXaXa is the fourth power of a and is written as а“. 

Again, (5)®= 5х5х5х85=695, 


(2) -2XaXz-—z?, 


> 


(a) =a Xa Xa X to n factors — a^, 


Index. The small figure that indicates the number of such 
equal factors (number or expression ) is called the Index 53 
Exponent of the power. 

Thus in 8°, 4°, a* the indices are 9, 3 and 4 respectively. In 
(a)™ or а", the index to the power is m. Р 


The-second and third powers of a quantity are called its 
square and cube respectively. The first power of a number 
is the number itself. 

Thus a*=a, The index 1 is not written, we simply write 
a for а". 

2. Involution. Involution is the process of finding the 
powers of a quantity or expression. It is the general name for 
multiplying an expression by itself to determine its any power. 

The expression obtained by raising an expression to any power 
is called an expansion of the expression. 
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3. We know from the Rule of signs ‘that (i) the even’ 
power of any expression is positive, 

Thus (t-z)? —2X2—2* ; (7-2) = рх —z=2?; 

(—a)*=—ax —ax —ax —a-a*, etc. 

Gi) Any odd power of an expression will havo the same 
sign as the expression itself, z.2,, the odd power of a positive 
quantity is positive and that of 2 negative quantity is negative. 

Thus (+3)*=8 x8 x3—27;(—3a)? = —8a X - Зах —3a-— —27a?, 


(—-g)'— —5X-—mX-—mX-—zrX-mÁ--—mc, etc. 


4. Rule for raising to a power :— 

(a) To raise an expression consisting of 1 term only to any 
required power :— 

(; Raise the numerical coefficient, if any, to the required 


power by Arithmetical process and prefix the result with its proper 
sign, positive or negative, 


(ii) Then raise each of the literal factors of the experession 
to the required power by simply multiplying its index by the 
index of the power. 

Examples : (22^)* —(2)*(a*)* = 1648, 

(—2a*8)* =(— 2)*(4*)*-(5)* = 44558. 
NS 4 rh 
(—8х5*у5)5 = (—8)°-(ш*)5-(у5)з = — 97512,9, 
( NN 8a?5* 
bool =s" [ Here the numerator and the deno- 


minator are operated upon separately ] 
(b) To raise a Binomial expression $5 any power : 
By actual multiplication we have 

(9+6)? = (a+b) X(a-5) азо 3 

= b+b 

(a=b)? =(a—p) X(a— 5) =a" 995. +42 } 

(а-ЕЬ)° =а% +3a7b+3ah2+55 

(a— b)? =a? —3a*5 +3ab? — 55 j 


ALGEBRA 8 


(a+b)*=a*+40°b 4- Ga?b? -- 4ab? + 5* \ 
(a—b)* =a* — 4a?b 4- 6a? b? — 4ab? -- 5* 

(a +b) =a" 4-5a*b-3- 10255? + 10a?5? + bab* +b" } 
(a— 5)5 =a" —5a*b 4- 10a?5? — 1007b° +5ab* — 5^ 


Hence the Rule may be stated thus: Let a be the first term 
and b the second term of the given expression. e 


(i) The number of terms in the expansion of а binomial 
expression is one more than the index of the power. 


© 
(ii) Ву raising the first term a and the second term b to the 
power indicated by the index, we get the first term and the lasb 
term in the expansion. Thus in the expansion of (a--5)5, the 
number of terms is (5+1) or 6 of which a^ is the first term and 
b5 is the last term. 


(iii) The power of a in the 9nd. 3rd. or any term in the Ч 
expansion will be 1 less than its power in the just preceding 
term and that of b will be 1 more than its power in the preceding 
term. 

(iv) To determine the numerical coefficient of any term in 
the expansion, multiply the numerical coeflicient of the preceding 
term by the index of a's power in that term and then divide the 
product by the total number ofall the preceding terms The result 
thus obtained is the required numerical coefficient. 

(v) Е expressions like a+b and a-— be raised to the same 
power, the only difference in the results is that all the terms in 
the expansion of a+b will be positive, while in the expansion 
of a—b, the terms from the beginning are alternately positive 
and negative. 

(vi) In any expansion the two numerical coefficients of any 
two terms equidistant from the beginning and the end are 


equal. 
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Examples 1 

1. Expand (a5). 

Here the index of the power is 6, so the total number of 
terms in the expansion will be 7, of which the first term will be 
a and the last term b^. The index of the first term is 6 and 
its numerical coefficient is 1. Soto find the numerical coefficient 
of the 2nd term, we multiply the index 6 by the coefficient 1 of 
the first term and divide the result 6 by 1, as the number of 
terms preceding the 2nd term is only 1. Hence the second term 
in the expansion is 6a^b. о 

Similarly, the 8rd term (£5) = 25a*5* = 15а5Ь°, 

the 4th term (1) - Age a^ b? — 20a?b*, 

the 5th term (¢,)=2%8a°b* —15a*b*, 

the 6th term (¢.)=25*2a5° = Gab^, 
the 7th or last term (4;) = $5159 =b°. 

“+ (a+b)° =а° +6a°b+ 15a4b? -- 20a 5? -- 15425“ + Gab --b^. 

[N.B.: Here the 4th term is preceded by 3 terms and also 
followed by 3 terms. As the numerical coefficients of two terms 
equidistant from the beginning and the end are equal, the terms 
following the 4th term can at once be obtained without 
calculatian. ] 

2. Find the expansion of (z— y)". 

Here the total number of terms in the expansion —8. 

Now, t1=2 
в=?{'®°(—у)=-—17д° y 
ta =145°(—у)* ау 
Ia 7 Mta = зари 
із = 296258 )* -85g5y* 
AR ET. “80° (—9)°= — 91g? y^ 
tı = y gy = y^ 

E ee y'- FK 

“+ 2—0" oat ety + 210%? = 350° +3508“ 

—91z*y5 Tay? — у". 
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^ 3 Determine the fifth power of (20-5). 
In the expansion of (2a+)* the total number of terms = 6. 
Now, £,-(2a)*—39a* 
te =5.(2a)*b=80a*b 
ts = (91) 26° =80a°b* 
ta 7 254-5 (9a)* b? — 40a? 5? z 
ts = 39:3 (9a)b* = 10ab* 
to 25205 = 


(9a-+b) >= 324° +80a*b 4- 80a? b -- 40a* 5? + 10ab* +5". 


4. Expand (1—2)". 
The expansion will have 7 terms in all. 
Its 44,7(0^—1 

t9 —6(1) (72) —6z 

ta 912(1)“(— а) =150° 

ta = Mg) (7 2)* = — 202° 
Here the numerical coefficients of the succeeding 3 terms will 

be respectively equal to the numerical coefficients of £s, te 


and tı. 
the following 3 terms are 15z*, —655 and 2°. 


(1—2)? =1—6а+ 15z* — 200° -- 15z* — 625 +g". 


5. Expand (z? — 9)“. 
(a? — 2)* = (т) + *:3(2*)*( — 2) +458 (2)? (— 2)" 
48857) (— 9)* --432(— 9)* 
=? — 8" - 24z* — 822^ +16. 
6. Find the expansion of (2a — 8Ь)°. 
Here the total number of terms in the expansion — 6. 
Now, tı —(2a)* =82а° 
= 5(2a)*(— 3)=- 240a^b 
z4(2a)*(— 8b)? = 10(2a)*(— 3b)" = 190835? 


їз 
ta=* 


Hence, £,—10(20)*(— 3b)? 
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= — 10800255 , 


1, 5(2a)( —35)* — 810a5* 


te=(—3b)5 = — 94 


35°. 


Г. (2a—36)5 =3945— 240a*b-- 1908353 — 10804255 


+810054 — 94355. 


7. Simplify (a-- b)5 — (a— b). 


The given expression = (a5 4- 5a * 


b--555a*b* 1007584 50544-55) 


— (aë — 5a*54- 10a?5* — 102*5* + 5ap* — 5") 
= 10a*54- 20a? 5? -- 955. 
8. If a—8, find the value of 
a^ — 6a^-- 15a*— 90a? + 15a? — 6a — 63. 


The given exp. = (a? — 645+ 


15a* — 20a? -- 15a? — 6a 4-1) — 64 


—(a—1)* —64—(3— 1)? — 64 
—(2)*—64—64— 64—0. 


[N.B. Here the numerical coeffi 


that if 1 be taken as the 7th ter 


cients of the terms suggest 
m, we get the expansion of (a—1)°, 


Hence, — 63 has been split up into 1— 64. ] 


9. Evaluate at+8e°+-94¢ 


* --82a-4- 18, when a= J3 - 2. 


The exp. = (a)* -- 4.43.9 --6.a* (9)? 4-4.a.(9)9 + (2)* 4-9 
=(a+2)*+9=( J/3-2+9)*+9=(,/3)*+29 
=(3)?+2=949=41. 


‚ 10. Find the sum of the 
in the expansion of (ш t). 


numerical coefficients of the terms 


* (E Egg Epig yt пая додада ү, 


the sum of the numerical coefficients 
=1+5+10+10+5+1=39, 


Otherwise : 
$—1 


We know that any power of |=] 
ı V—l in the expansion of (&+у)°, 
expansion will evidently be equal to its coeffi 


и. Ц we put 
each term in the 
cient, 


ALGEBRA 7 
м RS the sum of all the terms in the expansion —(z--y)*, 
the sum of the numerical coefficients —(1-- 1)* = (9)° = 
11. Expand (a+b+2)*. 
(a--b-- 9)* —i(a +b) +2} 
— (a +5)“ - 4(a 4-D)* .9.-- 6(a +b)? .9* +4(a+b).2° +(2)* 
= (a 4- b)* +8(a +b)” +24(a+b)* +32'a+b)+16 
=at+4a°b+ 6a? b? + 4ab3 -- b^ -- 8(a9 -- 3a? 5 4- 8ab? +b?) 
--94(a? + 2ab 4- 5?) - 82a 4-32 d- 16 
=a% 4a* b -Ba? + 6a? b? -- 94a? b 4- 94a? + 4ab? + 94ab* 
--48ab 4- 24b? -- 8b? +b* + 32a+32b+ 16. 


Exercise 1 


Raise to the required power :— 


1. (i) (—2a%57)* (i) (—82*y9)* 
ai) (- 2 е (iv) (a+b) 


3. (at1)® 3. (sky 4. (1420) 5. (a—9) 
6, (2-9) qm 1)9 8. (2a—1)* 


Expand :— 

9. (8—0)° 10. (2a--5)5 11. (2—3) 
12. (8a-+2b)° 18. (а-Е1)5 14. (ш—1)° 

15. (a*+1)° 16. (2+1 17. (а? —b°)* 
18. (1—а°)° 19. (ш—у+)* 20. (а+ь—9)* 


Find the sum of the numerical coefficients of the terms in the 


following expansions :— 
21. (a+b)° 22. (а+%)° 23. (w+b)7 24, (a+b)% 


24. (a). (2a —30)". (b). (8—2- 42^)". 
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Find the value of :— 


25. a*--6a5--15a* +20a°+15a°+6a—81. when a— —8. 


26. z'-F5zi-F10z?--10z?-L5s, when z=, 
27. @*—1978 +545? —108z--81, when z— 3, 
28. 16a* 32° -- 246? -- 8g — 80 
29. 2 —52*9 +10z°y? — 102*y* 55у у, if#=2, y= —1. 
90. z*—45?-L-65? —45 -2, when z— ,/34-1, 


31. a*-F6a54-15a*-r90a? + 15a? + ба, when a— 5/3— 1. 
Simplify :— 


32. (z--y) —(z— y)" 
34. (a-dB)' --(a— 5)" 


» when a= — 2, 


33. (14-2)? —(z— 1)* 
35. (z--a)* — (c— a)*. 


— 


HARDER FACTORS 
Examples 2 
5. Factors of expressions in the form of a?—p?, 
1. Factorize a*+454, 


[0. О. '22] 
Here apparently the expression is not in the form a*—}*, 
but it can be reduced to that form, 


Now, the given exp. —(a*)? + 


(95*)* -- 9.4? 95? — 45252 
=(a?  25*)* — (9a)? = 


(a? -- 9? + 948)(a? + 952 — 2ab). 
2. Factorize a9 --g* +1. 


The given exp.=(a*)? +9941 +(1)? 
—(a* +a? +1)(a* —g? +1) 
Sila”)? +2.09.1-+(1)® арх (ааз 4 1) 
={(a* +1)? 7 (a)*Ka* а? +1) 
= (a? --a-- 1)(a? —4+1)(a* — a? 4-1). 


—a* — (a* +1)? — (a2)? 
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3. Factorize a*— 98a?b? +5“. 
The given exp.— (a)? 9.42.53 --(D*)* — 2506? 
= (a2 +b)? — (5ab)? = (а? + 5а6 5? (a? — 5ab+ b^). 
4. Factorise 4a? + 5? —c? —d? + 4ab + 2cd. [D. B. 1923] 
The given exp. —(4a? + b? + 446) — (c? -- à? — 9cd) 
=(9a+b)? — (c - d)? =(2a+b+e—d)(2a-+5—c+d). 
5. Factorise (a? 4-b?)(z? — y?) + 4abzy. [P. U. '25, '33] 
The given exp. —a^z? — a*y? — b?? --b* y^ --9abzy + За ту i 
=? +b°y? + 2abzy) — (a? y? + 65 — аху) 
= (az - by)? — (ay — bz)? 
= (aa +by + ay — bz)(az - by — ay - bz). 
6. Factorize a^ — b? — c? — 95c4- a —b— c. 
The given exp. =a” — (b? +-с° --9bc) -a —b—c 
= (a)? — (b+c)? --(a—5— o) 
= (a--b-- c)(a — 6 — c) -- (a — b — c) ^ (a — b — o)(a - b-- o -- 1). 
7.  Factorize 4z^-- 1 and hence find the two factors of 40001. 
4z* +1 =(2u7)* + (1)? 4- 9.92?.1— 4z* = (92? + 1)? — (22)? 
= (20° + 20+ 1)(22* — 9-1). 
Now, 40001 =40000+1= 4 х 10000+1 
=4X10*+1=4¢*+1 [ putting æ for 10] 
= (90° -- 95-1) (22? — 9+1) 
—(8x10* --2x10--1) x (2x10? —2x104-1) 
— (200 4- 90 + 1)(200— 20 4- 1) 2 221 X 181. 
8. Resolve into factors 8a? — b? —c? — 2ab— 9bc— 9са. 
‘The given охр.= 40° —a? — 0% — c° — 2ab — Abe — 2ca 
= 44° — (a? +b? +07 + 2ab + 2bo + 2ac) 
= (2a)? — (at b-- c)? = (да+ a+b -c)(2a— a— b— c) 


=(3a+b+0)(a—b—0). 
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9. Resolve into factors 
2a^b^ --9b*c* +967? —at— pt —с*. 
The exp.=4a"b* — 24252-95203 10023 —a*—b*—c* 
=4a°b* — (at -- ое 9a? p? — gy* s? 924° 
= (2b)? — (a? +p? —с?°)® 
—(2ab +a? +b? — с) (оф — 43 — b? +o?) 
={(e-+)? — lo) Ho? — (a? +b? — oap) 
=(6+b+0}(a+b—c){(c)? — (a — в) 
= (a b--c)(a- b — 0) (сна (сак), 
6. Factors of the expressions in the form of a? +-Ъ°, 
1. Resolve into factors a^— pê, 
The given exp.— (a2)? — (b*)* — (a? -- 5*)(a3 — 53) 
= (a-F b)a* — ab-- ba — b(a? --ab +b?) 
2. Factorize 8(a--b)9 — c°, 
The given exp.—192(a 4-5)? — (с)з = (2a 4- 95)? — (c)* 
= (2a-t 9b — c)((2a 4-95)? + (9-95) c-E с?! 
=(24+2b—c)(4a? 4-45? +8ab + Зав 9bc 4- c?). 


6 
3. Divide a +2" by a" Fab +h, [0. U. 1930] 
9 
Lra LONN aa ERU EA 
(a + amena +] азе) 
b 


Jen 
4 аа) ааа.) 


p p ^ 
the quotient = D M 3! | i tab oe —ab4 23 


editor preteen 


(at-+a0+"") 


= (0 +25) G +2). 
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4. Show that (az+by)®+(ba+ay)® is divisible by a+b 


and also by 2+7. [O. О. '21, '26] 


(ав by)? + (bz-d- ay)? 
= (ag by - bz +ay){(ax+by)* — (ax - by) (bu + ay) + (bc a) 
=fa(a+y) + b(z A y) am Бу) — (ag + by)(bz ау) + (bx ау) | 
=(a+b)(e+ 0) ав + by)* — (аз by)(ba + ay) - (b ар). 

a+b and 2 +y are factors of the given expression, 

it is divisible by both a+b and 2+7. 


Б. Factorise 2? — y? --8y? — 3y-- 1. 


The ехр.= 2° — (y? — 3y? --8y — 1) = (х) —(у- 1)? 
—(z— y -- 1)fíz? -Fa(y—1)--(y— 1) 
= (с -y+ Ila? + ay c y? — 9y +1) 
=(a—yt lys? +y?+1+2y—a—2y). 


7. Factors of expressions in the form а? +b? --c? — Заъе. 


1. Resolve into factors a?-- 5? + c? — Заре. 

The given exp.—(a-- 5)? —3aba-- b) 4- c? — 8abc 
=(a+b)* + (c)? — 3ab(a-- b) — 3abo 
— (a-- b 4- c)f(a +b) — la 4- b)o 4- c? t— Sab(a d- b c 
=(a+b+c)(a* 4- b* +2ab — ac — be +0? — 3ab) 
— (a-- b 4- c)(a? +b? 0° — ab — ac — bo). 


2. Resolve into factors 8z? —y*+z2°+6ayz. ` 


The given exp.— (22)? --( —)* -- (2)? — 3(92).(—).(z) 
— (9s — y - 2) (92)? --(— y)? -- (2? — (20) — 0) — C7 JY) 
— (292) 


— (9g —y- z (4g? Ну? +z” + 9x - yz — 202). 


[ Here factors are found with the help of the above formule. 


It is proper to do it as in example 1 above. ] 
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3. Resolve into factors z? —y? — 1— 3zy. 

The given ехр,= (2 — y)* + 8zy(z — y) — 1—3xy 
—(z— y) — (1)° -3zy(z — y) -3zy 
—(z—y—- Ui —))* -(z—- y)1--1*1-3zy(z— y— 1) 
—(z—y—J(z* —9zy--y* +0—y4+14 B2y) 
—(z—y — 3)(z* Ey? --1-- zy 4-2 — 4). 

4. Resolve into factors 6° +8a8 +97, 

The given exp.—a* — a? --97-- 94? 
—(a*)*-F(—a)? +(8)® — 8.43(—a).8 T 
= (a^ —a +38){(a?)* +(—a)? +(3)? — (a2 — a) 


—(a*).8—(—a).8 
—(a* —a--3)(a* +a? -- 9-3? — 3a? + За) 
=(a°—a+3)(a* --a? — 2a? + 3a 4-9). 

8. Factorization of expressions in the form of 

ax*+bx+e, 

Here two quantities are to be found whose product will be 
equal to the product of a and c (2.е., the product of the coefficient 
of z* and the term independent of z), and whose sum is equal to 
b (i,e, the coefficient of х). Я 

1. Resolve into factors 2° --4z— 91. 


[С. U. '16] 
[Here, we havo to find out 


two numbers whose product is 
1X—291,45, —91 and whose sum is 4, Evidently the numbers are 
Vand —8; .*, we shall break up 4z into Ta—8z,] 
The given ехр.=*-- 75 — 31 — 21 
=a(2+7)—3(¢-+7)=(2+7)(a—8). 
2. Fuotorize 6z* 4-g — 15, [0. U. 1936] 
two numbers whose product ig 
the coefficient of л). ] 
= 15=2a(32+5)—3(30+5) 
=(32+5)(22—3), 


[ Here, we have to find out 
6X —15 or—90 and sum is 1 (i.e.n 
The given exp.— 62? 4-105 — 9; 
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8. Factorize 2*-+2—(a+1)(a+9). 
[N. B. Here the product of (a--9) and —(a+1) is 


—(a+1)(a +2) and their sum is +1. .. @=(a+2)s—(a+1)x) 


The given exp. =g" (а 9)z — (a 4- 1)z — (a - 1)(a 4- 2) 
= (жш +a 4-2) — (a4- A)(a 4- a-4- 2) 
—(z--a4-9)(z — a — 1). 


4. Factorize 2° — Печь 
The оцта? ar- 1-я —а)– а) = (#021). 


5. Factorize (z? — 65) — 8(a* — 62-8) — 64. [B. О. '26] 

The given exp.—a?—8(a-F8)—64 [putting a for z* — 62] 
—a? —8a— 64— 64=а* —8a— 128 
=a*—16a+8a—128 
=a(a—16)+8(a—16)=(a—16)(a+8) 
—(z*—6z—16)z*—6x-8) [putting the value of a] 
=("* — 82+ 22 — 16)(z? — 4w — 922-8) 
={1:(0— 8) + 202—8) (0—4) 9(z — 4)} 
=(@—8)(ш-+9)(х— 2) a — 4). 


6. Factorize (z-- 1)(z-4- 3)(z 4-5) (s 4- 7) +15. 
[C. U. 1941 ; M. U. 1996] 
The exp. ={(e-+1)(e+T)H(c+3)(a+5)}+15 
— (0° +824 7)(2° +8a+15)+15 
=(6+7)(a+15)+15 [putting a for z? +82] 
=a" +22a+105+15 
=a°+22a+120=a°+12a+10a+120 
=ala+12)+10(a+12)=(a+10)(a+12) 
—(g*-F8z--l0(z*--8z--19) [putting the value of а] 
— (g? +82 - 10) (x? -- 62 4- 22 3- 19) 
— (e? 8-10} (е- 6) F 9(z -- 6) 
= (g? -- 8 4- 10) (z 4-6) - 2). 
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[N. B. Нее in the products of (#+1)(e+7) and of 
(2-+-3)(=--5), the terms containing х? апд д are the same. 
So they are separately grouped together, | 


7. Factorize (c+ i)(a+-3)(a—4)(e—6)+94, ÍD. В. '92] 
The given exp.—i(z-- 1(z— 4)t(z--3)(z — 6) 2-24 
—(z* —3z— AYz* —3z—18)2-94 
Dom 4)(a— 18) +24 [putting a for z? — 32] 
=a" —92a--96—a* — 16a—6a+96=a(a—16)—6la— 16) 
—(a— 6)(a— 16) — (z* — 38a — 6)(~* —3z — 16). E 


9. Factorization by the trial method. 
1. Factorize œ? —3z4- 9. (C. О, 1930; С. B. 1916] 
By trial find that value of z,for which the given expression is 
zero. Here evidently the expression is 0, if s= +1, 
2—1 will be a factor of the given expression. 
Now, 2^ —3z--2—2* -m° +° —g — 9x -9 
—2*(z— 1)--a(z— 1)— 9(s — 1) 
E dm а-а) 
—(z— 1)iz(z-- 2) — 1(z 4-2) 
=(ш— 1)(z 4-2) — 1) — (« — 1)? (s 4-9). 
2. Factorize z? — 2? — 15 —9, 


Here, if ж = — 9, the given exp.—0. Hence 2+2 is a factor of 
the expression. 


Now, the given вхо. = 28 --97* — 35? — 6s —5—9 


=@°(ж+9)—3д\ш-Е9)— 1(z-- 2) - (x --2)$* — 32— 1). 
З Factorize z? 602-1126. 14. U. 19921]: 


Here if 2=1, the given ехр.=0. 
`e €—1isa factor of the X белоп; 
Je ма 6—2*—z' —5a*+5a+62—6 
—az*(z— 1)—5д(л—1)+6(л2—1) 
=(@—1)(@°—ба-Ь6) = (д— 102° — 35 — 92-6) 
=e Diele — 8)— 3(2— 3) (s — 1o —3ya— 9) 
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4. Factorize 8a°+4a—3. 
The exp.—8a* —1+4a—2={(2a)*®—(1)*t+9(2a—1) 
= (2a —1)(4a"+2a+1) +2(2a—1) 
= (8a — 1)(4a* + 2a - 1-- 2) — (2a — 1)(4a* + 2a +3). 

D. Factorize z^ +y°, 

If — y be put for æ, the given exp.=0, so z4-y is a factor of the 
given expression, 

Now, z^ - y^ =g" Ну у wy" zy? +0748 — gy? ру“ 

2 Tay 4 y" 

(my) - a y) x y (m - y) — y? (s + y) - lety) 

=(aty)(a*— aya – wy? +y*). 

6. Factorize z* —2" — 72? 40-6. 

Here we find that if z have any of the values 1,—1,— 2,3, the 
given expression =0; Г. 2-1, +1, 2+9, 2—3 are factors of 
the expression. 

The terms are so arranged that 2 + 1 may be a factor of the 
expression. 

Now, the exp.—2* +g? — 9z? — 902 — 52° — Бе 6z +6 

= (z--1)— 22° (@+1)- 5x(e+1)+6le+1) 
= (2+ 1(a*— 9x? — 5a +6) 
[Again arrange the “nd factor so that (x — 1) is a factor of it] 
= (2+ 1)(x? —2*—2* +2—62+6) 
—(z 4 1)fz* (x — 1) — a(m— 1) — 6(s — 1) 
=(@+1)(@— 1)(* —2— 6) 

[Arrange the 3rd factor so that z-- 2 is one of its facto:s] 
= (g4- 1(z— 1)? + 922 — 8x — 6) 
=(а+1)(@- 1)10(=+9) — 8(c-- 2)] 
= (@+1)(ш— 1e 4- 2(« 3). 
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10. Factorization by arranging the terms in the descend- 
ing powers of the letters involved. 


1. Factorize a^ — 25? —8c2+ab+9act+ The. 
Here first arrange the terms in the descending powers of any of 
the letters a, b, c. 
Thus, the given exp.— a? +ab+2ac— 9b? + Tbc — 8c? 
; —a* + (b 4-2c)a — (2b? — bc 4- 8c?) 
=a" + (b+ 20)a— (9 — 6bc — bc + 8c") 
—a* t (b4-2c)a — (&b — c)(b — Зо) 
= a? -F(9b —c)a — (b — 3c)a — (2b — c)(b — 8c) 
—a(a-- 9b—c) — (b — 3c)(a-- 9b — c) 
— (a 4- 9b — c)(a — b + 3c). 
[N. B. Here (6+2c), i.e., the coefficient of a has been split up 
into two expressions (2b—c) and —(b—8c),so that their sum is 
b+2c and product is — (25 —c)(b — 8c).] 


2. Factorize a? — 3bc -8b? —4ab+ac. 
The given ехр.= (a? —4ab--35?)-- ac — Зо 
—(a? —ab— 3ab4- 35*)--c(a — 8b) 
—(a — b)(a — 30) - c(a — 32) = (a — 3b)(a — b+e). 
(27. B. Here the terms in which a,b are of the same degree 


have been grouped together. 


The remaining terms are grouped 
together.] 


9. Resolve into factors a* +a? — 10a? Fa +1. 


UN. B. То factorize an expression in which &he coefficients of 
the terms equidistant from the beginning and the end are equal, 
Such terms are grouped together. ` Such expressions are called 
reciprocal expressions.] 

Here the given exp.— (a 4- 1) -- (a? -Fa)— 10a? 

= (a* +1)? — 2a? + a(a? 4-1) — 10a? — (a ED ca(a* 4-1) — 190? 

—z*-Faz—19a* [putting æ for а*- 1] ; 

=a" --4ap —3ag — 194° = (40) — 3a(e-- 4a) 

=(a-+4a)(e— За) = (a --4a 4- 1a? — 3a 4-1). 


~ 
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[ Factors of cyclic order ] 

ii. Cyclic order: If the letters a, b and c are arranged 
round a circle and they are taken (beginning with anyone of 
them) in the clockwise direction round the circumference, the 
order in which the letters occur is called the cyclic order. 
Thus abc ; bea: cab; a—b, b—c, с-а; or b—c, c—a, a—b; 
or c—a, a—b, b—c are in cyclic order. 


The letters may be z, y, z instead of a, b, c. 

To factorize an expression where the terms are in oyolic 
order, we have to arrange the terms first in the descending power 
of any of tho letters involved (say a ora), When the first factor 
is obtained, the second mey be arranged in the descending powers 
of another letter (b or y) and so on. 


4. Factorize a°(b—c)+b°(e—a)+c7(a—d). 

[C. О. 1928, '40, '45; D B.'24 ; Q. U. '48] 

The given exp.—a"(b— c) J-b?c — ab? -- ac? — bc? 

—a* (b —c) — alb? —o*) + bc(b— c) = (b — c)a? — a(b +c) +bot 
—(b — c)(a? — ab — ас + bc) = (b — c)ha(a — b) —e(a — 5) 
=(b—c)(a—b)(a—c)= —(a—b)(b— c)(c—a). 

[ Here of the factors (b—c)(a—b)(a—c) all are not in cyclic 
order. The convention is to give the factors in the oyolie order 
Here the factor a—c is not in that order, so it is written as 
—c+aor —(c—a). Hence the factors aro —(a—b)(b—c)(c—a), 

If a, b, c be replaced by a?, b°, c? respectively in the above 
sum, we geb the facrors of the expression 

a*(b? — c?) - b* (c? — a?) +c*(a?—5°).] 


5. Factorize bc(b—c)+ ca(c — a) 4- ab(a — b). [Р. О. '30] 
The given exp. —bc(b — c) 3-c?a — ca? -F a?b — ab? 
= bo(b —c)d- a?b — а — ab? o ac? 
—be(b— c) -a*(b — c) — a(b? — c?) =(b—c)(be+-a* — ab— ac) 
= (b — c)la(a—c) —b(a—c)}=(b — cY(a — b)(a —c) 
= — (a—b)(b—cY(c— a). 
Ele. M.(IX)—2 
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6. Factorize a(5? — 5?) - (5? —a?)--c(a* — 52). 


[D. B. 1930] 
The exp.=a(b*— 62) +452 — а? d-a*c — b?c 
—a(5* —c*)-a*(5— c) - (5—0) 
—(b— c)(ab--ac а? — bc) = (b— c)fa(c — в)— b(c—a)} 
—(b—o)(c— a)(a— 5) — (a— b)(b —c)(c — a). 
7. Factorize a*(b—c)4-b*(c — a)-- c*(a — b). 
The given exp.—a^(b— c)-- b*c — ab? + Gc? — bo? 
—a*(b— c)— a(b? —c*)+be(b? — c2) [arranged in descending 
powers of a] 
—a*(b— c) — a(b — c)(b? + bc Fc?) - bo(b - c)(b —c) 
—(b— c)la? — a(p? бес") bc(b+c)} 
—(b— c)(a* — ab? — apo — ao? T b?c- bc?) 
(b —c)ib*(c—a)4- belo —a) — a(c* — a?) [arranged in 


descendidg powers of b) 
=(0—0)(0— а) + b0—ac—a2) 


=(0—0)(c—a)fo(b—a) + (b°—a?)} 

= (6—с)(о— aYb—a)(o--b4-a) 

= — (a— 0)5— cY(c— a)(a 4-5 to). 

8. Factorize (5—6)*--(e— a)* 4 (a — js. 

Let z—5—c, У=с—а, z=a—p, 
Then шаар оү элү шү э 
Now, 0—0)" +lo—a) (a — js 

=o ty uterus a 


[0. U. '99, '39] 


8zyz+3ay2 
= (zy z)(g* Ty? +22 CEU — ye — 22) 35у: 
=0X (m? уз р, ~8Y—yz—22)+ Sys 


TOF Says — 82y; —3(5 Ша (a — 5). 
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9. Factorize (z--a)" (b— c) --(z--5) (c — a) (2+0) (a— 5). 
The given ezp. =(g° 4-2az 4- a?)(b — c) (= «- 95x -- 5? (c — a) 
+ (c? 4-2: - c? (a — b) 
—g*(b—c--c—a-Fa— b)- 2zla(b — c) 3- (c — a) - e(a — b) 
-Fa*(b— c) 4-b*(c — a) -o*(a — b) 
=g° X0-- в X 0--a*(b — c) J-b* (c а) --c*(a— b) 
— a? (b— c) - b*(c —a) 4-c? (a — b) 
= — (a — b)(b — c)Y((c — a). E 
10. Resolve into factors 
a*(b-- c) - b*(c-F a) c*(a-F b) + Babe. [0. U. '39, '85] 
The едр. = (a?b--a?c + abc) + (b?c + ab? -- abc) + (c*a-d- 0*5 d- abc) 
= a(ab-l- ac - bc) 3- b(bc -- ab d- ac) + c(ac 4- bc аб) 
= (ab--ac d- bc)(a ++ c). 
[Ous of Забо one abc is taken with each term] 
11. , Factorize be(b+c)+ca(c+a)+ab(a+b)+8abo. 
[C. U. 1939] 
The given exp.=be(b+c)+abe+ca(c+a)+abe+ab(a+b)+abe 
== bo(b +e+a)+ca(ct+a+b)+ab(at+b+e) 
= (a-- b - c)(bc + са- ab). 
12. Factorize a(b?--c?) --b(c? а?) 4- c(a? 4-5?) + Заро. 


The given exp.— (a*5--a*c--abo) + (ab? -- abc-t- b*o) 
+ (абс ac? + bo?) 
=(a-+b-+0)(ab-+be-+ea), eaten To] 


18. Factorize a°(b+c)+b7(cta)+c*(a+b)+2abc. 
[0. U. '88, '50] 
The exp.—a*(b4-c) -b?c-F- ab? J- ac? + bc? -2abo ; 
=a%(b+c)+(ab*+ac*+2abc)+(b7c+ bc?) 
— a*(b-- c) J-a(b4- c)? -- bo(b -- c) = (b --c)(a? +ab+a0+bo) 
=(b+c){a(a-+b)+e(at+b)}=(b+0)(c+a)(a+b). 
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14. Factorize bc(b-- c) - ca(c4- a) -- ab(a - b) 4-9abc. 

The exp. —be(b--c) --ac* --a* c--a*5--ab оао 
—be(b--c) + (ab -- a?c) - (ab? ас? + ас) 
=be(b +e) Но (b-F c) Fa(b--c)* = (5--c)(bc --a?--ab--ac) 
= (5-Fo)la(a-- b) -c(a--b)) = (5--cY(c--aY(a 4-5). 


15. Factorize ab? 4-c*) -- b(c? --a?) -- c(a? 4-53) або. 
The exp.—a(b* --c*) J-9abc-- a?b-I- ао Зое 
—a(b* +c + 2bc)+a%(b+c)+be(b +c) 
=a(b+c)®+a%(b+c)+bc(b-+0) 
= (b-Fc)(ab-- ao+o*+bo)=(b+e)(c+a)(a+b). 


16. Factorize a^ (b--c)  b*(c-- a) J-o*(a-- b) J- a? +b? +o, 
The exp. —la^(5-- c) -F a*)--fb*(c-F a) -b*1--fo*(a --5) --c*] 
=a*(b+o+a)+b%(c-+a+b)+o%a-+b-+¢) 
—(a-- b-- cY(a* -- 5? с?) 
17. Factorize (e-y--2)? —g* — 3,8, 
The exp.—2-Ey* E z* E S(z-Ey)(y-- n) 4-а) n3 — 8 — 
= 8(a yy 2) (+). 
18. Factorize a(b—c)* + (o — a)? -- c(a — 5)3 4- даб, 


[4. U. 1929] 
The given exp. =a(b?— 2be +0?) + b(c? — Ica + a?) 
+¢(a*—9ab+ b) --9abc 
—b'(c--a)-- c*(a4- b) +a?(b +0) — 9abc — 9abo — 9abc +9abe 
=b%(o-+a)-+0%(a-+b)+a°(b+c)-+3.abe 
=(a+6+c)(ab+be+ea), ; [see sum 10] 
19. Faotorize (a--b-- c)(ab-- be ^-ca) ањо. 
The given exp. —ia + (b--c)Ha(b-Fc) Ес} — abe 
ca^ (b-- c) Fa(b-- c) 4- bo(5-I-c) abo — abo 
=(b+¢)(a? +ab+a0+be)=(b-+0)(o-a)(a-+8). 


c 
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20. Factorize (b--c)(c-- a)(a-t- b) або. 


Tho given oxp.-—a?b--a*c--b*c-- b a-- c*a-F c? b + 2abs+ abe 


= (a? b d- ab? + abe) + (b* c -- bc? -- abc) + (a? c d- ac? абс) 
= ab(a +b -- c) J- be( b -- c +a) + ca(a -- 6 3- D) 
= (a +b -- c)(ab 4- bo св). Я 
21. Factorize (3x — 2y)? — (9: — 8)? — (æ -y)?. 
Let a=2g— 8y and b=at+y; then a+b=8g— 2y. 
The given exp.— (a-- b)? — a? — 5? a? +b? + 8ab(a-- 6) a? — 1° 
== 8ab(a + b) — 8(9m — 31) 4- (3s — 2). 
29. Factorize z^ --(z— 1)? --(1— 92)*. [ D. B. 1940] 
Suppose a—2, $=5—1, с=1— 22. 
Then, atb+c=a+e—1+1—22=0, 
Now, the given өхр. =а° +-0° +о° =8abe [`.* atb+c=0] 
= 3200 — 1)(1— 90) [putting the values of a, b, c] 
23. Factorize a(b— c)z^ --b(c — a)z 4- c(a — 5). 
: [ D. B. 1983] 
Tho given exp. = (ab— ac)? + (bo — ab)e + (ac — bc) 
= (ab — ac)z? — (ab — ас) — (ac — boys (ас — bo) 
[7 —(ab— ac) — (ac — bc) — (bc — ab) J 
= (ab — ac)a(a — 1) — (ac — bc)(z — 1) 
=(2—1)(ab— ac) — (ao — bo)) = (в— J)(abz — aca — ac + bo). 
24. Wactorize 8(а-Нъ- c)? — (a+b)? — (b 3- c)? — (c - a)*. 
Tho given exp. = (9a -- 9b 4-9)? — (a--b)? — (b-- 6)? — (c +a)? 
={(a+b)+(b+e)+( (са)! —(a+b)*—(6+c)° — (c +a)” 
=(a +b)? (6-0) +(c+a)°+3(a+b +b +e) 
x (b-Fo--c--aYod-a--a--b) — (a D)* (6+) — (оа) Г 
=8(a-+2b-+e)(a+b+20)(2a-+b +c). 
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25. Factorize (25— a)? -- (2a — 5)? — (a --5)3, [ B. U. 1900 ] 
Lebz—2b—Ga2nd gy—2a—b, 2. gty=aty, 
Now, the given exp.=z*+°—(¢+y)3 

=g" +y°— ia^ +y + Зе 

=a ty? — 2° 9° —S2y(0+y)= —Bzy(e+y) 

= —8(25—a)J(2a— bY(a +5) 

= 8(a — 9b(2a — b)(a-4- 5) Prs —(2b—a)=(a— 2b) ] 
26. Factorize (a+b— 2c)? +(b+c—2a)"+(c+a—92b)?. 


[ Т. P. S. 1986] 
Let z—a4-b — 26, y —b-c—2a, z=c+a—2b. 


Then atytz=a+b—%2+b+c—2a+c+a—2b=0, 
Now, the given exp.—z*-Fy?-bz?—9myz [*. et+y+z2=0) 
=8(a-+b—2c)(b+c—2a)(c-+a—28), 

27. Factorize a*(5— c)? -- 5*(c — a)? --c*(a — 6) 8, 
The given exp.— (ab — ac)? + (bo — ab)? + (ac — 5c)* 
=8(ab— ac(bc — ab)(ac — bo) [` ab—ac--bc —ab--ac — bo—0 ] 
78abc(b — c(c — a)(a — b). 
28. Factorize 2a* 4-98 — 3ab — 1-1%. [ D. В. 1949] 
The given exp. —(9a? —8ab-- 5?) 3-94— b 

7(2a* —9аЬ— ab +b") +1(2a—b) 

= 2ala—b) — b(a — b)-- Y(2a — 5) 

7(2a— b(a— b)-- 1(8a — 5) = (2a— b(a — 1-1). 


Exercise 2 
Resolve into factors :— 
[ Group A] 
m*--m*n*--a* [0.0. 93 ] 2. z^-c4 [0С.0. '34] 


z*-F64 [S. р. '59] 4. 4z*-F81 [0. U. '87] 
^-F9s*--9 [ D. В. '30] 


2“ —82°--4 [ B. U. '94] 
42^ — Agy — 9; — z? [ О. О. '85] 


мото н 
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a3—53—6*--4*—9(ad—bc) [ S. Е. '53 ] 
49° —(5* --c? —a?)* [ B. U. '23] 
g3—4?—6z1dt2ya-d-8a? [ D. В. '48] 
alab ой) а —b? --c? +4’. 
A4(ad — bo)? — (a? +a? — b* —c?)?. 
a*b* --1--a*b? — c? + 2abc. 

[Group B] 
2°—729 [D. B. '81] 
g? —?-F6y? — 19y-- 8. 
9a? + За +3a+1. 
(a--95—c)* — (a-4- 5)? — (b — c)? 
[ Hints: a+2b—c=(1+b)+(b-c)] 


[ Group С ] 


, g?—99--z?--8zys ГА. О. 94] 


a? --b? — 8c? + бабе 

8a? -- 5? — 27 +18ab. 

a? 4-82a? — 64. 

z* — 995? +195. 

a? -- 5a? +8. 

(2$ —8y)® --(8y—z)? --(z — 92)*. 
(ad-b--c)? —a? —5* —c?. 


[Group D] 


122+ 652 +77. 
921g? 4- 40zy — 211°. 


. 8a*--2a?—495 [A. U. '97] 


2292 — (а 10-3). 
(a +6)? — 10(a? — 0?) — 56(a — )* [ В. 0. '84] 
(02 — 4z)(z? — 4x — 1) — 20 [33033127] 
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[ Group E] 


a*—3a—9a*44 [0.0. 39] 

2°--162° +132—30 [D. В. 36] 

284-92 +962494 [ D, В. 38 ] 
(ax-+by)*+(62—ay)®. [ P.U. '31] 
(1-c*)(1+a)?—(1-a?)(1—¢)? 
w(e—1)(e—2)-82+8 Гр. в. "36 ] 

а(а— 1)(а— 2)(a — 3) — 190. 
(в-Е1\(ш-Е 8) — 4) — 6) +18, 

(20+ 1)(a — 2)(2 — 3) — 63. 
(z--1(z--2Y2--3)m--4)—3. [O.U. 46] 
(z-Fy-z)ry--yzczm)— my. [D. В. "32 ] 
alb? —c*)--b(c* —a?)--c(a* —59). [ar v. '97] 
b*o*(b— c) -- c*a*(c — a) а?а 0). 

a(b-- c)? + b(c-- a)? Нс(а-+ 5)? дао. 


4(z? -- 9g +5)? --17(z2 + 22 +5)(a? + 62) + 40° - 6g)?. 


a* -6а° - 46? — 1544-6 [ C.U. '48] 

a +2°+9n%+e41 [Q. О. 742 ] 
#*(b—0)+b%o—2) +0 (s — 5). [ D. В. '97] 
ба? — 25° — 55c — ab+ 11ac-36?. 
a*—5a°b+ Ga? — баз p. 

a! --42* — 192? — 132-4541. 

ey (a — u^) E yay? — 2°) +20(2°— „зу. 

a +y7, 

2^ (y* — 2") чая — a?) b ара _ 3) 
(a—B)*-F(b—6)5--(o— a)5, 


* 
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THE REMAINDER THEOREM AND DIVISIBILITY 


12. Functions: Any expression involving a letter is called 
a function of that letter. 
Tha letters involved in any function are called its variables. 


The value of the function depends on those of the letters 
involved. 

Thus a, 2a+5, 2a°+3a+1 are functions of а, where a is the 
variable, Similarly m, 9+3, z"—92c-F3 are functions of x 
(ж being the variable), and 22° --5* —3ab is a function of a and b. 
In the last example a and b are the variables. 


The function of æ is symbolically denoted by f(x) or F(c). 
Ав 902-32 —4 is а function, we haye Ка) = 22? --8z — 4. 
Now if any particular value be given to @ (say 2), we have 
f(2)—92.9?--8.9—4. Similary f(0)— 92.0? + 8.0—4. 
Rational and Integral function: А function is called 
rational whenit has no term containing a square root or any 


other root, When the powers of the letter or letters in а 
function are all positive integers, it is called an integral 


function. 
Thus 92° --30—4 and 353—9252-F5z--4 axe rational and 


integeral functions of 2. 
If in the expression pz" qa ra"? uus 1+ т, 


n is a positive integer and each of p, а, тес, m is a constant, 


then it is а rational and integral function of 2. 


13. Remainder Theorem : 
The ramainder (independent of œ) in the division of any rational 


and integral function of 2 by z— a, is obtained by putting a for x 


in the function. 


26 A TEXT BOOk OF Н. 8. ELECTIVE MATHEMATIOS 


Proof: (First method): Let maz*+nz+l be the function. 


By actual division we have 


2—0 mz*-nr-dl mz (ma +n) 
те? — maz 
(ma + т)\24-7 
та + n\e—alma+n) 
та +та-+1 (which is the remainder independent of x) 


If we put a for z in the function то" nz--l we have 
та? -na-F1, which is the remainder, 
Thus the theorem is proved. 


(Second method ): Let @ be the quotient and R the 
remainder ( independent of z ) when mz^-cnz--l is divided by 
2—a, 


We have to prove that R=ma?+na +i, 


Proof: ^. Dividend — divisor X quotient +remainder, 

7. here ma^ +ne+1=(%—a)XQ+R, and as it is an identity, 
it will be satisfied by any value of vand В being independent of 
2 will remain constant, 


Now suppose the value of Q becomes Q’ when z— a. 


8 та?+па+1= (a —a) XQ’+R=0XQ'/+R=R. 
Hence the theorem is proved. 
(N.B. ( 


1) The remainder in the division of a function of æ by 
®— a, is obt: 


ained by putting a for д in the function. 


(2) In the division of 


a function by z-L-a, the remainder is 
obtained by putting —а for g ; 


(8) In the division of а function by buta, the remainder is 


found by putting—5 for c. ] 


— 
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Examples. Find without actual division, the remainders in 
the following : 
(a). (œ +2s°— 82+5)+(x—38) 
(5). (рт авт) + (ва). 
(a) Неге the remainder will be found by putting 8 for æ in 
the dividend. 
7. the required remainder = (3)? -- 2.(8)? — 8.3--5 
e =97+18—9-+5=41. 
(b) "7 The divisoris@+a, `- the remainder is obtained 
by putting — в for œ in the dividend, 
^." the reqd. remainder = p( —a)®+q(—a)+r=pa*—qatr, 


THE FACTOR THEOREM 


Tf any rational integral function of z becomes equal to 0 when 
а is substituted for z, it contains z— а as a factor. It is therefore 
exactly divisible by z— a. 

[In symbols: @—a із а factor of f(z), it a)=0 ] 
*. the expression becomes zero, when a is written for 2, 


z. Љу the remainder theorem we have that the remainder on 
division = f(a) =0. 

s. The expression is exactly divisible by #—@ and hence #—@ 
is a factor of the expression. 

IN. B. (1) If an expression becomes zero, when —@ is 
substituted for a, then it has #—(—а) ог а-а as afactor and is 
divisible by 2+0. 


(2) Ifan expression becomes 0, when = -?, it has ag+b 


as a factor. ] 
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Examples 3 


Ex 1. Prove that 2^— 72?-L 11g —9 is exactly divisible by 
5—2. 
Here the divisor is $—2, ;. The given expression will be 
divisible by z— 9. if it becomes 0, when z—2, 
Now, 29 Ta? + 1e—2=(9)9—9(9)2 4.4) x2—9 
—8-—28--22—9—9, 
++ The given expression is divisible by 2—9, 
Ex.2. Show that 2—1 ів a factor of x4 —32-2, 
By putting z—1 in z*—3z--9. we have 
s! M37 ()*-8X14-3—1 84.0, 
4. @-lisa factor of the given expression, 
Ex. 3. Find for what value of р tho expression m —6la+p 
is exactly divisible by z4-1. 
Here the divisor is 2-1, so the given expression will be 
divisible by z4-1, if it becomes 0, when £-—-—1. 
Now, 2"—6124-p—(—1)5—g] x(—1)+p= =1+61 +p 
=60 +p. 
“+ 60-+p must be equal to 0) 2. pc 60 which is the 
required value of 2. 


Ex. 4. Find the relation between б and с so that g?--bm--c 
and æ+ og. may have a common factor, [Р. U. 1891] 

Let #— а be the common factor. 

New, *^ тсс, factor of t? --bz-F-c, 

EE a? Fabro... (1), 

Again, ^ g—a is a factor of £^ -Fo--b, 

i a? ac b 9... (о), 


ALGEBRA 29 
Subtracting (2) from (1) we have ab—ac—b+c=0, 
or, a(6—c)=b—-c, г. а=—=1. 


Now, putting a=1 in (1) we have 1°+1.5+c=0 
or, b+c+1=0, which is the relation between $ and c. 


y Ex. 5. What value ( nob zero) must a heve, if z?--z—a 
and g? — 2 — а have а common factor ? [P. U. '25] 
Let я —р be the common factor. 
æ—p id a factor of both the given expressions, 
we have p*+p—a=0...... (1) and p®—p—a=0+++++(9) 
From (1)— (2) we have —p*+p*+2p=0, 
or, —p(p*—p—2)=0, or, —p(p—2)(p+1)= 
p may be equal to 0, —1, or 2, 
Now, by putting the value of pin (1) we shall have the 
value of a. 
By putting p=0, or р=1 (1) we һауе а=0, which is 
inadmissible according to the given condition, 
Now, putting p —2 in (1) we get 2°+2-—a=0, .. a=6, 


The required value of a is 6. 


Ex. 6. Find the condition that #°+(p+q)e+a may be 
divisible by g+p+q. [Р. U. 1895] 

The given expression will be divisible by z--p-Fq, if it 
becomes zero when а+р+@=0, ie, when а= —(p+q). 

Now, {—(p+q)}°+(p+a) х —(р+а)+а=0, 

or, —(pt+q)®—(ptq)?+a=0, or, (р-+а)* +(р-+а)*-а=0, 

or, (ptq)*+(p+a)*=a, or, (р+а)%(р+а+1)=в. 

The required condition is a=(p+q)*(p+q+1). 
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Ex. 7. If ea be the Н. C. Е. of pz?-Fqz--r and v2? - qa - p, 
prove that either ptg+r=0, or, q=p+r. 

"S æ+a is Ње Н. 0. Е. of the two given expressions, 

7. they will become 0, if 2+2=0 or if g=— a. 

Putting this value of a in the expressions, 

we have pa*—gatr=0 ---(1) and ra?—qa+p=0 ...(а) 

From (1)—(2), we have ра? —ra?—p+r=0, 

от, a*(p—r)—(p—r)=0, or, a%(p—r)=p—r, or, a?—1, 

и. @=+1, 


Now, if@=1, then from (1) we have (1)? —c(1) +7=0, 
or, p—qtr=0. ©“. q=ptr. 

Again, if@=—1, from (1) we have p(—1)*—9(—1)+r=0, 

or, ptg+r=0. к 

Hence, if 2-а be the Н. С: Е. of the given expressions, 

then either p+q+r=0 or а=р-. 


Ex. 8. Show that (az --by)(bz 4-cy)(ox tay)— (ay--bz) x 
(by+cex)(cy+ax) contains the factors (z— y), (2—5), (b—c) and 
(c— a). [M.U] 


(2—0) will be a factor of the given expression, if the expression 
becomes zero, when the value of 2 is y. 


Now putting æ for y, the given exp. = (ал+ bz) (ba: + ca: (o + ат) 
—(ax+be)(be+cx)(ox +az)=0. 


«<. @—Y is a factor of the expression. 
Similarly 16 can be proved that a—b, b—oc, 


c—a are each a 
factor of the given expression. 


15. Some Theorems on Divisibility. 


Theorem 1. When nis a 


positive integer, even or odd, the 
expression a" — р" i: 


S always exactly divisible by a—b. 


Proof: Suppose Q to he the quotient and В the remainder, 
which does not contain а, when a" — 5" is divided by a— b. 
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We have a" — b^ — (a —5) XQ+R (identically). 

`7 В does nof contain a, -. it will remain the same 
whatever value @ may have. But as Q is not free from а, the 
value of Q will change with the value of a. 

Suppose the value of Q is Q^, when a=b. 

Now putting 5 for a in the above identity, we have 

b"—b"=(b—b)X Q'+R=0XQ'+R=R. « 
S. B=b"—b"=0. Hence a"— Б" is divisible by a—b. 


[N. B. (i) СК e qe (when љ=1) ; 


, @-b а 
(ài PD cb lab (when 29); 
(ей) а) eat app? (when n=8) ; 
апр" 


(iv) generally, у ai 1 Бап bta”? ъз... фри al 
Theorem 2. The expression a"—b" is exactly divisible by 
a+b, when n is an even positive integer, but not when n is any 
odd positive integer. 
(As in the proof of Theorem 1 above, we have) 
a"—b”=(a+b)XQ+R (identically). 
R does not contain a, · 
R romains the same whatever may be the value of a, 
Putting — for a in the above identity, we have 
(-8) —^-(-b-H)XQ'-R-0xQ'-R- R. 
Now, if nisan even integer, (—2)'—5" and in that case 
(—b)"—(6)"=b"—b"=0, and then В becomes zero, 
Hence a”—b"” is exactly divisible by a+b, when n is an 
even positive integer. 
Again, ifm bean oid positive integer, (—6)"=—5", and in 
that case (—b)"—b"=—b"—b"=—2b", and so В does not 
become 0, 
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Hence 2" — 5% is not exactly divisible by a+b, when л is an 
odd integer. 
Theorem 3. The expression a^--b" is exactly divisible by 
a+b, if n be an odd positive integer, but not if n be even. 
As before, we have a” +b" — (a --b) x Q-- Е (identically). 
Putting — b for a in the identity, we have 
(—b)"4-b"=(—b-+b) XQ --R-0xQ-R-R 
Now, if n be an odd integer we have (—5)' — — 5% 
and then В=(—5)"- 5^ — — p^ -- p^ —0, 
a^-- b" is exactly divisible by a-+b, when n js an odd positive 
integer. 
Again, if п be even, ( — b)" — 5^, and then 
R-—(—b)' -b^—b" 4-5" —9b^, but R is not 0, 
a+b” із not exactly divisible by a+b, when n is an 
even integer. 
Theorem 4. The expression a” +5” 


is never exactly d ivisible 
by а —b, whether n be even or odd. 


As before, we have a" -- 5" — (a — Б) X Q-- R (identically). 
Putting b for a in the identity, we have 

UE -(b-5)XQ-R-0xQ'-R-g. 

“+ R=0"+b"=25", but R is not zero. 
Hence a? +g" is never divisible by a— 5. 


Examples 4, 
Ex. 1. Prove that 135 —6? is exactly divisible by 19. 


8 із ап eyen integer, ., 18° — 6° is divisible by (13-6) 
or 19. 


Ex. 2, If л be a positive i 
divisible by 44. 


58" — gan (58)н —(3*)"=(195)"— (81)", 


nteger, show that 587—394” js 
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Now, '. п is а positive integer,  .'. (125)"—(81)" is 
divisible by (125—81) or 44. 

Ex. 3. Ifnbe a positive even integer, prove that each of the 
last two digits in 48? — 6?" is zero and if is divisible by 100. 

The given expression = (4° )” — (6°)” = (64)” — (36)”. 

Now, . nisa positive even integer, 

2. (64)%—(86)” is divisible by (64--36) on 100. 

Again, since 100 is а factor of the given expression, each of its 
last two digits must be 0. 

Ex. 4. Show that the last digit in 3"--9", when л is an 
odd positive integer, must be 5. 

*.` mis an odd positive integer, 

3" 4-2" is divisible by (8+2) or 5. 

Hence the last digit of the expression must be either 5 or 0. 

Now, since any power of an even number is even and any 
power of an odd number is odd, 3" is odd and 2" is even. 

-. Their sum must be ода. Hence the last digit in 8”-Е9" 
mus be 5 and not 0, 

Ex. 5. Prove that & number is divisible by 9, when the sum 
of its digits is divisible by 9. [Р. U. 1915] 

Let m, 1,......be the digits in the units’ place, tens’ place, eto. 

Then the given number may be generally expressed as 

p.10" --q.10"7* --r.10?7? +- --1.104- m. 

Now, the remainder that is left, when this expression is divided 
by 9, i.e., (10— 1), is obtained by putting 1 for 10 in the expression. 
The remainder —g(1)" -q(1)"7* +++ +1.1+m 

—ptqtecbtm. 


Hence, if this remainder, 4.6., the sum of P, а, *,...... 1, m be 
divisible by 9, the given number also will be divisible by 9. 


Elec, M. (IX)—3 
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[Otherwise] If the given number be of one digit, i& must bo 9 
and so divisible by 9. \ 

Suppose the number consists of two digits and let z be the digit 
in the units’ place and y in the tens’ place, 

Then the number =10y +g. 

Now, (10y‘ta)+9= ora -y Ete 

"Hence, if (y--z), i.e. the sum of the digits be divisible by 9, 
‘then the number (i.¢., 10y--z) is divisible by 9. 

Similarly it can be shown that this holds good when the number 
consists of more than 2 digits. 


Ex. 6. Show that if the difference between the sums of the 
digits in the odd and even places of .a number is zero or divisible 
by 11, the number itself is divisible by 11. 


Let the number consist of four digits and let с, 


Y 2, p 
respectively be the first four digits. 
Then the number =1000z+ 100y+10z +p. 
Now, 10002+ mwt l0ztp _ 90g -- 9y 1 E+ НИР 


7 90z --9y--z-4-24- AER 
—91z--9y-z 4. 2) — (4-2), 
11 


Hence, it is evident that if (y-- p) — (z-L.7) be 0 or divisible by 
11, the given number will also be divisible by 11. 


Similarly it can be shown that it holds good when the number 
consists of more than 4 digits. 


Ех. 7. Find the continued product of 
(a -- ba? -F b? (a* +54)(a° - 38). 


Let 2 Бе the product. Then, x =(a+0)(a* 4-5? (a* 4-5*)(a9 +58) 
Multiplying both sides by a— b, we have 
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(а Б) = (а? — b? (a? -ЕЬ®)(а* +Ь*)(а® +58) 
=(a* — b*)(a* --b*)(a8 +88) 
= (a9 — b9)(a9 4-53) = — 51^. 


1 
pem En —a^*-Fa^*b-- a! p? atb «api ра, 


Ex.8. If 9z'-Fpz"—91z--g be an integral multiple of 
2° --c — 19, find the values of p and q. 

Here the divisor —z? --z — 19 — (c — 3((z 4-4) 

Now, '. 29z?--pz^—91z--q is an integral multiple of 
z'-dz—19, ie, of (r—3)z--4) it must be exactly divisible 
by (z—3) and (z 4-4). 

The remainders obtained by dividing 9z*--pz* —91z-Lgq by 
(ш— 8) and (2+4) will be 0 in each case. 

Now, the remainder in the first case 

—2(3)*  p.8* — 931.8--q—64--9p — 68--q—9p--q—9 ; 


Iptq—9=0, or, Ip+q=9......(i) 
Again the remainder in the second case 
=2(—4)°+p(—4)? —91 x —4--q— —198--16p--844-q 
=16p+q—44; 
16p+q—44=0, or, 16p+q=44 iad (ii) 
Solving (i) and (ii) we have p=5, а=36. 

Ех. 9. If n is any positive integer, show that (ad)"—(bc)" 
--(cd)" — (da)" is divisible by ab — bo--cd.— da. [М. U. 1878] 
ab — bc d- cd — da b(a— c) — d(a — c) — (a — eb а). 

Here the given expression is a rational integral function. 
Putting c for a in the expression, we have 
the given exp. = (cb) — (bc)" (са)"— (do)" 
=(be)" — (bc)" + (de)" — (dc)" — 0. 
7. the expression is divisible by a— с. 
Similarly by putting d for b, it can be proved that the expression 
is divisible by 2—2. 
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Hence the expression is divisible by the product of (a —c) and 
(b— d), i.e., by ab—be-+cd—da. 


Ex. 10. Show that a"(b—c)+8"(c—a)+o"(a— b) contains each 
of the factors a— b, b—c, c—a. [P. U. 1916] 


a—b wil be a factor of the given expression if the expression 
becomes zero, when a—b=0, i.e., when a=b. 


Now putting b for а in the expression, we have 
the exp.— D^ (5 — c) -- b^ (c — b)+ c"(b— b) 
—b'(b—c)—b"(b— c) -c^x 0—0. 
Hence a— 5 is a factor of the given expression. Similarly it can 
be shown that b— c and c—a are also factors of the expression. 


Ex. 11. For what value of m will 92° --z*—5--m and 
32° --10z — 11 leave the same remainder when divided by 2+4? 
The two remainders, left b 


y the division of the given expressions 
by 2+4, can be obtained by 


putting z= —4 in them, 
The remainder from the first expression 
=2(— 4)? +7(—4)9—(—4) 4m = —128-F119--44-m— —194-m ; 
and the remainder from the second expression 
—3(—4)?4-10(—4)- 11— 48—40—11- —8. 
The remainders are equal by the problem, 
—12+m=—3, 


4 m=9, 


Exercise 3 
It f(a) = 952 —8a° + 5a+6, find the value of 
O A), G) A=, Gi) 3), Gv) f. 


2. Find, without actual division, 
the following :— 


di 


the remainder in each of 


G) (s? t922*—3z-F4)-(g— 8) 
(1) (958 ~8a*+5a+7)+(a+2) 
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(iii) (52° +92°+10)+(e2+8) 
(iv) (8a*—2a°+5a* +a—36)+(a—4) 
(v) (4z?--3z? —5z— 6)—- (9x 4-1) 
8. Show that the first expression is exactly divisible by 
tho second ;— 
(i) 22—62° +112— 6,2—9 (ii) 2'*?—1,2—1 
(11) 954-352 — 52+19, 2+3 
(iv) 152° — 42° +15216, 8a+1 
(v) 62° 13202-+82у° — 3^, 22 —3y 
(vi) 22° --01°, a+b. 
4. Show that 695“ — 16 is exactly divisible by 5z— 2. 
[Р. U.'21] 
5. Show that (az--by)* --(bz--ay)? is divisible by a+b and 
also by 2+7. 
6. For what value of m is z?--62*--l0z--m exactly 
divisible by 2+3 ? 
7. Ifæ—2is a factor of 190z?— 1672? —ac--506, find the 
value of a. [D. U. 1996] 
8. If z'—3az--b? is exactly divisible by v—a, show 
that 2a°=0". 
9. If9z?—'1z?-F5z--p and 8¢°—11e+17 leave the same 
remainder when divided by #—3, find the value of p. 
10. If x is a positive integer, show that 9"—1 is always 
divisible by 8. 
4i. Show that 2z--3 is a factor of 6z? + 2 — 8. 
19. Prove that 85" 4°" is divisible by 17, if æ be a positive 


integer. 
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13. Тї л be a positive even integer, show that each of the last 
two digits in 2?" — 62% is zero, 


14. lin be a positive integer, show that the last digit in 
381+1 4 ants is 5. 


15. Find the continued product of (a+y)(x" +y")(a* +y*), 

16. Find the condition that pa" + qa^-* та" -- -..--1a-- m. 
is divisible by a— 1. 

17. Find the condition that х? ++р2--а and z^--p's--g' may 
have a common factor of the form в-а. 


18. If z-kp be the Н.С. Е. of 2?+ar+b and 2? -a/g-4- U/, 

shew that p-b-V. 

a—-a 

19. Show that a—b, b—c and с-а are factors of 

a*(5 — c)* --b* (o — a)? --c*(a— 53, 

20. It aw*+be"+er+d be divided 

remainder is independent of т, 
performing the division, 


by 2—р until the 
find the remainder without actually 


Use this theorem to prove that z^-Fag5--og?--dg? —1 is 
divisible by 2-1, if a+c=d, [А. U. 1913] 

21. What must be the form of m so that а”—д" 
both a +2" ond a —gn 
integer, 


may have 
for divisors, n being any positive 

[M. U. 1875] 
22. If m be a positive integer, shew that &" (y — 2) H- y" (z ә) 
"Ez" (z— y) is exactly divisible by (z— yy — z)(z а). 


28. If z—p be the H, C. F. of az*--bz--c and ox? -- am -b, 
prove that a? 4-59--63— 9656. 


EJ 


SIMULTANEOUS EQUATIONS 


Examples 5 


Ex. 1. Solve 7a—3y=31 } [D. B. 1984] 
9a — 5y= 41 
72 — Зу= 31°" +." (1) 
Qa = By = 415". (9) 
Multiplying (1) by 5 and (9) by 3 we have 
35% —15y—155 
972 — 15y = 198 


(subtratting ) 82= 89, JS OEA 
Now putting 2-4 in (1) we have 98—3и=31, or, —3y—3, 
.. у=-—1. 2. the solution is #=4, у= —1. 
Ex. 2. Solve 2-4-9y—3-—4c— y. [C. U. 1917] 
Here g+2y= 8} unen (1) and 4æ—y=3 (2) 
Multiplying (2) by 2, we get 8#—2у=6 
and (1) 8 _ z4-29—8 
(adding ) 92=9 2. @=1, 
Now, from (1) we have 1-+2y=3, or, 2y—2, О il 
т=1,у=1. . 
Ех. 8. Solve 24 5у= 36 
aty_5 [0. U. 1912] 
a-y 3 
= aty 8 2 
pt 5y — 96......... (0), у зет (2) 


From (2) we have бв 5у= 32-41-37 
ог, 92—89=0, on 240—0" (3) 
Now, c+5y=386- "© (1) 
and w—4y= 0- (8) 
(subtracting) 9у=36, 71 
from (1), 24-20—36, or, 2=36—20=16. 
д=16, y=4- 
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278. 

Ex. 4. Solves Е. = eile (1) 
510,5 
e ба... (2) 


1918.10 
10,20 35 
and Б SP mE 


(subtracting) -2- -5, or, 5-5, ts a= 3: 


Now from (1), 243-9, or, 2-2-1-1 


А 2=9. 
2=9, y=3. 

Ех. 5. Solve 20.8, vem Гр. В, '31] 
vad M (D SE ae dg) 

From (1), m EE ‚ог, 1+1=9 CSS (3) 

From (2), Г or, illi NE (4) 


or, 8у=9, ©. у= 


oibo 


Again, subtracting (4) from (3) we have 
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Ex. 6. Solve 93z4-17y—68 
172+98у= 


( Adding ) 402 4-409 — 190 
or wty=8...... (3) [ dividing both sides by 40 ] 


Again, from (1)— (2) we have 62— бу = 6, 
or, £—4-—1......-....(4)- 


Adding (8) and (4) we have 2a=4, -". c—9; 
and from (3) — (4) мы 9—9, 8. 9-Е 
2=9, y=1. 
Ex. 7. Solve 3 250—8 E (1) 
[ P. U. 1892] 


Ва gy Bet 4. 2) 


Multiplying (1) by 28 we have 
4g--8--7y— 12 562—994, or, —59e-+7y=—282...... (8) 
Multiplying (2) by 8, we have 2y —8z -- бу= 92-12, 

or, 8у—19л=19, or, —98z42y—8..... (4). 


Again, multiplying (3) by 2 and (4) by 7 we have 


—118=+14у= —464 
= 9iz-i4y— 21 


( Subtracting ) = 972 = — 485, ido gaits = : 
Now from (4), —15+2y=3, or, Qy=18, -. y=9. 
$5, y=9. 
Ex. 8 Solve +” =a+b.-....(1). 
Д a b 
ШИ... (9). 
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Multiplying (1) by a and (2) by a? we have 


а 
<. (subtracting) "са - y—ab—a?, 


—(ab—a*) xb? _ 


2 
(ab— а?) б: 


From (8), we have 2+2 Xb*—a*-Fab [putting Б? for y ] 


or, c-tab—a^*-ab, С. z—a?. г. т=а?, y=5?, 


Ех. 9. Solvez--92y--32—90 ...... (1) 
2z-c-8y—52— —"'5 ..... (2) 
42—5y-- 772—921 ...... (3) 
Multiplying (1) by 2 we have E 
92+ 4yd- 62 —40 | 
and (2) is 9z--3y—52— —7 | 


(C. U. 1898] 


( subtracting ) У+112=47......(4) 
Again, multiplying (1) by 4 we have 
4x--8y 4-197 —80 
and (8) is 4z—5y-- 7:=91 


<. (subtracting ) 18y+ 52—59...... (5) 

Now, multiplying (4) by 18, wo have 
18y4-1482— 611 

and (5) is 18y-- 5,= 59 


| 
«e (subtracting ) 138#=559, d fus t | 
Егош (4), y+44=47, ©. y=47—44=3, | 
From (1), 2+6+12=90, .. 2—920—18-—9, 

2=9, у=3, 2=4. 
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Ех. 10. Solve #ty=5 Here a+y=5......(1) 
y+z=7 y z-T...... (2) 
2+2=6 2+2=6... (3) 
( Adding ) 2(a+y +2)=18, 
my 2-9... (4) 
Now, from (4) — (1) we have 2—9 —5-— 4, 
О a 9509, 
and n (4—(8) „ 4 9-9—6—8. 5. $—9, у=3, 2—4. 
Ех. 11. Solel,l1. 
zty’ озу (1) 
1,1_ 
dz tme (2) 
d N ы ы. 
aper (3) 
(Adding) (Ld +4)= 18, 
ТООКЕ ei. 
By eens (4) 
1 i il 
Now from (4)—(1), „=3, ог, 82=1, 2=5 
„ @=@)4=2, on з= г. #55 
and, (0—(8,1=% on у=, s 95 
£t c 
Hence, =, У—4» 2=3° 
gy 3.) 92-5. (9), #Е® 1g... 
кх. 18 Sore 208,0), He gn Gh а (3) 
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249301 
From (1) we have eae g 9, apt 


він 
ll 


ОЕ раб t4 


xie Sie 


Е 1,1,1| 11 

(Adding) ати, 
TRE ETN \ 
she quo 


Now from (7)—(4) we have Tell 8—1, GATES 


„ (1-6), 1.11. 
and „ (7)—(6),, 1-ц_4 


2=1,у=9, 2—3, 
Ех. 18. Solve Sat dy = by. (1) 
By +52 — 6yz------ (9); ( Н. 8. '60] 
22--8z— 92... (3) 
Dividing (1) by у we have 


32, 4y 3,4 
— zt Pu e 
de 5, or, а? (4) 


Similarly, dividing (9) by yz and (8) by zz we have 
ВЕСИ 
nip 6 (5) 
И а 
and РЕ (6) 


Now from, (5) — (6) we have 
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Again from (4) X 1 and (7) X2 we have 


mani 
and 104-6 
т 
Adding) 18— Sd nase 
(Adding) 7 —18, or 13у=13, г. у=1. 
e 4. 
from (4) we have 8--2— 5, or, ==, 
Ё 2 c 
or, 27—4, 7. $-—9. 
3,5— 828 
From (5) we have 21976 or, 5=1, 2-8 


2=2, y=1, 2=3. 


zy _6 а Я 
Ех. 14. Solve sti BÜPTPAN and. 3 


ety 5 yte_7 апа 242-3. 
zy 6 


3y inverting we hay 
[Ву ауегинв we р yz 12 zm 


Now work out as in Ex. 12. Ans.: 9—9,y—8,2-4] 


Ex. 15. Solve "e S EN 
а 2 on ata 5 Кор (1) 
rd on 1+1=6 р (9) 
а+@_9 or, 1+1=5. (8) 


А 6-1 C1 ROS! гар, ORANDI STRE 
(лавња), 2+2) MEE rus A 


46 A TEXT BOOK OF H. 8. ELEOTIVE MATHEMATIOS 


D 
From (4)— (1) we have Ee 


5 Je 2=5; 

x (4)— (2) ” n i-L 2=5 

» 0-6, „ 1-1 0=5 
2=у=:=5 


Ex. 16. Solve 2—72 


г G^z -b*y-- 627 =a? Tb сз. 


a b 
Here, Fat ted (suppose) 
Then g=ak, y— bk, z=ch...... (A) 

Now, from the equation а? ++? — 83 +584 в 4 

we have a^ k-F b  k-Fo*k —a? +52 +09, 

or, (a+b? 0°); — a? p? 409, 

к= tb et | 
a? -- b? +c? 

Hence from (A) we have 2—8, УЕ, z—c, 


Ex.17. Solve a(z--y) — b(a — y) — 9ab, 
Here, a(z--y)—955,...— (1) 
and M(z—y)—255, (2) 

From (1) we get z 4-y— 9j, (dividin 


[ C. U. 1930 ] 


В both sides by а)......(3) 
5i » 0) 


&=а-, 
Y=2b—b—a=b— д, 


» (9) , , z-y-25( " 

==== A шыш Age 
(Adding) 22 — 9(a 4- 5), 

Now, from (3), a--b4- y— 9p, 


Hence, g=a+b, y=b— a. 
Ех. 18. Solve zy —12...(1), 92=20...(9) ana 2: — 15...(8). 
Multiplying (1), (2) ава (3) we have 


z^y*z*—19x 90x 15—8600, 
ви — + \/3600= +60... (4). 
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Now, from (4)+(1) we have 4? = + 60 or, 2= +5: 
cy 12 
From, (4)+(2), а= +3 and from (4) (3), y= +4. 


"n2 g= £8,y— £4, 2— 45. 


15. Method of cross-multiplication 


When of three given equations. two are equal^to 0, they may 
be easily solved by the methoi of cross-multiplication. 


From the two equations which are equal to 0, we may write 


as follows :— ' 


z 
(co-eff. of y X co-eff. of а) — (co-eff. of z X co-eff. of y) 


= y 

(co-eff. of z X co-eff. of т) — (co-eff. of ш X со-ей. of 2) 

bs ! Ў 
(co-eff. of ж Xco-eff. of у) — (co-eff.. of у Xco-eff. of æ) ' 


it is to be remembered that the coefficient mentioned first in each 
bracket should be taken from the first equation (i.e. from the 
upper one, if one is put below the other), and the coefficient 
multiplied with it should be taken from the second equation. 


The proof of the Rule of cross-multiplication is given below ;— 
Take the equations 

av-+by-+ez=0......(1), and ai 4-by 04 2 —0...... (2). 
Multiplying (1) by c; and (2) by c we have 
aoe 4- вели 00327 0...... (8) 
a,02--b,cy 003270... (4) 


(4)—(8) we have (a,¢—ac,)2+(bso—bes)y=0, 
ог, (аус— ав,)а= (box —Ёзо)у 


and 


From 


x B= _V__4.....(5) 
bo, —b16 0107 803 
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Again, multiplying (1) by a, and (2) by à we have 
аа: Рау a0 — 0+ - (6) 
and aas Раб: у -ас2=0--.. (7) 
Now, from (7) — (6) we haye 
(ab, —а16)у- (ac, —4,c)z=0, 
or, (аб, —a,B)y =(a,¢—a0,)2 


c ths y wae “ade 
416—асі Гава, (8) 
from (5) and (8) we haye 
y ES 2 = = . 
bc, — bic 810—801 aby—ayb 


Ex. 1. Sole z—9y4- z= 0... (1) 
9z--6y—52— 0...... (2) 
22+ Sy +42 = 90..... (8) 


From (1) and (2) we have by the rule of cross- M 


(—2х— ms axe Вх —5) KEDE E 2x3) 


е був 
ЕЕ 6+6 °'4 81 
ог, 1=2=2= =k (suppose) 


Then =k, y=, z=3% 604) 
Now, from (8) we haya 2k+ 6k-+19%=20, 
or, 20=90, k=1. 


«<. Putting Ł=1 in (4) we have #=1, y=2, г=3. 


Ex. 2. Solve g+ Vt z—0- -.. (1) 
аш-ЕЬу-Еог= «esse (2) 


Bot pag ee ерле (в) 
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By the rule of cross-multiplication we have from (1) and (2) 


QECYNUM EE goo yu ig 
c—b a—c b—a —(b-c) —(c—a) —(a— b) 


От соу ЕЕС =н (suppose) 


Then =k(b—c), у= (с-а), z=k(a— 5):.....(4). 


Now, from (8) wa have ю- 26) Моа) Ма D. =8, 
c—a a—b 


or, k+k+k=8, or, 8k=8, 4 k=l. 
from (4) we have s=b—c, y=c—a, z—a— B. 


Ex. 8. БО æ+y+z=0 + ...(1) 
Mons ponis (2) | 
ag +-by cz - (b— SES Y(a—5) —0------ (3) 


From (3) we have az -by4-cz— =e c)(c—a)(a—d)..,.., (4). 
From (1) and (2) by the rule of cross-multiplication 


CM ES ай NS. 
—ca bo—ab ca—bc 


we haye 
ab 


7) 

Ss PM b(c— : a) E b) k (suppose) 

Then e=a(b—c)k, y—b(c — a)k, 2= c(a — b)k----- (4) 
Now, putting these values of z, y, z in (4) we have 

a^ (b — с) +50 фа -e* (a — b) — — (b — cY(c — aY(a — b) 
or, Ма (b—c) -b*(c — à)--c*(a —b)]  — (b — c — — a)(a — b) 
or, —(a—bXb—cYc—a)k- —(b—c)(c — —a)(a— D) 

*. k=]. . 

from (A) we have 2 —a(b —c), y—b!c—a), z=cla— b). 


Ex. 4. Solve 24 15y —47......(1) 
and 8a+y+2z=29 ......(2) } 
Dividing (1) by 190, tho L. C. M. of 24, 15 and 40. we have 
aaa (supposa) 
Then z-—5k, у =80, 2= 80: (4) 


Elec. М. (IX)—4 
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Now, from (2) we have 15% 8-56 =99, 
or, 29k=29, С. Б=1. 
From (A) we have z—5, y=8, z=3. 


Ex. 5. Solve atytz=atb+te............ (1) 
az by cz —a? +b" 0°... (2) 
2-2 —3...-..(3) 
a b c 
From (1) we have (v—a)+(y—b)+(z—c)=0...(4) 
From (0), ,, (az —a*) - (by — 0?) (cz — 3) —0, 
or, a(z—a)-d-b(y— b)--c(z — с)=0...(5). 
By the rule of cross-multiplication we have from (4) and (5) 
£—a у ассо ы 
Брасс агаг (suppose ) 
Then z— а= (c — 5), y—b=k(a—c), 2—с=14-а)...(А) 
Now, from (8) we have by transposition 


2-1+0-1+2-1=0, or, реа LLB Ea 
a b с а b c 


m Ме) ао)  Мь-а) _ 
а b с 


( putting the values of a—a, y—b, 2—0) 


c—b,a—o,b—a| _ А NN 
or, 224 804 ba) 0, s. k-0 


Hence from (A) we get, z—a— 0. 


кю. ag 
y—b=0, ©. у=} (Ans.) 
S c 


z—c=0, а= 
Ех. 6. Bove2,5 3 
doe О (1) 
дело а чел ae 
5 м 0 (2) 


4c y +3z = 4 (8) 
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From (1) ғә have 2.145. 1—8.1=0 


7 
ПЕЕ рар 
» (0) non 3.52 12. 9+2.-= 


Now by the rule of cross-multiplication we have 
1 1 G 1! 


=: ro = y =. z 
(5x 2)—(—8x —19) (—-8x8)-(2x93) (ах —19)—(5x8) 


1. 1 1 TI 
25 VE. ^3 Soy z 
MI cm marier T О 1737 (suppor) 
1_ det + zm 
z^ 2 p 27 9h or, a= = v=), 2= 1 a ^ (A) 


, from (8) we have 4.24143, 1 z= 
Now, from (8) we have arg =; 


o, 2+1+1=4, on #=4, у. k= 


From (А) we have æ=}, y—1, 2—3. 
[ Miscellaneous Examples ] 
Ex. 1. Solve a(e+y+z)=6...(1)y@+y+z)=19.. 2 
and 2(a+y+z)=18...(8). 
Adding (1), (2) and (8) we have жи М. 


or, (ш+у+Ег)*=36, s а+у+а= 6:04) 
Dividing (1) by (4) we have «= 4-1 
" (2) by (4) „о „ YSEA (Арв.) 
» (8) by (4). „= 
Ex, 2. Solve Al toss Xe (1) 
Iz ie cor [ A. U.'42] 
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From (1) х2 we have 
2 2 
Te тр ек 
$—1 y—2 


s SP oh 
and (2) is bul years 


=6 


(Subtracting) Sarit or, y-2=-1, ~. y=2-1=1. 


1 108. 1 —1= 
Now from (1) we have ЖЕТЕ Tare Brei. i y 
T 


or, -l.—4, or, 4s—4=], ог, 4m—5, Г. а=8=14. 
2—1 
ш=14, у=1. 

Ex. 3, In the cyclic quadrilateral ABCD, /4=(92+18) 
degrees, ZB=(2y—18) degrees, ZC=(y+81) degrees, 
20)=(32— 99) degrees. Find the values of z and у. [P. U.'1982] 

two opposite angles of a cyclic quadrilateral— 9 rt, angles, 
ZA+ 0-180? and. ZB+ ZD=180°, 
92+13+у-+31=180:::::.(1) 
and 3z— 29+ 2y—18=180>++++.(2) 

From (1) we have %-+у=136.. --.(3) 
and from (2) we have 8¢-+2y=927-++++ (4). 

Now, solving (3) and (4) we get 2=45, y=46. 
`. @=45°, y=46°: 


Ex. 4. Solve a(y+z)=yz...,. (1) 
2+0) =2e ..... 2} 


y+z_1 1,1.1 

de geb $375 aU (4) 
n (2) э, Зу fiel or, 1,11 terse (1) 

zæ b Р е ВЕН 
Са A ay ety 1 iae 

ду с 9% ра в (6) 
- Adding we haye 9(1.-1,.1] 1,4 1, 1 

ri (rr ЫЯ 
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idu 1+)... 
1.1(1, 1 1) ac-dab—bc 
From (7) — (4) we have ens E = сш 
— баров. 
i: ab-+ac—be ; 
= Ларг a a 
„ 0-6 » әле Ка а= ао, 
а б mre Bilin =. 
Annan GEG) a or 1-5 1), Lacu 
Ex. 5. Eliminate ¢ from the equations 
а=1+1, patie [D. B. '83] 


9 
Now, 2*=(e+4) -Ü LA Ec d pa-y +2 


.. eliminating ¢ from the equations we have g3—4*—9. 


Exercise 4 


Solve :— 
1. 38¢+5y=69 , 2. 62—7у=16 ! 
orci to, oie) ee МО 
9. = _ 1 4. æ+ y+z= 1 | j 
y , 92+3у+2= it 0.0.211 
2.3 4: U. '28] 42 +9y +z=16 
47 
5. (а) 4,10_ 9 5. (5) ul 
Я 2 та я 1 
5-2-1 W.B. S. Е. '58] 
sty 20 
6. 251299 3e 58у + С. U. 14 


7. ytz-6 8. 6y-2=1 
2+2=4 [C. О. "18] æ+y_3 [0. О. '81] 
2+у=2 z—y 2 
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12. 


14, 


16. 


18. 


19, 


20. 


22, 


23, 
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sty py 


—#=9 [С, 0. '39] 
cy cy 
DUE A oi y 11. 932-94у=91 
CC 252 16y — 43) ur 
$—10y-56 | 12. B. '29] [D. B. '86 
vy yz tg 9 13. g—-2y+ z= 0 
Sy уг æ 8 9n—8y +3z= of 

22+ 8y+52=86 

6z—8y —10z } 15. шу=94, yz=42, ш=098. 
9z—4y-2—19 
1,1 1. 16. (a) 2%—5y—3z= 0 
sty 26a | 82+8y— z= of 
1 1.1. 108 —]-2y4-52—11 
yz a | 
1. Тры Tr--y  lly—z  5g— 
ar = — 24 7. СЕ y.liy—2 bg w= 
ыы - бу-2 б6бда— z+1 
2_0_2 
в b c | 
az by +cz=a7 +02 4-0% 


а - b? +622=0 
aty+z+(a—b)(b—c)(e—a)=0 

ШЖ 21. +у=8ту 
4 8 


5 yz y $ 
4z-FSy-F 2=80 zto-4z] 


az--by ez —0 ! 


2-84.29 [D. В. '83] 
22--9y--42- 6 


area _ y+be =2tab_ aty+z 
ble+a) alb+c) c(a--b) ab+bc+ea 
[Hints :—From the first three by addendo we have 


Hach =@tu+2+ab+ac+bo_ s+y+z 
9(ab--bc-- ca) абс ca 
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atytztahbtbe+ca-—x-—y-2_ 
2(ab+ bc + ca) — (abd-bc-ca) 
Now solvo taking each — 1] 

24. aly+z)=5, y(z-2) 8, zie d- y) — 9. 


Басһ = 


+b)? 4 
25. ав фу=1, Ба. [D. B. '51] 
E. и, and subtracting the equations we have 
a—b т : 

zy ed b and 2—0= ys Again add and subtract...... ] 
20. 1+1=8, y+z=5y7, eta=4az. [4. U. '48] 

27. acd by-c , 
а EN [E. В. S. В. '59] 
28. 2+0=1, #+#=1, 2+2=1. [U. U. '48] 

b 5 с са 


[ Hints :—Adding the equations, see = =o) И 122] 
Я abc 2 


29, 8a+4y-11= 0 80. æ+5y—4z= 5 
Бу— 62 =—8 inen) 
72—8z—18— 0 —10z--8y4d- z= 6 
[0. U. 1877] (C. U. 1867] 
31. 1zc-1y—12— 3 32. $—y— z=—15 
ivd42—$32—8 ytot+22=40 
За  =10 42— 6—6y— —150 
[C. U. 1868] [C. U. 1886] 
38. 5z—3y--162—0 34. a+y=aay 
4a+ Ту =62 zd-m-—bzz 
8z—9yT 192—9 ety=cyz 


85. y—pat ру = р } 
8 


PROBLEMS ON EQUATIONS 


17. Many miscellaneous problems may be solved by 
Algebraical method. If unknown quantities involved in the problem 


be more thau one, put m, y, z etc, for them. Observe the 
following examples, P 


^ 


Examples 6 

Ex. 1. Twenty years ago a fa 

son and 4 years hence he will be & 
are their present ages ? 


ther was 4 times as old as his 
wice as old as his son. What 
ГО. U. 1940] 
Let the present ages of the father and the son be wand y years 
respectively. Now from the given conditions we have, 
%— 20— 4(y — 90)---(1) ава t-F4— 9(y 4-4). (9). 
From (1) we have £— 4у= — 60--.(3) and from (2), #—23у=4... (4) 
From (3)— (4) we have —92y- — 64, y732; 
and from (4) we have @=4+64=68, 
The present age of the fathe 
son is 82 years, 
Ex.2. Add 1 to the n 
certain fraction and it reduces 
reduces to + ; find the fraction 


ris 68 years and that of the 


umerator and the denominator of a 
to $ ; subtract 5 from each and 16 
4 [C. U. 1916] 


Let the fraction bee Then from the giyen conditions we have 


21-440) and t=} (ду, 
From (1) we get 52+5=4у+4, or, ба—4у=—1(8) 
and from (2) we have 22—10=y—5, or, 92m — y —5:« (5) 
Now, from (8) X 1 and (4) х4 we have 
5g—4y—— 1 
ик puer 
(subtracting)—3m = —91, 


z=, and from (4), 14—у= 5, 
On —у=—9, 


y=9. .`. Ње regd. fraction=%, 
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Ex. 3. Find the fraction which reduces to when 1 is added 


to its denominator, and $ when 2 is subtracted from its numerator, 
[D. B. 1932] 


Let the fraction be т From the given conditions we have, 
ЕТСЕ Mere (and £p. 
From (1) we have 22 — y = 1:::(8), and from (2), 8z— у=6.-.(4) 
Solving (8) and (4) we have z—5, y=9. 
.. the required fraction —$. 
Ex. 4. Asaysio В, “Т ат twice as old as you were when 
I was as old you are". The sum of their present ages is 63 
years. Find their ages. [4. 0. '81] 
Let the present ages of A and В be œ and y years respectively. 
Then from the given conditions we have z--y—63 (1) 
and 2=2{y—(a—y)}*......(2). 
From (2) we have 2—4y—9z, or, 3w—4y=0"" (3). 
Now, solving (1) and (8) we have y=27. ~. x= 63 —27= 36. 
A's age is 86 years and B's age is 27 years. 
*[В'з ago is (2—1) years less than A's. 
when A was y years old, B was y—(a—y) years old. ] 


Ex.5. Nine chairs and 5 tables cost Rs. 90, while 5 


chairs and 4 tables cost Rs. 61. Find the price of 6 chairs and 
[P. U. '80] 


8 tables. 

Let the prices of each chair and each table be œ and у rupees 
respectively. 

By the problem we have 9¢+5y=90...... (1) 


and 5a+4y=61...... (2) 


Solving (1) and (2) we have #=5 and y=9. 
the price of 6 chairs and 3 tables = Вз. (5X 64-9X 3) = Rs. 57. 
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Ex. 6, The area of a floor ig 192 sq. 6. Had each of the 
sides been 2 ft. longer, the area would have been increased by 
60 sq. ft. Find the sides of the floor. [C. U. 1994] 


Let the length and the width be æ and y ft, respectively, 


Then from the given conditions we have 


£y —192----(1) and (2+9) x (4-9) — 192-160... (9). 


from (2) we have dy +2¢+9y— 248, 


or, 192+ 2%(e+y)=948, or, 2(s+y)=56, or, e+y=98...(3). 


Now, (2—0) = (a-- y)? — dey = 982 4 x 192—196. 
`. m$—y—4.- (4), Solving (8) and (4) we have 2=16, y=19, 
the required length= 16 ft., and breadth =12 ft. 
. Ex. 7, The perimeter of a rectangular courtyard ig 60 ft. 
If the length is increased by 3 ft. and the width 


8 ft., the area is decreased by 21 sq. ft. 
the courtyard. 


z 


be decreased by 
Find the dimensions of 


[С. U. 1997] 
Let the length and the width be д and y feet respectively, 
Then from the first condition 2Ha+y) = 60, or, #Ну=30...(1) 
From the second condition (e+3)(y—8)=ay—91, 

or, ty —3n+3y—9=gy—9), 0, B—y=4++.(Q), 
Now, solving (1) апа (2) we have £—17,y-—18. 


* (he required length —17 ft. and the width —13 ff. 


18. Problems relating to Digits 


Ex. 1. A certain number consisting of two digits is equal to 
eight times the sum of its digits , if 45 bo subtracted from the 
number, the digits interchange their places. Find the number. 

[C. U. 1919] 
placo and y in the tens’ place. 
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Now, from the given conditions we have 
10у+2=8(24-1)...(1) and 10у+2— 45 =10xr+y...(2) 
+. ош (1) we have 2y— T2 =0......(3) 
and from (2) we have 9y— 9z— 45, or, у= 2=5...(4). 
Solving (3) and (4) we have s=2 and у= 7. 
7. the required number = 10 X 72-2 — 72. $ 
[N. B. œ and y denote the digits and not the number. The 
number is 10у+2. Ifz were the digit in hundreds’ place, the 


number would have been 1002 + 10у-+=.] 


Ex. 2. The sum of the digits of a number less than 100 is 6 ; 
if the digits be reversed the resulting number will be less by 18 
than the original number. Find the number. [0. U. '95] 

Аз the number is less than 100, it evidently consists of 2 digits. 

Let c and y be the digits in the units’ place and the tens’ place 
respectively. Then the number is 10y t 2. 


Now, from the given conditions we have e +y=6" (1) 
and 10at+y=10y+a— 18...(9). 
From (2) we have 9z — Эу= — 18, or, e—y=— 2 (8) 


Now, solving (1) and (3) we have c=2 and y=4 


*. the required number- 10 X 4 - 2—42 


Mix. 3. A number consists of two digits ; the sum of the digits 
is 11, and if the left digit be increased by 2, it (the digit) will be 
equal to $th of the number. Find the number. [C. О. '86] 

Let the number be 10у-2. 
Now from the given conditions we have z--y— 11^ (1) 


and y+2=3(10y+a)---(2) 

Brom (2) we have 8y-F16—10y-tm, or, ду-++ж=16-(8). 
Solving (1) and (8) we have 26, y= 5. 

*. the required number =5 X 10+6=56. 
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Ex. 4. The sum of a number consisting of two digits and 


the number formed by interchanging the digits is 110 and the 
difference between the digits is 6, Find the number. [4, U. 28] 

Let the number be=10y+ 7, 

Then, (10y +22) +(102-+y)=110---(1) 

and either 2—у=6 ог 0—2=6:..(9), 
From (1) we haye liz--11y—110, or, 2+у=10:-.(3) 
Now, solving (9) and (3) we have 2=8, y=2, 
or, 2=9, у=8. 
4. the required number is 28 or 89, 


[The number is 28 when the digit in units’ place 18 greater, 
and the number is 89 when this digit is less than the other 


digit] 
fix, 5. One of the digits of a number is greater by 5 than 


the other. When the digits are inverted the number becomes 8thg 


of the original number. Find the number, [D. В. '98] 
Let д be the digit in the units’ place and y in the tens’ place, 
Then the number=10y+z, 


[N. B. Since the new numb 
is less than the Original number 
the units’ place of the original nu 
the tens’ place, When the digi 


n the origina] number.] 
From the given conditions we haye 


1—2=5.. (1) and 10а+у=$(10у-Еа)-(9). 

From (2) wo have, 80ж-Е8у =80у 
Or Тл— 2y —0...(3). 

Now, Solving (1) and (3) we have 2=9, у=7. 

`. the Tequired number = 7X10+9= 72. 


T), ог, TT —29y—0, 
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Aix. 6. There is a number of two digits whose difference is 
2, and if it be diminished by $ times the sum of the digits, the 
digits will be inverted ; find it. [C. U. 1899] 

Let a be the digit in the units’ place and y in the tens’ place. 

Then the number=10y+a. К 

Since the number formed by inverting the digits is less than 
the given number, @ must be less than y. b 

s. y—2—9:(1), and (10y4-2) = (2+0) =10=+0у::(9). ` 

From (2)X 92 we get 20y+2e—82—3y=20z+2y, —— 

or, 15y—212—0, or, бу—7ш=0+- (8). 

Solving (1) and (3) we have 2= 5, and y— 7. 

tho required number— 7 X 10-- 5— 75. 

Ex. 7. A number consists of three digits of which the middle 
one is 0 and the sum 8; the number formed by interchanging 
the digits is greater than the number itself by 198. Find the 
number. [С. U. 1999] 
Let œ be the digit in the units’ place, 0 in the tens’ place and 
y in the hundreds’ place. Then the number = 100у- ж. 

From the given conditions we have a+y=8...... (1) 

and 100a-+y=100y+a+198 -.-- (2). 

From (2) we have 99z — 99y —198, 2—39:(3) 

Solving (1) and (3) we have #=5, y=3. 

the required number —3 X 100--5— 305. 

Ex. 8. A number consists of 3 digits whose sum is 10, Tho 

middle digit is equal to the sum of the other two ; and the number 


will be increased by 99 if the first and third digits be interchanged. 


Find the number. [0. U.:1993] 


[№. B. Note that when we write the number 325, we first 
write 8, then 2 and then 5. Hence the first digit is 3 (and not 5).] 

Let ‘2, y, 2 be respectively the digits in the units’, tens’ and 
hundreds’ places. Then the number=100z+10y+a. 
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Now, from the given conditions wa have 

a+y+2=10(1), 2-+2=y (9) 

and 1005 + 10y-+2=1002-+10y-+2+99-.(8), 
From (1) and (2) we have 2+(2+2)+2=10, 
or, 2(z--2)—10, or, B+2=5->(4), 
From (3) we have 992 - 992=99, or, #—#=1...(5), 
Now solving (4) and (5) we have $—8, 2=9, y=5. 

the required number — 92 x 100+5х10+3=953. 

“Ez. 9. A number consists of 3 digits, each greater by 2 than 


that which precedes it; if 16 be subtracted from the number, 


the remainder will be less than 20 times the sum of the digits by 
10. Find the number. 


Let æ be the digitin the hundreds’ place, 
given condition 2+9 and +4 will be the digits i 
units’ places respectively, 

So the number = 1002+ 10(z4-9)--(z 4-4)— 1115+94. 

Now, from the second condition we have 

Tle +24—16=20(e+2+2+0-+4)—10, 

or, 1112+8=602+110, or, 512—109, 


ый <. the required number— 111X 24-94 — 946, 


Ex, 10. À number consists of three 
digits are reversed, the differe 
greatest digit involved. Find 


Then from the 
in the tens’ and 


£-—92. 


consecutive digits, If the 
nce of the numbers is 33 times the 


the number, [С. U. 1989] 
Let Бе the digit in the hundreds’ place. Then by the problem 
æ+1 is the digit in tens’ place and +9 in units’ place, 


the number=100z-+10(e+1)+ (sr T2)-111z4-19. 
From the second condition we have 
1100442) -+10(2+1) +} (1112419) 88 (2 +2), 
or, 11e *210—1112— 13—33;-1.66, or, 337—189. ^. g—4. 
the required number=4 X 111+ 19= 456. 


.. 
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19. Problems relating to the motion of river and boat 

In still water, i.e, when there is no current, the distance 
traversed by a boat in 1 hour is equal to its speed per hour. If, 
however, there is a current or stream, (i)in going with the stream 
or current (1e., going down-stream or down the river) the boat in 
1 hour goes a distance equal to the sum of the rates of motion of 
the current and the boat, but (ii) while going against the current 
or up-stream or up the river, the distance traversed by the boat in 
1 hour is the difference of their rates. Suppose the speed of the 
boat in still water is œ miles per hour and that of the current is 
y miles por hour. Then the beat can go 2+0 miles per hour 
down-sbream and c — y miles per-hour up-stream. 

Ex. 1. A boat goes up-stream 80 miles and downstream 
44 miles in 10 hours; it also goes upstream 40 miles and 
down-stream 55 miles in 13 hours. Find the rate of the stream 
and of the boat. [D. В. 1988] 

Let æ and y miles per hour be the rates of the boat and the 


stream 1iespectively. Then the boat goes w+y miles per hour 


n stream and z — y wiles per hour up-stream. 


Ws 30 44 _ 
Now, from the given conditions sr sy. el) 


dow 


and TUM 55 18 se (9), 


z—y = 
From (1) X4 and (2) X 3 we have 220-1040 
and 120 , 165 _ 39 
sey Sey e 


( Subtracting ), о <. aty=11...(8) 


Putting 11 for ety in (1) we have #—у=5...(4) 


Solving (3) and (4) we have o=8, у=3. 
“+, The rate of the boat is 8 miles рэг hour and that of the 


stream is 8 miles per hour. 
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Ex, 2, A man rowing at the rate of 5 miles an hour in 
still water takes thrice аз much time in going 40 miles upa 
river as in going 40 miles down ; find the rate at which the 
river flows, [C. U. 1935] 

Let z miles per hour be the rate of motion of the river or stream, 
then the boat goes 5— z miles up the river and 5+5 miles down the 
river in 1 hour. -;. In going 40 miles up the river and down the 
40 


river it takes 5 апа 40. hours respectively. 


== 5+2 


Ж 0 40 
4. From the given condition we have z253 x БА 


or, are or, 5+@=15—8z, or, 4z —10, 


<. @=2%. .. the river flows at 24 miles per hour, 
Ex. 3. А person rowed down a river, 
in 10 hours with the stream and m 
Find the rate of the flow of the riv 


a distance of 70 miles 
owed back again in 70 hours, 
er per hour, [C. U. '41] 
Let tho rates of speed of the river: and the boat bo œ and y 
miles per hour respectively. From the given conditions we have 
10(z4-y)— 70-** (1) and TO(y—g)— 70... (9) 
From (1) we have ЯНу=7...(3), and from (2), y—2-1:-(4) 
Solving (3) and (4) we have 2-8. 


". the rate of flow of the river is 8 miles per hour, 


20. Problems relating to Clocks 


You know that the dia 
divisions, Each division is c 
space, While the minute-h 
the hour-hand passos over 5 


l of a clock is divided into 60 small 
alled the minute division or minute 
and passes over 60 minute divisions, 
minute divisions only. 

You have already learn 


$ easy problems relating to clocks. 
Some difficult problems are 


worked out here 
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Ех. 1. A man who went out between 4 and 5 P. M. and 
returned between 5 and 6 P. M. found that the hands of his watch 
had exactly changed places. When did he go out ? 

(C. U. '30, 751) 

Suppose the man went out at æ minutes past 4, and then the 
bour-hand was at В between 4and 5 and the minute-hand was at 
G between 5 and 6. At c minutes past 4, the minute-hand is 
ж minute divisions ahead of the 19 o'clock mark and the, hour-hand 


jg minute divisions ahead of the 4 o'clock mark. 


From the figure we find, 


arc AC — € minute spaces 
arc AB=20+45 m m 
are CKA—60—2 m ” 


=g- £2 
aro BO —z (20+) ” » 
Now during the period the man stayed outside the minute-hand 


passed over the arc OKAD, ie. (60 «-- 204-55) minute divisions, 


and tbe hour-hand passed over the arc BO, i.e, в- (20-5) 


minute divisions. 
As the minute-hand moves 12 times as fast as the hour-hand, 


we have 60 —gt 20-- 157 19 = (20+), 


11r. 25 143... . 
or, 80- P= 115—940, or, 132—320, 7. ав=9840 99122 


148 143 
199 . 
Hence, the man went out at 26 1418 minutes past 4 Р. М. 


Ex. 2. A man who went out between З P. M. and 4 P. М. 
and returned between 4 P. M. and 5 P. M. found that the hands 
of the clock had exactly changed places. When did he go out? 
When did he return and how long did he stay outside ? 


к (ef. C. U. 1949] 
Elec M. (IX}—5 
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[ Second Method] Suppose the man went out аб ж minutes 
past З and returned at y minutes past 4. While the minute-hand 
moves over æ арӣ y minute divisions, the hour-hand passes over 


15 ата is minute divisions respectively. 


-. when he went out, the hour-hand was 15+ minute 


divisions ahead of the 12 o'clock mark, and the minute-hand was 
at this position when he returned at y minutes past 4. , 


<. evidently y—15-Fig 1) 
Again, when he returned, the hour-hand was 20-1 minute 
spaces abead of the 12 o'clock mark and the minute-hand was at 


this position when he went out, ^. 2—920--1...(2). 


Now, solving (1) and (2) we have £—91Y75 and y—16118. 
-. the man went out at 2155 minutes past ЗР, M,. returned 
at 16118 minutes past 4 P. M., and tho time he stayed outside is 
equal to the difference of the two times, i.e., 555g minutes, 


[ Miscellaneous Problems ] 


Ex. 1. A person bought an article and sold it ata profit 
of 6%. Had he bought it at 4 р.с. less and sold it at Rs. 9. Gas. 
more, his profit would have been 12%. For how much did he 
buy it ? [ 0. U. 1944] 

Let the cost price be д rupees. As the article was sold at 
a profit of 6%, the sale price was 150% rupees. Had it been 
bought at 4% less and sold at a profit of 12%, the cost price would 


have been 155 rupees and the salo price 158 X $$% rupees. 


“7 Ње second sale price is Rs, 2.6 аз. or 3$ rupees more than 
the first sale price, 
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Ex. 2. Divide the nmmber 77 into three parts such that the 
sum of the first and second multiplied by 3, the sum of the second 
and third diminished by 3, and the sum of the first and third 
increased by 3 may be all equal. [ 4. U. 83] 
Let æ, y, z be the three parts. 
Then by the problem we have ety+z=T71......(1) 
and 8(a+y)=yt2—-8=a+2+8......(2) 
Now, 8a+8y=y+2-3, ог, 8x +9y—z2=—8...(8) 
Again, 8z--3y—2 2-8, or, 9g -8y —2—8......(4) 
s. from (8)+(4) we have, 52+ 5у—92=0 
and from (1) X 5 we have, Bm 4-5y 4-52 — 385 } 


(Subtracting) —'12— — 385, 256 
from (1) we have а+у=11—58= 22 (6) 
and from the last part of (2) we have y—#=6...(7) 
Solving (6) and (7) we have 2=8, y—14. 
+ the required parts are 8, 14 and 55. 


Ex. 3. Two mixtures contain wine and water in the ratio 


of 9:3 and 5:4 respectively; in what ratio must the two 
tures be mixed together so that the resulting mixture may 
ties of wine and water ? 

first mixture and y quantity of the second 


mix! 
contain equal quanti 
Let 2 quantity of the 


be mixed together. 
Now, of the ж quantity of the first mixture, $ris wine and ўт 


is water and of the y quantity of the second mixture, $y is wine 


and $y is water. ; 
J. in (e+y) quantity of the resulting mixture 
25--$y is wine and $z4-$y is water. 


324-5у= 52-90, Ог, ву у= 2—8 


ye 2 05 ч oe 
(Ode Cora Pie te .. the required rati 35:9. 
95 pao а atio is 5:9 
ГМ. В. Ifin the resulting mixture W 
32-31 3 and find т: y from it. ] 
getty 4 4 ) 


ine and water be ina 


given ratio, say 3:4, then pub 
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68, 4. A traveller walks a certain distance; had he gone 
half а mile an hour faster, he would have walked it in ths of the 
time ; had he gone half a mile an hour slower, he would have 
heen 2% hours longer on the road. Find the distance, 

Let the whole distance be z miles and suppose the man walked 


4 miles per hour, Then he walked z miles in 2 hours. 


y 
Then from the given conditions we have - 
m hye ae 1) ава -2_=24-94......(9). 
у+% 5 y \ ПЕСИ) 


Now, from (1) we have 


1 4 $ 
==. ог, Sy=4y+2, .. у=9, 
yt бу М y 


2 m 200.5 
from (2) we have 2-3 g 25 or, 3 919 

or, 42=32+15, С. т=15. 

the required distance=15 miles, 


Ex. 5. Ifa sum of money be lent at 5%, the interest for a 
certain time exceeds the loan by Rs. 80 ; but if it be lent at 3% for 
afourth of the time, the loan exceeds its interest by Rs. 398. 
Find the sum lent. 

Suppose the sum of œ rupees was lent for y years, 

The interest on Rs. z at 5% for 1 year=7G5=S5 
" » » w»  Yyears=$'5. 
/. 30 80......(1) 


Again, the interest on Rs, z at 3% for + утв. = 0х4 = 255 
<. c—1964-398--(9) 
Now, from (1) we have ay =20(a+80)......(3) 


32 400(#—398) 
nd f древа А (4 
and from (2) 1007" 398, ог, zy 3 ) 
fae =} 
400 = 838) е. © an з 328) _ 4.80, 
ог, 20a—6560=82+240, or, 17¢=6800. .. s= 400. 
the sum of Rs. 400 was lent. 
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Ex. 6. If the larger of two numbers is divided by the smaller, 
the quotient арӣ remainder are each 3. The result will be the 
same, if 10 times the smaller is divided by the larger. Find the 
numbers. 

Let т and у be the numbers of which 27 y. 

*. the quotient and the remainder obtained by dividing z by 
y аге each 3, ~» g=8yt3 -.-*° (1) 

Similarly from the second condition we have 10y=3r+ 3...(д). 

Putting 3y +3 for v in (2) we have 10y—3(3y-3)--3, 
or, 10y=9y+12, 4. 9712. 

From (1) we have s=3X12+3= 89. 


the required numbers are 39 and 12. 


Ex. 7. At a certain election there were two rival candidates, 
and their supporters were conveyed to the polling booths in carriages 
capable of accommodating 10 and 15 voters respectively. If the 
voters, 1050 in all, just filled 85 carriages, find by what majority 
the election was won. 

Let a be the number of voters for the first candidate and y for 
the second. 

Then from the given conditions we have в+у=1050-(1). 


Again, '.' 2 voters were carried in 1o carriages and у voters in 


y T . ДЕЗЕ 
15 carriages, “+ 167315 85 (2) 
Solving (1) and (2) we have #=450 and y=600. 
*. Ње second candidate won by (600 — 450) or 150 votes. 


Ex. 8. A train 88 yds. long passed another train 110 yds. 
long travelling in the same direction on & parallel line of rails in 27 
seconds, but had the slower train been running half as fast again, 
$$ would have been passed in twice that time. Find the rates at 


which the trains were travelling. 


70 A TEXT BOOK OF Н. 8. ELECTIVE MATHEMATICS 


Let 2 and y miles per hour be the rates of speed of the two 
trains, of which the second one is slower. 

In the first case the time=27 вес, =48y hr. 

In the second case the time= 385 hr. The trains run in the 
same direction, .. their relative motion is (z— y) miles per hour. 
The total length of the trains —(110--88) yds. —198 yards 

= 10085 шї. = $5 mile. 
The time taken to run o mile at (r—y) miles per hour 
ақа) а 
. в) 50 ог, #—у=15-..-..(1) 


In the second case, the speed of the second train is $y miles 
per hour, 
«<. the relative speed of the two trains is (z— $y) miles per hr. 
50 ва ру m ог, 25—8y—15---(9) 
Now, multiplying (1) by 2 we have 
2r — 2y — 80 
and (2) is 27 3y—15 
XE (Subtracting) y=15, «<. from (1), we have z— 80. 
<. the rates of the two trains are 30 miles and 15 miles per 
hour respectively. 


Ex. 9. A certain number of men paid a bill If there had 
been 10 more, each would have paid 1s. less ; but if there had 


been 5 fewer, each would have paid 1s. more. Find the number. 


of men and what each had to pay. 


Suppose @ was the number of men and each had to pay y 
shillings, Then the bill was for zy shillings. From the given 


diti h Sy lg—1-e poc ‚өө (2). 
conditions we Bye EIU ри! (D) апа Т. „+1 (2) 


ALGEBRA 71 


Trom (1) we have zy —ay —z-- 10y — 10, or, z —10y— — 10.. (3) 
sy=ayte—5y—5, on @— 2—5 = 5...) 
2. —by=—165, ©. 9-3. 

Now, from (4) we have 2—5 Х8 = 5, 2— 90. 

.. Tho required number of men = 20, and each had to pay 3$. 

Ex. 10. In a race of 1 mile, 4 gives B a start of 88 yds. 
and beats him by a minute and a half ; but A is beaten by 44 yds., 
if he gives В a start of 2 minutes 12 seconds. In yat time can 4 
and B run a mile ? 

Suppose A takes 2 minutes and B takes y minutes to run 1 mile. 
DE - yds, per minute. 


From (2) „ » 


Then A goes 1760 yds. and В goes ——— 


In the first case, B is 88 а ahead of A but is beaten by 
88 yds. A goes 1 mile in z minutes, 
s. B takes (z4- 15) minutes to go (1760 — 88) or 1672 yds. 
3 .1760.. 1672y _ 2+3 
-. 1072--—--—z-15h о, == 

Teta od h o^ 11607 2 

or, 90z —19y— — 30... --(1). 

In the second case when В reaches the destination, A is 
44 yds. behind him, t.e. А has gone (1760—44) or 1716 yds, 
** В has started 2} minutes before 4, .', he has gone the 
remaining distance in (y— 25) minutes. 
A has gone 1716 yds. in (y— 2$) minutes. 
abe 1 .. 1716¢_5y—11 

dic GES онун Ee 

Multiplying (1) by 40 


бга 


or, 89%— к — 88- (2). 
and (2) by 19 we have 8002 — 760y = — 1200 
and 741a—760y=—1672 
+, (subtracting) 592= 472, -- 
oc From (1) we have y= 10. 
В can run 1 mile in 8 and 10 minutes respectively. 


$8. 


А and 
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Exercise 5 


1. Ten years ago, a father was seven times as old as his son ; 
two years hence twice his age will be equal to 5 times his son's; 
what are their present ages ? (C. О. 1520] 


2. A motorist does a journey of 80 miles in 6 hours. During 
the first part of the journey he travels at the rate of 10 miles and 
during the latter part at 18 miles an hour. 


How far does he 
travel at each rate ? 


[С. О. '18, '29] 

9. A number consists of two digits. The sum of the digits 

falls Short of the number by 54, if the digits be reversed the 
number exceeds the old number by 27 ; find the number. 


[Р. 0. '35] 
4. The product of two numbers is 18225 and the quotient 
when the larger number is divided by the smaller is 81. Find the 


numbers. [0. U. 1945] 
5. Find a fraction which becomes $ on subtracting 1 from 

the numerator and adding 2 to the denominator and reduces to + 

on subtracting 7 from the numerator and 2 from the denominator, 


[C. U. 1928] 
igit in the tens’ 
54 is subtracted 
the digits are inverted. Find the number. 

[C. U. 1948] 
7. A certain number between 10 and 100 is 8 times the sum 


of its digits and if 45 be subtracted from it, the digits will be 
reversed. Find the number, [C. U. 1919] 


ег and it will become $ths of 
difference between the two 
[C. U. 1883, '49 Sup.] 

` 9. А man who went out for an evening walk between 5 and 6, 
returned between 6 and 7 and found that the hands of the clock 
had exactly changed places. When did he go out ? [(. U. '44] 


6. A number consists of two digits. The d 


place is 8 times the digit in the units' place. If 
from the number, 


8. Reverse the digits of a numb 
what it was before ; and also the 
digits is 1. Find the number, 
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* 10. A boy spends his money in oranges. If he had received 
4 more for his money, they would have averaged a half-penny 


each less ; if three less, a half-penny each more. How much did 


he spend ? [Р. U. 1921, Addl.] 


wing at the rate of 4 miles an hour takes thrice 


11. А man ro 
going 80 miles 


as much time in going 30 miles up a river as in 
down ; find the rate at which the river flows. 

12 А mixture contains wine and water in the ratio of 5:3 
and another in the ratio of 4: 5. In what ratio must the two 
kinds of mixture be mixed to give a mixture of wine and water in 
tho ratio of 31 : 29 ? 

13. How much gold, at Rs. 20 » tola, must be mixed with 
14 tolas of Rs. 15 a tole, so that the mixture may be worth 


Rs. 18 a tola ? [Р. U. 1991] 


14. Ifa cyclist had gone 2 miles an hour faster, he would 
have taken 1 hour 40 minutes less to ride 100 miles. What 
time did he take ? P. U. 1995] 

15. A number consists of two digits, the digit in the units’ 
place being four times that in the tens’ place. Tf the digits be 
inverted, the new number increased by 2 equals three times the 
old number. Find the number. 0. U. 1901] 

. 16. Two men, 40 miles apart, walking in opposite directions, 
but if one of them had doubled his pace, they 
he time, Find their respective 
P. U. 1981] 


meet in 68 hours ; 
would have met in Sths. of 6 


speeds. 
17. А man rows 30 miles down a river in 6 hours and returns 
їп 10 hours. Find the rate at which the man rows and also the 
[Р. U. 1983] 


rato ab which the river flows. 

18. A number consists of two digits ; the digit in the tens’ 
g twice the digit in the units’ place; if 86 be subtracted 
he digits are inverted ; find the number. 
[O. U. 1946] 


place i 
from the number, $ 
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' 19. The number of months in the age of a man on his 
birth-day in the year 1875 was exactly half of the number 
denoting the year in ‘which he was born. In what year was 
he born ? [4. U] 


20. A boy buys a certain number of oranges at 8 for 2d., and 
one-third of that at 9 for 1d.; ab what price must he sell 
them to get 20% profit ? If his profit be 5s. 4d., find tho number 
bought, [D. В. 1936] 


21, One customer buys 14. of tea and 10. of coffee for 
$9.95, and another buys 111. of tea and 151b of coffee for 
82. 4s. 64. Find the price of tea and coffee per Ib. [D. B. '40] 


22. A number consists of three digits each less by unity than 
that which follows it and if 8 be subtracted from the number, 


the remainder will be 20 times the sum of the digits. Find the 
number, [G. U. '48] 


23. P and Q start at the same time from Howrah and 
Madhupur and proceed towards each other at the rate of 20 and 
30 miles per hour respectively. They meet when Q ‘has proceeded 
36 miles farther than P. Find the distance between Howrah and 
Madhupur. [С. U. '49] 

24. Ifthe numerator of a certain fraction is doubled and 
its denominator increased by 1, its value becomos $; but if its 
denominator is doubled and its numerator increased by 1, its 
value becomes +, Find the fraction. [Z. B. S. В. '55] 

25. A man spent 15s. 2d. in buying oranges at the rate of 
3 for 9 pence and apples at five pence а dozen ; if he had bought 
5 times as many oranges and } of the number of apples he would 
have spent £2. 4s. 9d. How many of each did he buy ? 


* 26. Find the distance between two towns when by 
increasing the speed 7 miles per hour а train can perform the 
Journey in 1 hour less, and by reducing the speed 5 miles an hour 
ean perform the journey in 1 hour more. 
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27. The middle digit of a number between 100 and 1000 

is zero and the sum of the other digits is 16. If the digits be 

reversed, the number so formed exceeds the original number by 
198 ; find it. 

` 28, The three sides of a triangle are 2+5, 4z— y and yt+2 

inches in length. If the triangle is equilateral, find its perimeter. 


*29. If the sum of the digits of a number is divisible by 3, 
show that the number is divisible by 3. 

30. If bo added to the numerator of a certain fraction, the 
fraction is increased by тұ, and if 1 be taken from the denomina- 
tor the fraction becomes үз. Find the fraction. 

31. "The incomes of two men aro in the ratio of 5 : 3 and their 
expenditures are as 9:5, Each saves Rs. 30 а year. Find 
their incomes, 

32. А man walks a certain distance. Had he gone half a 
mile faster, he would have walked it in $ths of the time; and 
had he gone $ mile an hour slower, he would have taken 2 hours 


longer. Find the distance and the rate at which he walked. 


33. Ifa sum of money be lent out at 896, the interest for 
a certain time exceeds the loan by Rs. 60 ; but if it be lent at 6% 
for half the period, the loan exceeds the interest by Rs. 290. 


Find the sum. 

31. If the larger of two numbers is divided by the smaller the 
quotient and the remainder are each 4, The result will be the same, 
if 20 times the smaller is divided by the larger. Find the numbers. 


As. Acan run 50 yds. whilst B runs 45 yds.;if B has 


5 minutes’ start in a race, what time will A take to get level 


with B? 
36. A train 44 yards long passed another train 66 yards long 


travelling in the same direction in 22% seconds. Had the slower 
train been running half as fast again, it would have been passed in 
45 seconds. Find the rates at which the trains were travelling. 
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en. In a race of 1320 yards A gives B a strat of 176 yards and 

beats him by 15 seconds, but A is beaten by 110 yards, if he gives, 
В a start of one minute. In what time can A and B run a mile ? 

-/88. Ina milerace Асап win by half a minute against B, 

and by 88 yards against О; also В can win by 90 seconds against 

С. Find the time required by C in running а mile. 

[5. Е. Addl. '60] 

39, Ina race of 2640 yds. A can beat В by 10 yds. and О 

by 80 seconds. In the same race B can beat C by 24 secs. How 

much time does C take to run a mile ? [S. Е. Addl. ’57] 


40. Show that if a number formed of two digits is four times 
the sum of the digits, the number formed by interchanging the 
digits is seven times the sum of the digits. [S. F.'56] 

41. A starts from а place P to go to а place Q; at the same 
time В starts from Q for P. After meeting they arrive at their 
destinations in 9 and 8 hours respectively. Show that the ratio of 
their speeds ( supposed to be uniform) is J/8 : 2. 

[S. F. Addl. '61] 

49. The sum of the digits of a number of two digits is 10. If 
18 be subtracted from the number, the two digits of the remainder 
are equal, Find the number. 


THEORY OF INDICES 


21. You know that a? stands for the product of 8 factors eack 
equal to a. Thus a9-axaXa. Similarly b" stands for the 
product of m factors each equal to b. 


Thus 5^ —b Xb X b...to m factors. 
Here 3 and m indicate the number of equal factors. 


Power: The product of several factors each equal to the 
same number is called a power of that number. 
Thus aë, 6” are powers cf a and b. 


Index: The small figure that indicates the number of equal 
factors is called the index or exponent of the power. 


Thus in a?, b™ the indices are 3, m respectively. 


22. Laws relating to Indices 


Law i. To prove that a”Xa"=a™*" where m and n are 
positive integers. [C. U. '10, '80, ; D. B. '80, Pat. ©. '91] 


By definition, a" —aXaXaX 50 т factors, 
and a"—aXaXaxX-::ton factors B 
s. a? Xa? (ахахах «tom factors) X (a X a X a X ***to т factors) 
—a Xa Xa X .. о (m+n) factors —a'^*^, 

N. B. This result is known as the Fundamental Index Law. 

1f p is also a positive integer, then a" X a^ x a? = a *^*P : and 
so on for any number of factors. 

Law 2. То prove that а-а" = а", where m and љ are 


positive integers and m is greater than л, 


„ахахах... Љо m factors, 
aXaXaX......to n factors 


By definition, а" +a 


Now, Since m is greater than 2, all the л factors of the 


denominator cancel with т factors in the numerator, leaving 


(m — n) factors there. 
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<. we have a?" —a"—aXaXaX ......5o (m—n) factors 
=а4"-" 


[N. B. If, however, n>m, we have ата ]. 

We have derived the above results on the supposition that the 
indices are all positive integers. But the indices may be negative 
or fractional. 


(а) If the index m be a negative integer (say, —4), then a” 
has no intelligible meaning, for a"—a-*—axaXa......to (—4) 
factors by definition, But it is meaningless, as we cannot find 
the product of — 4 number of equal factors, 


(b) Let the index m—£. 


4 
Then by definition а®=а#=ахахах -to $ number of 
factors, which also is meaningless, | 


(c) Similary a" can have no intelligible meaning, if m= —$ | 
or 0, 


Now, we have to see if the laws of indices in the above cases 


ть be proved, зо that all indices may be governed by tho same 
aws, 


Corollary (i) To find the meaning or value of a°. 
By the Index Law a™x а= а" Tt we replace the index 


ш 
т БУ 0, we have a° Ха" = ао = аъ, +, a=" =, 
a 


Thus any number or expression with the index 0 is equal to 1. 
(ii) То determine a meaning for аг", 
WO a" Xa"=a™* by the Index Law, 

putting — m for n we have а” x q-™ = сто 


=gm-m_ ol. а misc eS ; 
а =i v. агт эш Thus 47" is thereciprocal of a”. 
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So any number with a negative index is equal to the reciprocal 
of the number with same index of positive sign. 


-т > 
Thus aui, ica, Чтв, 


Law 3. То prove that (3")" —a"". [0. U. ; D. B. ; P. U.] 
(i) Ifn isa positive integer, we have 
(а")% =a x a" x a x ovr to т factors 
=ат+т-т-+...... to n terms = amn, 


Cor. (а). (a™)?=a™?, (a™)”=a™?, 
(b) The meaning of ct 


( 3n may m 
a^; —a"  —a", 7. a” is the nth root of а”, 


m ( ijs m 1 
Again, '. a"=\a"/ ' ©. ат is also the mth power of ав. 
[№ В. If the index of a number be'a fraction, the numerator 
of the fraction is taken as the power and the denominator as the 
m 
root of the number. Thus a” is the nth root of the mth power of 


a, or it is the mth power of the nth root of a. 
T а ы М. 2 4 а 
Thus, а#= Ja i а®=(%/д)* — (a5)? ; Ya =a? ; %®/а1=а?. ] 
(i) Itin Law 3, л is a fraction, suppose n=? whera p and q 
q 


are each a positive integer. 


ae отр 

Now, (a™)"=(a™)?=Y(a™)?= Ya" =a * =a™, 
(iii) In Law 8, Ил is a negative quantity, 

let n= — р, where р is a positive integer. 


їз 


n -» 1 -тр_ mo-i 
Now, (a") —(a") ^a ^ тю — gm(-79) = gmn, 


Thus, (a”)"=a™", whatever may be the values of m and f. 
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m 
(iv) ‘What is the meaning of a^", where a is в positive 


quantity and m and л are both positivo integers ? 


D cma i f the nth 
-a paw s: 0" means the reciprocal of the ni 


root of а”. 


m m 
ЇМ. В. We do not consider the meaning of а" or a^" where 


a is a negative quantity, as it is beyond our scope. ] 
Law 4. То prove that (ab)"=a™b™. (C. U. ; D. B.] 
(ab) — ab X ab X ab X --.:-о m factors 
—(aXaXaX-- to m factors) Х (6 ХЬХЬХ -.-**-50 m factors) 


=a™x pn qmpn. 


Таз D: (ва XaXaX--tom factors a” 
b bXbXbX--tom factors Б" 

N.B. In the above laws we have discussed the meanings of 
а” in the following cases :— 

(i) Where a is any positive or negative quantity excepting 0 
and m is a positlve integer ; 

(ii) Where a is any positive integer other than zero and m is a 
positive fraction ; Н 

(iii) Where a із any positive or negative integer other than 
zero and m is а negative integer ; 


(iv) Where a isa positive integer other than zero andm is a 
negative fraction. 


Law 6. То prove that a"b^"-(ab)", where m is a positive 
* fraction. 
p 


Let уз. (р and q being both positive integers). 
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Now, (а”5”)= (=). 


(am) - (G3) - (B x(t)" [Vide Law 4] 
=a” xb? [Vide Law 3] 
—(ab)". <- а""= (а)®— (ab)™. 


Law 7. If mis а negative quantity, shew that ab" = (ab). 


Let m= — р (p being a positive quantity). 


Lo TE eT 1 a 
mym === = p m 
Now, a"b"—a в (ab)? (ab)? = (ab)^. 
EE DARAN Dd 
7 eQUCATI П * 
> 
их 9% 
Examples 7 | К?» Dapt, of Extension : 
Та \ >. SERVICE. z 
1. Find the product of a?:G*.a, e Wey AY 
SA CALCUTTA] 


The рапа а.а = —& 


Ыл 
2. Find the value of ablato: Bs ge 


The required value= at +8580 =, 
1 
3. Simplify UR x (0°)? x (tvi jt 


хі - + 5 ym 
The given өхр.=22 dut e ах, ixi 


Elec. M. (IX)—6 


82 A TEXT BOOK OF Н. 8. ELECTIVE MATHEMATICS 
^. Find the value of 8/973, 


2 2 


5. Find the valueof 327, 


Soe 1 1 ата ъа. 
398 (е°)# q5X£ 9* 16 
— 8 axl а 
€ 4a #295 3-18 о a* 4,U' 4Mbs 
3579 axl 9 at 87а" 
V 
7. Multiply 
a а iy a bya la tp ta], 
а 11а iy ial 
1-0 4471 
ewig ES 
a 2 a 29 tta 1, : 
e пБ cs Late gates 
Paget qty Sud 
ео ^ +а lo t Toa 


Otherwise : (atata tot) 4-029 45-4) 
={(o7+0-2)+07 70) [[a i | 


2 2 ni ода 
=(в уса)“ a t 3| =at bbc? 2a7*y tant 
747! anita gs, 
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а 
Ex. 8. Divide z— 853,5 За — y by zie ont yt а ` 
2 a 2 2 
g*— DNE is — Dis acis = sfa? – J? 
2— 208 "y an eut 3 

$ 
— E 4 Qn y —y 

$4 1 
E ay +955 уЗ home) 

7. The quotient =a = ye 


“Ex. 9. Find the product of 
e 


n- i= 1) 2 2 
The reqd, product = (x? ) -(,° ran Fa? a at 
r -1+1 — 
— A" 25529, 
Ly. B. а"-®ха=д"-1+®ї = оп, So 2" is the square of gn-1, 


Note the distinction between "ERE and (Gm 
2931 


In 2° the power-index of œ is 9"-1, but w p = "= the 
index being 2n— 2.] d 
n ^ = _ 
“Bx. 10. Divide æ? —y*" by a?” pus [0.0] 
n-1\2 a-1\9 
n n 9 а 2 
Е: EZ ) (u ) 
»-1 2” 7 att ъ-1 
и ар) @ Ty? 
n-1 n-1 591 27-1 
(^ Ty? y: e | n-1i n-i 
= з з 
= n-1 n-1 2 sy 
z*? + 


Ex. 11. Factorize a+b. 
ato=(at)’+(08)'= (ab +08)(a8— oot) 
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Me а (8, mom? , 

Ex, 12. Simpilfy (&j =) &) [0. О. '31] 
in mn i 

The given exp. TES x с еа =]; 


Ex. 13. Simplify (z^) (a7 ^(z^^7^. [C. U. '83] 
The given exp. = 225-?*, gbe-b, gambe 


С С bo — e =]. 


Фут jpm MEN j aqu mL 
Ex. 14. Simpli (=, = CV 
x 14. Simplity (5) (25 (5) 


[C. О. '16, 21, '24 ; D. B. 195, "30 ; G. U. '48, '50] 
The given exp-=(2-™)*™, (gn mtn. (gn hymn 
2g m g -n = = qmm =n 7 en тоза ТЕ, 


Ех. 15. Simplify 


a 


\ E e i [0.01] 


2 


he given exp.— (^^ ders " LIRE MET x 


(“= ае 


a? — b? oe Оу сас a? — b? +08 —c? +0? — a? 


zT , 
=@=1. 
Ех. 16. Simplify 62)’ ва)’ Чаш”, [D. В. 'А5] 


(CUORE 
a-b 6% 
= - -b 
x ab7*.5^7*.c* 
= п®-®+ЬЪ-! - - = = - -i = 
= а“ b+b-c+o а pb cta-b+c a 65 c+o-ata=b 


The given өхр.=6°7°.007°.0°-%.4°7“.0 


=40.Ь0.00=1х1х1=1. 


[N.B. We know + =a. Here the index of the denominator 
a 


being negative it can be converted into numerator by changing 
the sign of the index. ] 
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Ex. 17. Simplify ER id a 


[0. U. '41 ; W. B. 2 F.'59; D. B. '49 ; H. 8. '62 (compl)] 


E = —b-c с-а abf a-b 
The given exp. = / mt. Nat. Na. 
b-o с-а a-b кы с-а в 
5-0 sca ab "Ьу e ey 
=p 00 DET 
ab-actbo-ubtac-bo DI 
=g =g =g =l. 


Horo %/z-¢ means the bot” root of 207° and soit is written 
a? 


seal 
as 200. 


8 
4 ERU at tab _ Ја " 
Exis. Simplly (ope Ја (C. U. '84) 
$ i + $ 
i аба? +в) a? _ а а 
The given exp.—;0—73)—73 7 3 : А 
a?—b bla? +b)(a*—b) а —b 
OCT ai. а-а 
b(a? 5) as b EXED 
аба) ай Ja 
bla —b) b b 
їз | 
(N.B. Here а—5®=(аї) —(0)°=(a +a" — 0) 
Ex. 19. simplity { [Va a E ха?*, [M. U. 1894] 
a E] 
à a ely ut 28 18 x12 A 
The given exp. = (= A Хх т раа aa” 
0918 Xg3? gout? _ 18-16 —, 3 
r "EI терро на 


86 


A TEXT BOOK OF Н. S. ELECTIVE MATHEMATICS 


“Ex. 20. Simplity Уб уе aa 


The given exp. = 5/48 Маз xag += 3a? Таъ = "JG? a3 


E OE LAB: 2 
=5/410= 45 =a 


—}i 
Ex. 21. Simplit ee е # 
Бр 2497". 


ГЫ. S. '64 (0) ; C. U. °47] 


m+} TEM 2m+} a2 
2 £ mri)? F E 
The given exp.— { (б eX Jam = | 2 $—] 
297 g-* 


Hn 21 
-f >} ay power anis 
о 27 


L 


imtitmii-sim 
= ү рт = fam} phh 


от+1 g3m-n 5m in в» 


Ex. 22, Simplify [P. U. '18] 


9mti g9m-n pmi 9%3% от+ъ+1 ат pmn 


The givon exp. =з; нано gm gri gm geriet niet 


= QMiN+1-m-N-9 pmén-m-n-2. 9-1 p-2_ 1 1, Ж 1. 
D monct gminom- аса 58 ix Д 
UN. B. 6" can bo written as (2X 3)” or 97.37 ] 
и адар P 
Ex. 29. Simplify DET. [0. U. 1935] 


8? (92) 97.37 ВАО 


The given exp.— На (ол gjrkh Отта датат grep 


S?tro*atr 
— prata gri? 


= 024+"-87-30-а — gq-sr-9p. 
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Ex. 24. Simplify бат даті 1 


ga. да?-а (93)8 a gata?-a 94 1 
Tho given exp. = garira- ^ | оз = тона роз 


2 -9a9-a? 2_за-09+2 
а зао a 43а — 9a a-a^ 4 a—90—1. 


le de 5 


g*(ga-1y (elo [z. B. S. B. 1951] 


a? 
E M (Ge зу-а = 


Ех, 25. Simplify AS Tec E pues [0. U. '38] 
н _be/ 5 ^ оа 
The given exp.— 4075 
bo ane E] sa m ab ae 
ge a ge 
b Ёс с-а а EUM b -0 4 = 
= 28 У 3 E te a ae 
gre "gie 2 g^ 5 =д°° са 
ab -a c +b c -a b eet ie aa = 
=(q) оц —ga bo = 59 = 
ye 3 ase 24 2 а 
[vote that Ау 5e - (o j=? | 


Ex. 26 оа р a 1 
TC us Y (1=а)" Gat (= 


[ Here, of the different powers of (1—а), the greatest power 
is(1—a) Г. the L. C. М. of the denominators is (1— а)". ] 
и _a?+2(1—a)—(1—a)® .a* 2—92a—1--2a—a* 
The given exp.— (1—a)* z^ CETA ems 


cael eB, 
(1—a)" 
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LN. B. As in division the indices of the powers are subtracted, 


on dividing (1—a)' by (1—а)*-1, we have (1—a)y^7(-1Y 
or (1—a)* or (1—2a).] 


я 1y 1 a-p 
еж 
“Ex. 27, aed А G ) d [B.U. 1891] 


ERIS M 
la) ea) leta) 
(6+2 т”. (6) (6-0) (2-1) 


"Єй (yey 


(в) (ea (0+1)? „(ра—1)° 


The given fraction = 


D E= (28 г MEUM (20-1)? 


pt р? 
=(pa+1)"(p7-1) ,, Du 
pp (pq — 1)* (pg +1)? 
pra D pna 
ET gta T 2 
м, 
Ex. 28. Simplify :— 

4 i 1 y 1 3 
Lea tpg T pg ap qat pa - 


[0. U. '26. '40 ; D. B.'99 ; E. В. 8. B. '59] 
Multiplying the numerator and the denominator of the first 
term by a^, of the second term by z? and of the third term by 2°, 
we have the given expression 
КУ at Ды a? F z^ La? Ego? = 
Otto? Prat tee шаа? шаа? 
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[ №. В. In such cases we have to determine by what the 


numerator and the denominator of each term are to be multiplied, 
so that all terms may have the some denominator. ] 


Ех. 29. Simplify :— 


1 + 1 es + 1 . 
ТЕТ 29° 144777 077% 1447-9077" 


[Р. О. 1908] 


The given exp = 
-D 


„52 
Ta (Ear a) 


za TR 4 n m 

= (1a a0) m "(10779 +074) 
-а REP 

- E sa Z zu -» z = = 

gs bg T oe test ee o 


р 


“тыша а 1 
ELE tte” 


28. IDENTITIES RELATING TO INDICES 


Examples 8 
ат 
Ех.1. If 2’=y", show that (#)"=2" запа if also 2 — 9y, 


show that y=2. [0. U. '98, '49 ; А. U. "16; D. В. '50] 


у а = 
ut д7 =y, ce =, or, =y 
= = zx 
а\у c" mv 2-1 
Now, (3) Er A 
y y 


Again, °Г m=2y, and "=y" (hyp.), 
g=y", or, (9g) —y?", or (2y-—(y^), 


. y2—9y, -. y=2. 
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[If two equal quantities have the same powers, (other then 0) 
then their bases must be equal, and if their bases (other than 1) 
be the same, then their powers must be equal. Thus if a^— D^, 
then a=b ; and ifa*=a", then z—y. In the above sum (2y)" 
and (y?) are equaland as they have the same power y, their 
‘bases 2y and y? must be equal. ] 

Ex. 2. It m=a®, a=a" and a? = (т), 

show that жуг = 1. [ H. S.'68 ; В. U. 1890 ] 

Here, а? = (mIn = m?n = (a*)'* (a)? 

[ putting the values of m and n ] 
=а®9° quus — 49208, aes a? = ай 


7. Qeyz=2, 2. wyz=1. 


Ex. 3, If a*=b, bY=c, с" =a, prove that zyz—1. 
[0. U. 1956] 
Here, a= = (b!) =" = (а) = ats, 


or, a'—g*"" s. дуг=1. 


Ex. 4, It a=" and 6*=a", then a—b. 
Ss (a? =.) and ЕИ (О) 


From (1) X(2) we have a**v —5**", 2, a=b, 


ca L I EAE 
Ex. 5. If ga—95 —z9 and gyz=1, prove that atb+c=0. 
[Н. S. '64] 


ine гл. 
@=yb=z° =k (Suppose) 


a 
A 
5s E =i, or, =. Similarly y— E? and 2= 0. 


Again, '. gyz=1, Г. kekeke —1, or, ==. 
°. а+Ь+с=0. 


DC 
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Ex. 6. If aat yo, b= a" Py", с= 2+9", 
show that а", 5"-?. с2"=1. [O. 0. '51] 
Qe erst = (су? Ja77 (g^ *248)r-» (7+ аут)? 


ci or acer 59^ dr pr A rp rg 
DX USD УА yet er tar—patpr—ar 
=e°y°=1X1=1. 
fix. 7. If &—35—3 ?, provo that 32?--92—8. [ Pat. '80] 
-1\8 з -1\3 ES fx! 
Hore a*- (55-83) - (83) - (575) —зз?з 5-37) 
or, 28=3— 87: — 8.3%) les statue | 
or, @®=8—#—9д, or, a^ —$— 32, or, 82° —8— 90, 
80° -- 92 —8. 


з 
“fix. 8. If a 94-93 93, proye that z^ — 62? --6z — 2—0. 
[(. U. '80, '86,'42, '50 ; D. B. '49] 


s gaotattal, c. ара, 
(в—)%=(ай+а*|` 
or, п®—ба*++19в—В=(з°) (at) cns oh (ot) 
-s.23260-9[ ee =] 
or, z?—6z?-Fi9 —8—6--62 —12 


or Z&—67^4-198—8—6-— 62+19=0 
2? — 6z* --6z—2—0. 
Ex, 9. If a""—(a?)", find m in terms of n. [Pat. *18] 
fo та", s. am = а", С. т"=тт», 


m” ean 
or, A, 0, m-t=n, г. тет. 
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Ex, 10. If p*=q!=r" and g*=pr, show that 1+ 


[ First express p and т in terms of q ] 


v y 
M phy, p=", and *. 77=q", 7. r—q* 
à vw 2+7 

Again, кр, г. g?=q".q%=q" > 
Eg, 1+1=2 [ dividing by у] 


aos [0. U. 1945] 


n-1i n-i 
The left ааа Ferio куйы +y? ) 
2—1 


ACR заара уе) [авт amu 
2—7 


ъ-=1 n-i 
— (a*—y*)(a*+y*) - (а +y? ) 
2—0 


Thus multiplying up to the last we have 


%-1 n-1 n-1i n- 
the left hand side= |> сей ke: +y? ) 
2—7 


а) = (y E E 


"Em 2—0 


[ For Exponential Equations see the chapter on Quadratic 
Equations, ] 
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Exercise 6 


Find the value of the following :— 


2 =s -5 —, 
1. 273 2. 97 8. (d 4 4. 4/804 [ P. U. 1908 ] 
Б, 94875 6. 1/6955. 
Simplify the following :— 
2 
-з\ 1-8 
INT « (e 
- = a 
9. 8a #+6b xtab 10. gis aiat, 
1 8 
A 1 = 1n-93 
10. (ei) (eje n. 12, 222077 
gita 


18. 5/42 + Na*b? X БЕ 

14. Ja-8b° X Уа? 7°. 15: As c 
92,919 

16. аз. 17. (=. > a (£3) р 


17: (а). ах 98 xifjgni | [Pat. '98] 


18. (i) Multiply m° +e %+1byatte?—1;  — [0.U.'88] 
and si ay б + y by a? = + ah [Pat. '99] 
2 
(ii) Divide а" + Gao? — 4b+9c® by a— ap? +307. - 
19. Find the product of (z" — ^^)? 4- y^"). 
20. Multiply a^" 5" by a^ *"— а "j^ +b", 
n тъ в %-1 02 1 
21. Dividez? —y? bys = c 
99. Resolve into factors a—b, if itis the difference of two 
squares or cubes. 
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Factorize 27” — y?" 


Simplify the following :— 


а 2a 


24. e [C. U. 1870] 
95. (a--b)" x (a — by" x (a? 4-53)". [M. U. 1889] 
ANAC ED- x шат®+оудо, и. 091 
2 23 
gat | go үү ое. [дно т 
28. (5) = =) 29. (=) + 
[М. О. 1890] ` [С.И 1909] 
z™ min-l л” nilem, at um-n 4 
30. (=) XE) 1A А . [Pat. "981 
"n flt) J33” a 
3495 о [C. U. '25 ; W. B S. Е. '58] 
as [mm^ m-n гы n-i (m i- 
4 ат" хү- g È g^ 
32. (a) Ux C LUPA Ea Е, S. '61] 
bte а= с+а\ф b|c 
33 Ju) b dee {| pes 
V dur a | [2. UJ 
(a5) ig -iy 
oe “Уе хе) uen x =. 
36. gmt*gam-n рти асп E 
^ [SERVO р [G. 0. '50 
37; 25.679 19-^ луна y ев — 6" —1 


qmgiminogm-i т Quz — оер 


E 
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S39 "e ecd 


Те ы —— ее hw, 
o Fa pg") 1а? pa" 107%" 
[0. U. 87, 49; G. U. 49; E. B. S. В'51] 
40. (1+0 0Ha N та Fat) 
+(%1+°®+а°-®)-*. 


(ИЛИ (67: 


41. 
7720 
etl 


[D. B. '93, '50] 


1 5 
ав, 
(1-2) VT а) 


42.. (a) (E es 2-2 E ад qe EE ^s, (W.B.S.F. '53] 


iis Be E 2 


T бы [00] 
48. (429 82)? wi (= г") 


441 тия”, abow that [© =m" > 
% 


45. If z*—y?, provo that (554 (oj 2v. 7 
y m 
46. If a^—z" and a* =z”, then z* = yz. 
n 3 
41 1t (n?) =(,2") , then "уа е, 


48. If p—a^, q=a" and (руд) =a", show that zyz— 1. 
[0. О, *29, 50 ; D. B. '87 ; Pat. '19, '91] 


ae t 
| 49. I} at=bv —c* and abc—1, provo that v+y+z=0. 


50. If o—93--9 E, show that 22°—6e=5. 
9 
| 51. It а=1+3#+-3®, prove that c? —32* 62—4=0. 
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52. If = then y°+3y=a -i 
58. It 2=29 +498, show that 2° —62—6. [4.U.12] 
54. If e*=y>=2° and y? = а, prove that 1123, 
55. It a=ay?-*, = c—gy'^^,show that 
Ore, (07-2, go-a—1; [Pat. U. 1918] 


6. TE ee = (, ж, find p in terms of а. 


SURDS 


24. Incommensurable quantity: We know that it is not 
always possible to express two quantities of the same kind by a 
common unit, 

As for example, if the side of a square is 1 inch, its diagonal 
is /2inches, Неге we find that the numerical value of 4/2 can 
never be ewactly expressed as a multiple or fraction of unity 
(бв, 1), though its value to any desired number of decimal 
Places can he found. Such a quantity is said to be 
incommensurable. 

25. Surds: When a root of a quantity (a number or 
expression ) cannot be exactly determined, the root ia called a surd. 


Thus), /3, VZ, Мазь? are surds. 

But /4, 4/97, Jes, V2*+9ny+y®, though surds in form, 
are not really surds. For they may be exactly expressed without 
the radical (root) sign. 

Thus J4=9, 8/97=3, Ji. Jo 90у ty 2210. 

(i) Algebraical quantities, such as Va, Vg are also called 


surds, although the values of a and 2 may be such that they are 
not really surds. 
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26. Rational and Irrational quantities: Quantities that 
can be expressed as the ratio of two integers are called rational 
quantities ; and quantities that cannot be so expressed are called 
irrational quantities. 

( Thus 3, %, V4, Ja? +6? +2ab are rational quantities. 

(и) Уз, 5/4, 4/53 aro irrational quantities. 

LN. В. When а radical sign (.0,, а root symbol) is put before 
an arithmetical number, 16 denotes only the arithmetical root; 
but the root symbol, put before an algebraical quantity, denotes 
one of the roots only. As for instance. J@ has two values 


(one positive and one negativo) but ,/7 denotes the positive 
arithmetica] root only, unless it is expressly written as + A/T. ] 


27. Pure and Mixed Surds: Surds which have no rational 
factors are called pure surds, Thus 4/5, 4/2 are pure surds, 

Surds which consist of a rational factor and a surd factor are 
called mixed surds. Thus, 3 /2, в Vo are mixed surds, 


28. Simple and Compound Surds: When а surd consists 
of one term only, it is called а simple surd, 


The algebraic sum of two or more surds is called a compound 
surd. 

Thus J/3, 2 J5 are simple surds, while J/3--9 5, J/1—3 /2 
are compound surds. 


The algebraic sum of two surds or a rational quantity and 
a surd is said to be a binomial surd. Thus 2+ A8, 2 J34- JB, 
3 Ji — 8/4 are bionomial surds. 


Similarly J5+ J3+ v3, 8+ VT- A3 are trinomial surda, 
29, Order of Surds : The order ofa surd is indicated by 
its root symbol. So the order is determined by the fractional 


index of the root. 
Elec M. (IX)—7 
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Thus (3) 3/3 and yt are surds of the second ‘order ог 
quadratic surds. 
3 
(4) 5/4, 55, P are surds of the third order or cubic surds. 


Similarly, 4/7, YZ are surds of the 4th and nth orders 
respectively. 


30. Equiradieal Surds: Surds of the same order are called 
equiradical surds. 

Surds are said to be of the same order, when their surd 
indices are the same, i.e, when the same root is required to 
. be taken. 

Surds are of different orders when their surd indices are 


2 8 ' 
different, Thus, (i) JZ, ш“, z? are surds of the same order, 
(ii) while Ja and $/a are surds of different orders. 


Al, 3/, eto, ате said to be radical signs. 


91. Similar and Dissimilar Surds : 

Two or more surds are said to be similar or like when they 
have or can be reduced to have the same irrational or surd factor. 

Surds which are not similar or like are said to be dissimilar 
or unlike surds. 

Thus (i) 8, 2 „/3, 5 „/3 are similar surds. 

8 and „/18 aro also two similar surds, because they can 
bo reduced to 2 ,/2 and 8 4/3 respectively. 

(#) J3and J5, J5 and 9/5, /20 and „/78 are dissimilar 


surds, 


Rational quantity expressed as a Surd : 


Any rational quantity can be expressed in the form of a surd 
of any order, 


Thus, 8— JI= 3/27 = &/81=5/8” ....., 
в= Jg = Vr = gt =Y д 
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Reduction of surds: Surds of different orders can be reduced 
to surds of the same order. 


Example: Reduce Vg? and */ 8 to surds of the same 
order. 


Hero tho given surds are of the 3rd. and 4th. orders respeo- 
tively. The L.C. M.of 3 and 4 is 12, Во the common order of 


the two will be equal to 12. 
2 2x4 


Now, 3/58 = ана ааа. 

and за E qiii, 

Thus tho two given surds are reduced to surds of the same 
order 12. 

Comparison of surds: In order to compare the values 
of two or more surds, they should be reduced to surds of the same 
order. 

Ex. i. Which is greater A5 or 8/9 ? 

. Here the І. C. M. of 2 and 8—6. 


8 = ois 
Now, /5=5'=58= 9/53 = 9/128, 


а = з 
and /9=9'=98= 9/93 = ВТ, 
+: 9/195 is greater than 8I, .°. „/5 is greater than V9. 


Ex. 2. Arrange 8/3, 4/8 and 4/8 in descending order of 
magnitude. 
Here the indices of the root are 3, 2, 4 respectively and their 
І. 0. M.=12. 
Now, 9/3=19/34="*N8l, J9=*/a°=*V64, 
B= 12/99 =" УБТ. 
*. ‘When arranged in the descending order of magnitude, 


they are 4/8, V3, V2. 
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33. The simplest form of surds : 

When a surd is expressed as the product of a rational factor and 
an irrational factor, it is said to be in its simplest form, 

Again, the product of a rational quantity and an irrational 
quantity can be expressed as a complete surd. 

Ex. 1. Reduce „/198 and 3/192 to the simplest form. 
JEB= Убаха= Уве ха= (8° x9)! = (8°)? x (2) 8x 2 =8 J3, 
198 — 3/64 x 3 — 48 x 8— 45/3. 

Ех. 2. Express 8 ./9 and 23/3 as complete surds, 


Now, 3.J3— 32x J3— „/9х J8—9 x2 = (9x25 18! = JTB; 
99/3 = V2 X 3 = 4/8 X B= NB хз = N94. 


34. Addition and subtraction of surds : 
To find the sum of two or more surds, they should first be 
reduced to their simplest forms. If they are similar, the product 


of the sum of their rational factors and the irrational factor 
is their required sum. 


The difference of two surds is found in the same way. 
Example 1, Find the sum of 4 ,/2, 3 ,/2 and 6/2. 
Here the sum of the rational factors =4+3+6=13. ` 
The required sum —(4--3 2-6) x 4/9 13 2. 


Ex. 2. Subtract ,/39 from Т J2. 

742— J38=7 J2— „/16ха=1 J4—4 /5=(7—4) /2=8 J3. 

Ex. 3. Add together JIZ, — 4 „/3 and ,/108. 

The sum — J/13—4 J34- JI108— Jaxg—4 J8-4- J36x3. 
—9,/8—4 /8--6 J3— (8— 4+6) J3—4 J8. 


Note: If the given surds are dissimilar or unlike, their sum 


or difference is found by collecting them with the plus (+) or 
minus (—) sign, 
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Thus (i) the sum of ./3 and 2 „/5 is J8+2/5. 
(ii) the sum of 2 4/3, 8 /2 and 4/3 

=а J3+3 J2+4 /з=(-4) J3 +3 /а=6 /3+3 J8. 
(iii) the difference of 8 V5 and 2 J3=8 J5—2 J8. 


35, Multiplication of Simple Surds : 

(i) If the simple surds are of the same order, their product is 
obtained by multiplying their rational factors and irrational factors 
separately. 

Thus, (1) 3V2%4V5=(3x4)x( 42% J5)=12 JIO. 

(2) /зх J8- J9=3. 

(3) 4/3%5NV6=(4x5)x( V3 J6)=20 „/18=90 /9.2 

—90x8 2-60 J2. 
(4) ах /8@х8 J2=2 /5х J162x3 J2 
=2 5x4 2x3 /2—9.48 5.3.9 
—94,9 /5=48 5/5. 

(ii) 1 tho simple surds be of different orders, they should 
first be reduced to the surds of the same order and then their 
product is obtained as stated above in (4). 

Thus, 3%/3х24/92= 81/3 X 91/08 

=3 X2 X 74/34 x 05 — 6 V618. 

(iti) Multiplication of compound surds : 

Compound surds are multiplied together in the same way as 
compound algebraical expressions. As for example : 


Ex. 1. Multiply 2 „/8+3 A4 by 8 Na+ J3. 

Tho product = (2 J3+38 J4)8 J2+ /8) : 
= (а 3x3 2) (8 J4x8 2) (2 J3x J3)+(3 J4x 4/9) 
=6 J6+9 /8+6+3 /1@=6 J6--9 J4.8- 64-8 V4.3 


=6 J6--18 J2-- 6-6 „8. 
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Ex. 2. Find the product of 8 /2+2,/5 and 2 J6— 4 „/3, 

The required product — (3 /2+2 ./5)(2 /6—4 „/8) 

1=(8 Маха J6)--(2 J5x2 J6)—(8 Ja x4 /3) (2 J5x 4 5/3) 
=6 J/12+4 J30— 12 J6—8 „/15 

=12 J3+4 /30—12 J6—8 4/15. 


96. Rationalisation of surds : 


(a) То rationalise a surd is to express ibin a rational form 
multiplying it by a suitable surd. 

"This suitable surd factor is called the rationalising factor. 
Thus, if the product of two surds is rational, each surd is called 
в rationalising factor of the other. 


Ex. 1. 103 J5 is multiplied by „/5, wo get 3.5 or 15, which 
is rational. Hence 98/5 is rationalised when it is multiplied by 
N5 and here „/5 is the rationalising factor. 


Ex, 2. 9 ,/8 is rationalised when it is multiplied by V2, for 
2/8x J2=9,/16=2.4=8. Here „Я is the rationalising factor. 


ш, * 
Ех. 8. Wi- gz — 9$ ; and gi ха? 2, which is rational. 
Biscuit e 8/9 is the rationalising factor of V4. 


Ex 4, cc (,/3+ J2)( /3— A2) (/8* —( 2)? =3—8=1, 
J8-- Ма is rationalised when multiplied by 48— 8: 
Hence „/3— „/9 is the rationalising factor of /8-- 2. 

(b) Ifthe denominator ofa fraction bea surd, it can ү 
reduced to a fraction with rational denominator by multiplying 
both the denominator and the numerator by the rationalising 
factor of the denominator. 

E] 8x J/2  8J9 

Жул], Ерема арааг 

х. 1 25а ajax Ja а 
98/57 — 98/9 939. 


Ex, 2. 2 — 23 NE 
Vs 15/38/37 - NS* - 8 
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Ex. 9. Express а with a rational denominator. 


зь /2, (8+ 2/9)(8- JD (3+ /о)# 9424 6/2 
3— Ja (8— J2)8- J9) QGY-CJ9* 9-2 
_11+6 J32 
ысы 


Ex. 4 3 J3—2 /2_(3 J3—2 J23 /3—2 V2) 

т 3189-99. (в J94-2 /9)(8 /8—2 N2) 
_ (8 3-8 2)? — 971-812 /6 —35—12 J6, 

(8 J89 —(2 J2)* 27-8 19 


Ex. 5. Rationalise the denominator of the fraction 
Ма+1+ Jazi. 
/а+1— Ма—1 
ЕТ” Eh 
The given fraction= - ( Ја+1+ Ма—1) 
dati Ja- Natit Ма-1) 
_ati+a-149 от а а Ут 
(a4-1)—(a— 1) 9j j 
37. Division of surds: To divide one surd by another 
(simple or compound ) the quotient is to be expressed as a 
fraction with а rational denominator as shown above. 


Ex. 1. Divide МЗ by „/5. 
: J3_ „8х 45... 5/15 
ЈМ mE 
E /5 Joóx J5 5 
Ex. 2. Divide Jat2 by Ма-1 
Jat. (Ja (Vat!) a8 Мат 
Ja-i1 (а Jot) |, 4-1 
38. Conjugate or Complementary surds : 
adratic surds are said to be conjugate 
) to each other if they differ only in the sign 


Two binomial qu 
(or complementary 
connecting their terms. 
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Thus, J2+ /3 and J/2— J8,or Jzt+ Jyand Ja— Jy are 
conjugate surds. Ч 

Hence the product of two conjugate surds are always rational 
and evidently each is the rationalising factor of the other. 


Examples 9 
Ex. 1. Find the value of 8 /18—4 J75+5 J192. [0. U. '47] 
The given exp.—3 ^/16х3—4 J95x3+5 /62х3=3х4 V3 
—4X85 J3--5x8 J3—19 J3— 90 34-40 ,/8—32 J3. 


Ex. 2. Prove that J175— „/119= J7. [0. ©. '39] 
JIT- /119= „/95х7- Ji6x 175 7-4 = NT. 
Ex. 3. Given „/2=1`4149, find to three decimal places the value 


1+ J2 
"3-2 9 12] 
5 B=D LA. S. 1960 (Compl.) 


A+ J2 _ (1+ J9(8--9,/2) | 3+5 /2+4 
8-2/2 (3—2J2)34-2,/2) (3)*—(2 J2)" 


74-5 J2 
Seller P үм 9 
9-8 7+5 / 


р =7-+51°4142=7+70710=14 071. 


К 7 у ? 
А эл шч з, t th a rational 
Ex. 4, Bring 541 to a form wi 

denominator. [ B. U.] 


/ —*#/8 
The given fraction = 1 „/9+1— 1/9) 


_ (9 J3-1—1/9) _тї/9+1—1/8)_ TC J2— 48-1) 


(J94-1?-(439* 3+2 V2- Ма 3+ J2 
—1@8— 4/9) 4/94/91) "(8 — J9)( J2—-N24+1) 
8*—(/9)*# a ae) 


=(3— J2)( J2—4/2+1). 
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Ех. 5. Show that plete mate + Jazz. [8.0.] 


Jatu 
а Jats adata Ма Ja) 
Jata (Чена 
_а(а-®) ta Janta? _alatet+ Jasta?) 
а+@—@ а 
=atat Jato". 
Ex. 6. Simiplity iH RT Am. [D.B.'28] 


: (9+ .[8)x .8( ./3— 1) 
Tho given exp.— WEWEESIE: J8CJ8— 1) 


_ A3(2— „/8) х A3( V8 +1) 3 Jat J6_3/2— V6 
"USC J8—1)x J8(.J8--1) 38-1 3(8— 1) 


8 Na+ /6—8 J2-- J6..3 J6.. J6 
6 6 3 


Ex’7. Evaluate „/т— de when 2=3+9 „/2. [Р. О. dg] 


g-584242-94-142 42-2 (C/9-F1), 5. /в= 2-1. 
Em EE 20р ёге 1 
Je „а їч Asst 11-51 


= J9+i-(J2-1)= J2+1— /9+1=9. 


Ех S. Find the value of (С) + ( acr 


2+1'° 
when NU [0.UJ 
n—1 
2 faci а=" 1-й 1= 2 
Jy PITE. DESI a+1 
3 
Go ED Юсу a 
Now. the given exp. = -5 #44.) Хе orl 
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[2 +2+a7%—2\*_ 

-( 2—1 ) —2 d zl =} - а? =] 
2(—1))2 2—1) 
BAL) _ Н-П 
n+1 nt+1 


=(%»—1)#-+(»һ-1)=(®—1)(®—1+1)=л(%—1). 
Vix, 9. Find the value of Jab авт, ЧЕП ЕШ И T NM 
infinity. [B.U] 
Let а= Ja Vo J Ја Vi 9/5... M RN to infinity. 


sS д =а5 „Ја 8] 373 


ees to co [ squaring ] 

И. @=0°b Nap -to coca? br Г.’ the radical parb— c] 
T at, or, @5=а% =. m Мазь. 

‚и. The given exp.= Va?b. 

Ex. 10. Simplify at at dm on ve = [В. 91 

Tho exp. (e+ Ja? — 1) —(2— SERES Ма = 1 


сау = р сп И-М 
= УЕ" 1, а 
И 1 в 2° —1 
Ех. И. If eid find the value of Miter viz TEM 
ЁН. S. '62] 


ee at) 

а Саъ 1—2 ) 
(Ал + М1 20 Jite- /1—@ 

ааа а 2-2 Nia? _91— Та) 


С а) (усш — 1*e-(i-2) p 
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it iS те = ЕЕ 


mi Pags ЭЕ НВ СОЗ A ah 
2 2 2 2 
Кл хз EE 
Ja J8x J9 8 
31 J8=1 
вирь Ga day тае 
Ex. 12. If 2 J8-1 and y 341 
find the value ot ES Ey Ги, S. '60] 
—gu-y* 
J3+1, 48-1, C841 E (/8— D* 8 
Here cy— s it J831 3-1 =9 4, 


8+1; 3-1 
and zy 78 ЕЕ WEES 1. 


22 туі? — (ety)? ay = 1. 15 
o ауу? (my — 300 t 3-918 


“fix. 13. If a= 3 and ab=1, find the valueof а? Нар +8". 


[ Hints: ‘~ ab=1, `S А 


Now proceed аз in Ex. 12, Ans. 35] 
Redd т ga ee ee Ja 2 
Jat- Ма 2b 

prove that 65° —as+b=0. [D. В. '44] 
From the given condition we get by com. & dividendo. 
e+1_2Jat2d ‚ (+1)? at 2b Pts 

E quaring ] 
т—1 94a—9b *(z-1* а—2 
а? +2m+1_at2b . O(a" Дин, а 

ot і а= Ge oak 4b [by com. & div.] 


ora sit "41.6 or, bx +b=a0, =. bz? —az+b=0. 


2 
Ex, 15. Prove that Nyt Абду зе + „у= /9жу—х* = Jag. 
[0.U.'27] 
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8S (+ Јоду а + Му 


Sut „отуд +y- Маду +2 /у*—( Ми?) 
29-2 Муз — 9°шу-Еж* = 994-9 Деу — 2y-- 9(2— y) 
= 2y +2% — 2y = 2m, 


Exercise 7 


1. Express А/З and 4/5 as surds of the sama order. 

2. Express 2, 1$ and z^ аз surds of (i) the second order, 
(ti) the third order. 

9. Which is greater °/5 or 4/8 ? 

4. Arrange the following in order of magnitude :— 

6) Аа, J5, 4/13; (ii) 3, „/8, /10 ; (iii) 4/9, 5/95, 3/8. 

5, Express the following as complete surds :— 

2 J5, 35/3, 4/7. 

6. Reduce to the simplest form ;— 

O J175, Gi) 9,/T12, (iii) 5/1058, (iv) 9/375 

(v) 1/41— 23/81. 

Я. Prove that AJ108— J/75= /3. 

8. Show that /98-+ /8—9 /89 = NA. 

9. Find the product of the following :— 

O gtx уз, (иу sJ5x3,4, (н) 4t/ixof/O 

(iv) 25/3X8 J6, 

10. Divile:— 

O 6J5by2,2, Gi) 44/Z by 24/8, Gi) 84/5677. 

DIES 1414, J3=1732 and „/5 — 22306, find the 
value of the following correct to 2 places of decimals :— - 

{р з8 ви фто Jī+1, 
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12. Multiply :—(i) J2+ J3 by „/9— J3, 
(ч) J8+J7 by J2+ J8, (iii) 2 /3+3 /9 by 4 J2+ J5, 
(iy) 3 J5—-2 J6 by 2 J3— V5, (v) Jæ+ уа by Je- Му, 
(vi) Va+o—Ja-b by Ма-в, 
(vii) J3-+ 5+ J6 by J38+ J6— М5, (vii) e+ Jy by Jay. 
18. Find the square of :— 
() v3- J2, (ii) 92— J8 (ui) 24-2 4/8, 
(у) Jary- [Jay (0) a— 5/52 аз, (vi) Jdg-E54- VIs- 5 
14. Rationaliso the denominators :— 
J83-4-1 34341 sy 8424-9 /8 a Jate 
© Agar susci © заа 0) AIRES ES 
B. U. 
15. Divided 8+ J6 by J/3+ J9. t | 
16. Find the valueot (a) 2 umi and (p) 8828-3 V2, 


84-5. 8— J5 
Simplify : 
1 1 
175 Er Ms O 
a+ Js? —1 2— Nri 
pt Jomi в „Ја? —1, à 
18. 2— Ao? —1 at Ма” [B.U] 
2+ J/3 9— 48. 7 
i NAF ма 8 N2- Ja— Ja Ji [B. U. 1888] 
10 Ja J104- | 
Ar 18— J(8-- 5) v18- NES 75) (ar. U. 1899] 
E vane ala 
91, Ја+ Jo- Мав TOV ETE [ar. U.] 
22, Evaluate Vede Ид. Чо infinity. 
a 
25, Ita EL b=- SS , find the value of а DIM 


23. (a) Iba= att and cy —1, find the value of z? -zy-- y*. 


A8 
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VÓ4. Bind the value of Jr when =4+2 „/3. 


eA. а 02+ „/а2 2 
25, It p= Уа Fb ма? 
P Jas Fo Мы 


show that 635? — 2422-5? =0. 
26. Prove that Ja?-Lug „Јаз а t Va?— 9а Ja? дї —9g. 


№7. Evaluate a°+a*+a°+1, when а= vd. 


| Hints: ae a Ai, at=-1 ] 
“8, Itz—(a-4- Jay (a Jas Sy, find the value 
of z* +355 — 2a. LH. S. '65] 


(Hints: д®=а+ Ма уза Маз 59-8004 Mat S) X 


(a— Ja? FO) at Jar F Ha Jab) t 
= 92-9? — ( Ja* $59) e= 22-32? — а? — 0%) а 
—9a--3(— Ь°)%-ш= 9a--3.(— 1)5(02).5— 2a- 30] 
"29, If cy eS 0, then (z-4-y-- z)? — 97202. 
V$0, т зав t +a 30, prove that a(bz® — 952 —a) - ^. 
[ 0. U. (D. M. H.) '61] 
[Hints: «°=ab-? ERR (ato tato) 


= 9454 9 0504, — 0 813 
ъа 52 b? ps 


abw? = а? +b? -- Sabz (multiplying both sides by ad), 
or, abz"—3abz—a? =, a(bz? — 8bz — a) - b?. 1 


EVOLUTION. ^. 


We have already dealt with Involution; whid 
of raising a given expression to any required power. Here wo 
shall deal with Evolution. 

39. Root or Base: Any root of a given expression is that 
quantity which will produce the given expression when raised to 
the power denoted by the index of the root, 

Thus 3/8 =8 (here, 2 raised to the third power produces 8). 
7. 2 is the cube root of 8. 

Again, A/a*-F9ab-Fb?-—a--b ( here, a+b raised to the Second 
power produces a^--b*-F2ab), Г. a+b is the square root of 
a*+2ab+b°. 


The symbols J or %/ eto. are called radical signs, 


40, Evolution: Tho process of finding any proposed root of 
a given expression is called evolution. Thus evolution is tho 
reverse of inyolution. 


By this process we find the square root or cube root, or nth, 
root eto. of a given expression. 
Ex. 1. Jat=+a? [7.7 (+a?) =at] 
Jat=ta® (7 (жаба) 
Ni6a° = + 44°. 
N. В. From the above examples we find that 
(i) a positive quantity has two square roots, one positive and 


the other negative. 
Since (a2)?=a‘ and (—a*)"=a*, the square root of at 


is +a? and —a?. It is indicated” by the double sign +, 


Thus Ja*— а". 
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(ii) The index of the Square root of any factor is half the 
— 5 —> n 
given index of the factor. Thus /аб=а?, Aa? — a3, 


(iii) the square root of the numerica 


1 coefficient of the given 
quantity is found by Arithmetic. 


Ex. 2, 8/29 =g" Г for (21) — 18 ] 
АМ—ж%=—% [for (—22) = —g9] 
7% —3ay?. 

N.B. From the above examples we find that 


(а) the index of the cube root of a quantity is one-third of the 
index of the given quantity. Thus, the cube root of z? is 2°, the 


5 
cube root of z* is œ? ete, 


t required, 
20 
4/720 — a Б —_ 15. 
Thus, Va ta = +a i Mg дв --—g, 
Vg yh — gays 


(0) Any oda 
root 3 ign as the 
given quantity (в s ОЗМ bas the samo sign а 


В 18 
Positive and that "ТУ 081 root of a positive quantity i 
АР of a negative Quantity is negative). 


antity can haye по even root. 

Thus / у у x ignifi- 

Ww S v~9, М2 ete. have по arithmetical gigni 
"ch quantities а 


Те called unreal or imaginary- 


SQUARE ROOT 


41. Square root: The Square root of any quantity (number 
or expression) is a quantity which, being multiplied by itself, 
produces the given quantity. 

Thus 3X3=9, so 3 is the square rook of 9; aXa-a?, so а 
is the square root of a? ; (2+0) X (o y) 5 a? E 9y 4- y?, so (x+y) 
is the square root of 2° +2æy +y°. 

You have learnt above how to determine the index of the 
Square root of each literal factor in the given expression. 

42. (i) Extraction of square root by inspection : 


If by looking into the form of the terms of the given expression, 
it is found to be a perfect square, its root can at once be found by 
inspection. 

Example. Extract the Square root of 92° —94жу-- 16°. 

The given exp. = (84)? — 2.8w.4y +(4y)* — (8s — 4y)? 

7.7 The required square root =3%— 4y. 

[N. B. Each expression has two square roots, equal in 
magnitude but opposite in sign. Hence the Square root of the 
above expression is + (8z—4y). We, however, generally show 
the positive square root.only. The students should giva both the 
roots in such cases, as shown here. ] 

(ii) General process of finding the square root. 

Rule: First arrange the given expression in the descending 
or ascending powers of any of the letters (say a or æ ) involved. 
Then find the square root of the first term and pub itas the first 
term of the square root, and subtract its square from the given 
expression. Now multiply this first term of the root by 2 and put 
it as the first term of the divisor. Find the second term of the 
square root by dividing the first term of the remainder by the first 
term of the divisor, and put ibas the second term of the square 
root аз well as of the divisor. Now multiply the whole divisor by 
the second term and subtract the product from the first remainder. 


Elec. M. (IX)—8 
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(ši) The index of the Square root of any factor is half the 
= Б — 
given index of the factor. Thus /a® =а?, ат. 
(iii) the square root of the numerical coefficient of the given 
quantity is found by Arithmetic, 
Ex. 2. Yg°=2" Г for (д%)5=ш ] 
V—a5——z? [for (22) = — дв ] 
Marg y? — Say". 
N.B. From the above examples we find that 


(a) the index of the cube root of a quantity is one-third of the 
index of the given quantity. Thus, the cube root of z is 2", the 


5 
cube rost of 2° is z ete, 


Rule, 


In the extraction of any root of a given expression the 
index of e 


ach literal factor is found by dividing the index in the 
expression by the index of the root required, 
5. 


= 20. 15. 
ъа ван, узт Р v. 


2—0 n 
Va? yn = shy, 


Hence from the Rule of signs, wo know that (i) any 
even root of a positive quantity will have the double sign + 
(i.e, the roots are equal in magnitude but opposite in sign). 


(b Any odd root of a quantity has the same sign as the 
given quantity (i. e, any odd root of a positive quantity is 
positive and that of a negative quantity is negative). 


(c) A negative quantity can have no even root. 


Thus J=4, J—9, JJ =a etc. have no arithmetical signifi- 
cance, Such quantities are called unreal or imaginary. 


SQUARE ROOT 


41. Square root: The square root of any quantity (number 
or expression) is a quantity which, being multiplied by itself, 
produces the given quantity. 

Thus 3X3=9, so 815 the square root of 9; aXa-a?, во a 
is the square root of a? ; (a+y) X(v-- y) 72? -92yd- у”, so (a+y) 
is the square root of z? --9zy +y°. 

Youhave learnt above how to determine the index of the 
Square root of each literal factor in the given expression. 

42. (i) Extraction of square root by inspection: 

If by looking into the form of the terms of the given expression, 
it is found to be a perfect square, its root can at once be found by 
inspection. 

Example. Extract the square root of 92°—24ny-+16y?, 

The given exp. = (84)* — 2.3.4 у - (4y)? = (8; — 44)? 

7.7 Tho required square root —3z — 4y. 

[№ B. Hach expression has two square roots, equal in 
magnitude but opposite in sign. Hence the square root of the 
above expression is + (32—49). We, however, generally show 
the positive square root.only. The students should give both the 
roots in such cases, as shown here. ] 

(#1) General process of finding the Square root. 


Rule: First arrange the given expression in tho descending 
or ascending powers of any of the letters (say йога) involved: 
Then find the square root of the first term and put itas the first 
term of the square root, and subtract its square from the ss 
expression. Now multiply this first term of the root by 2 and put 
it as the first term of the divisor. Find the second term of the 
square root by dividing the first term of the remainder by the first 
term of the divisor, and put itas the second term of the square 
root as well as of the divisor. Now multiply the whole divisor by 
the second term and subtract the product from the first remainder, 
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Then obtain the new divisor (ie, the second divisor) by 
doubling the first two terms of the square root, Then we find 
the third term of the square root by dividing the first term of the 
second remainder by the first term of the new divisor. 

This process is extended if the expression is multinomial. 

The full process is shown in the following examples. 


Examples 10 
Ех. 1. Find the square root of #*+4a°+10a*+12¢+9. 


L0. U.'22] 
ш* +40° +100" +192 9 c? +2a+8 
2 
942-90] 42° 10“ 12-9 
Ag? -- 4g? 
92° + 4g 4-9] 62? -- 1974-9 
| 6z?--19c-9 


-. The required square root — + (z? --2m-- 8). 


Ex. 2. Extract the square root of 2*7 * — 190 - 169 ? +42" 
— 94a 5. [ 0. 0. '12] 


1л — 192-9507 — 94g 5 + LE — 301-40 * 
4g 


—19z- 952^? —94g 5 -- 102 ^ 
—19%- 927° 
42° — 6272-4427 | 16272-94075 +160" 
1627 *—24¢75+1627° 
-. The required square root = + (92? — 3a7* +427‘). 

[N. B. The expression is arranged in the descending powers 
of ш. The power of æ`? is less than the power of v, for inz the 
index of the power is 1 and in 27° the index is —2 which is less 
than 1, Него note that to find the second term of the root, — 122 
has to be divided by 42°. Ву dividing —12 by 4 we get —3 and 
аз in division the ЕН of the' powers are subtracted 
22° =g =e -. The second term is —327*, Similarly, 
dividing 1627? by 42° we have 4z^?-? ог 4g^^ as the third 
term of the root. ] 


402—341 | 


8 


-1 
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з 3 
Ex. 3. Find tho square root of а Күз —62+67+7, [0.0.°11] 


mm LE ERE ue 28-9 
у т wv |y z 


2 
2 


" 2 
CERES Rye orgy = 
y 2 2 


И 6 
—°®+9 
y 
рт OU ER TE 
206—1) фобии, 
y a z mo 
—94 00. V. 
2 c 


7. the required square root = + Ы = d 
y 2! 


6: 3 
fn. B. Here as In arranging the given exp. in the 


2 
descending powers of z, we put Sa as the first term and — ÊT as 
the second term. Then we put 7 as the third term, because Т is 


taken as 7д°, Next we put 27 Sy as the fourth term and 2 ag 


the fifth term, for бобр * and Gave", Hence, the 


successive indices of the powers of z are 9, 1,0, —1, —2] 
Ex. 4. Extract the square root of 


975 -6--42— 1925, 8 gd 


8 5 
973 — 192* 4x 6—42 Eta? | 8а ont yf 
927 
5 = as 
60? — 20? —z^-F 4n +6— 42 inv 


— 19z* +42 


624227 car iyu 
i 6-40 54,73 


А _в 
7. Tho required square root — + (вы Og? + 2). 
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Ex. 5. Find the square root of z* — 92? --$z? — 52-35. 


[0. U. '51] 
z^ —95? --$z?—3m-- 3 (ert 
gt 
5) — 9x? + $a" Зет: 
—90° +g? 
дак) 407 Зее 
Зе 
.'. The required square root= + (z* — 24-4). 
Ех. 6. Find the square root of 4a*-- 202? 319-29 
[C. ©. '10, '48] 
4 2. _ 70 22 ( 2 Zu 
4z* -202^—8 zi In" 46 z 
42% ` ; 
2 2.9 70,49 
45 +5 ) 202-3475 
9022 +25 
алгай, etie 270-49 
4в*+10—.% ) 28-7052 
-28-1944 


7 
The required square root= + (20° d А 


Ex. 7. Extract the gq. root of 9a— 190 -2-+4a ! ta. 
[Pat. С. '30] 


9a—19a* —9-F4a а^ ( 3ab-9—a 3 
9a 


603 —9 ) —19a! —9--4a а> 
— 19a? +4 
-4-a ? | —64a бат 


ваї 


2. The required square root. = + (ва? —9— 55). 
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[ ММ. В. The square root of a is at, In finding the third 

i 

term of the square root, — 6 is divided by 6a”. 
Now 67608 == а 


баб a : 
Otherwise, —6--бай= —6а9--ба* = ut 255. 1 
Ex, 8. Find the sq. root of (ее. 
sag = $ DOM 
The given exp.—2 ta + efx — i) +7=2* uu x. +1. 


кс gil 
atto tt el, (2-1 


4 


c 
25^ 43) ext +7—§ i 
62° +9 
ае gn РЕ 
25° +6 =) 9 аи 
8-6 1 
2° -ш“ 


7. The required square root= + (2° +3 -2). 


ГМ. В. This can be worked out as in Ex. 10. ] 
Ex. 9° Find the first three terms of the square root of a*-- b*. 


ato? (ate - D, 


A 9а Ва? 
a 
b*| 6? 
sats.) p 
2a В Дш 
4а? 
b° b.) БЕ. 
дали Bae). слаб 
et 
4a? Ва“ 640° 
oe 
8a* 644° 


3 з 4 
„'. The first three terms of the square тоа — 2. 
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43. We may find the square root by reducing the given 
expression into the form of a complete square, 


3 
Ex. 10. Find the square root of (2+3) 4(=-1 ў 
[0. U.'14 ; D. B. '88; E. B. S. B. '50 ; G. U. '48 ; P. О. '97] 


' The given exp.=( ZEE -i 
[^ (a+8)*=(a—2)*-+ 4a) 
xil -1)"44-99 (5—1) 
=а%—4а-+4 [ putting a for 2-1 ]-е-2°-= (2-1-2), 


<. The required square roof — + (- 2—1). 


[N. B. То reduce an expression into the form of a partes 
Square, we have to express it in the form of (a)? + 2ab+(0)*, 
te, the sum of the squares of two quantities together with 


(or diminishea by ) twice their product. In the above example, 


=4(2— 3 is not a perfect square, so it must be twice the product 


1 2 
of two terms of the Square root, .'. One term must (2) 2 
a = 1 

Henco (2+1) is shown as ( -1 Him. т. ] 
1 

Ex. 11. Extract tho square root of 4 le? +1) 1-1 pu 
[B. U.] 

2 ak 
The given exp,=4 {( -1) 922) - 1o o1) 1 
т [ Е 2-1 ]-42- 12a+9 
9 e x 
=(да—8)# = (20— 2-5) [ putting the value of a ] 


*. The required Square roob= + (.- 3— 3. 
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a+) +3. 


Ex. 12. Find the square root of c um +3 
[0. U. '40] 


ds № 


The given ехр.= (^ #5 
(езд) nen) 


вина). 


The required square root = 

$ 2 

Ex. 18. Find the square root of (a+2) =14(a- )-+a7 

2a a 
[ 0. U.'19 ; W. B. 8. Е. 58] 
^ =e iP Т Dee {hs ab 
The given өхр.=(а nal Tia (в lee 
= -> — = bendi 
=( y +9-14(a-J 1)+ат= (s iJ 2.7. (8-2 L) +49 


The reqd. sq. root = +(0-7- 1 | 
2a 


=[ке le = 
CV 2a 7) 
Ех. 14. Extract the square root of 
( 2 + nz а 
РА кр aci [ 0. U. ; B. U.] 


a* Fb — 2a3b* 
2 2 
The given exp. i. tes usc 
а Е 
(a3 — 9 (a DEC p3y asp 
ETE E 
=1+(2%, +2. Lp -[ 


2ab 2s) 


(a^—v" Y* --4a?5* ЫЫ 4ab 
(a* —b*) ЕЕ 


22) 3 


*. the required square roob— xir 
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2 2 
Ex. 15, Find the sq. root of gotta tah (Een) „3. 
y z y x 


The given ехр. = (itta) +1- (=) Ja 


2 2 3 
(24у 1 lm y A 
- 240) +=) —2. “al; У (2449 Еи 
р 4 Cia) NP Eus | 73) 
Th. ired b= (£- i vu. 
8 required square root — + е i2 
T - ч 23 y? x? y? 
[N. B. 25—9-- t ; taking 2 з= 5 we have 2-7. +2 
y c y c 
SIC S г. 1 
= =ч =9х—. | 
E MEX т and /2=2 7% 


Ex. 16. Show that (2 1)(2—3)(0— 5)(2—7)--16 is а perfect 

square, Гс. О. '80, '86, '41] 
The given exp.—Í(z— 1)(x— 7)! {le — 3)(z — 5)1--16 

= (2°— 82-1) (52° — 8z4-15)2-16 


—(a--7)(a4-15)--16 [ putting a for 22—82 ] 
=a" 92a-- 105--16 —a? 4-99a 4-191 =(a+11)® 
=( 


2:811), which is a perfect square, 


17. Find the square root of 2(e-+1)(a-+2)(e-+3) +1. 
[G. U. '51 ; 0. U. '94] 
The exp. =a(2-+8)(e-+1)(e-+2)+1=(a" --8z)(z* --32--2)-1 
=ala+3)+1 [ putting a for 2? +32 J=a?+2a+1=(a+1)? 
—(z"-F3z--1)*. .. The required square root= + (2° --3z--1). 
Ex. 18. Express (z--9a)(s—5a)(z—8aY(z—11a)--81a* as a 
perfect square, [0. U. '45] 
The given охр.= (#— 94)(#—114)(#— 5а)(#— 8а) + 81а^ 
(z^ — 1345-9902) + (д? — 13az-- 40a?) +814“ 
=(k+22a°)(k+40a7)+81a* [ putting k for 2? —18az] 
=k" +62ka* --880a* --81a* — X? --69ka? 4-961a* = (k--81a)? 
=(g? —18a%+31a")®, which is a perfect Square. 


Ex. 
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Ex. 19. Find the square root of (ab+ac +0) — 4abo(a- c). 
Let ab +56 =, and ac — y, then aq — b(a-c). and zy — abc(a 4 c). 
Now, the given exp.— (2+1) – 407= (0—7) = (ab +50 — ac)". 
The required square root — +(ab+bo— ac). 
Ex, 20. Find the square root of (a—3)* — 2(а° +5%)(6— b)? 
+2(a* +“). [C. U. '11] 
The given exp.—1(a— 5)2312 — 2a — D) *(a* 4-53) (a? +b")? а* 
--b* — 2a*b* [Fi olat +b*)=(at -F b4)--a^ +0" 
= (a? +°)" — 92a?b? +a0* +6] 
={(a—b)*- (a2 +F -Fa*--b* — 2a?b* 
—(a* -- 5? — 2ab— a^ — b} Hat 5“ — 2a?b* 
= (— 9ab)? +a‘ -b* — одр? — 4a? b? а“ -- b* — 9a°b* 
=a*+b* +92 =la? +") 
The required square root = - (a? +). 
2.195)? -16a*(1— a). 
(C. U. '20] 
3.1.45) — 4a?]?-- 16a (1 = а?) 
УЫ 


.. 


Ex. 21. Extract the sq. root of (1— 6a 


The given өхр.=1(1— 2a 
={(1—а°)* 44°) --16a*(1—a 
={(1-a?)* +16a* - 8a*(1—a2)* 4-162*(1—a^)* 
—i(1—a*)**4- 16^ + 8a%(1—a")* 

—((1—2a2)?P 4-(42^)* +2 4a*(1—a3)* 11 —2?)*--4a^ P" 
=(1+a*—2a° +40")? =(14+2a?+a*)? 
The required square root — E (14-2a? a). 

44, Square root of Quadratic Surds : 

Let us here discuss some properties of Quadratic surds. 

Theorem 1. А quadratic surd cannot be equal to the sum 


or difference of а rational quantity and a quadratic surd, 
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Proof: If possible let /z=a+t Jy. 
By squaring we have œ 7a?-- ys 2a Jy, 
A t 
or, +24 Jy="—-a*—y, or, + му=® A (which 


is rational). 


Thus here a surd is equal to a rational quantity, which is 
absurd. 


Hence, the supposition being absurd, the theorem is proved. 
Theorem 2. If 2+ Jy=a+ Jb, wheres and a are both 
rational and „/у and Jb are both irrational, then а= a and y=b. 
Proof: If запі aare not equal, let 2=a--m. 
Now, from the given condition, we have m+- Jy=at Jb, 
OS ат /у=в+ Jb. Дату, 
1.0. a quadratic surd is equal to the sum of a rational quantity 
and a surd, which ig absurd, 
“+ =a. Honao Mum Jb, s. yd. А 
(№, В, (i) Tho above theorom will not hold food, if Jy and 
b aro not really irrational. Thus 8+ ,/T6— 44- JÖ (both sides 
being equal to T) but wo cannot deduce here that 3—4 and 
VIT * As in this example VIG and 4/9 are not real gurda, 
‚ erem does пор hold good, 
(ii) By the above proposition, if a+ Jy=at-J5, thon 
Я Jy=a= Jb, ] 
(1) То find the Square root by inspection. 
First express tho binomial quadratic surd in the form a+2 Jd 


and then find by inspection two quantities, whose sum is a and 
product is b, 


Examples 11 


Ex. 1. Wind the Square root of 7-69 ,/ 19, 


Hero wo have to find two numbas whose sum is 7 and product 
is 19, Evidently 4 and 8 are the numbers, 
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Now the given exp.=4+3+2/43 
— (2)? -- ( 8)? 4- 2.9. /3=(2+ ,/3)? 
The required square root — +(2+ ,/3). 

[N. B. Sinco every quantity has two square roots, equal in 
magnitude but opposite in sign, here the other square roo 
is —9— J3. .. The requare root is +(2+ /3), Generally 
only the positive root is shown. The students should show both 
tho roots. ] 

Ex, 2. Extract the square root of 28 — 10 /3. 

The given охр.=28—9.5 ,/8—95--3—9.5 J3 

—(8)* --( J8)* — 2.5. J8=(5— /8)?, 
Tho required square roob= 4-(5 = J8). 


Ex. 3. Find tho square root of 8+2 A/15. 


The given exp.=5+3+2 A/5.8 
—( JB) 4 (8)? 4-2, 5, J8 ( /5+ 8)*. 


„, The required square root 6 ( „/5+- 5/8). 


Ex. 4, Find the square root of 2— В. 
9— J8-2—24. /8=9—9 JE. /8=@—9,/ 


a 
ана лас) ә, 


= WETT JR 7. Tho required square root — +( Ji- Jl). 


(9) In equations of the from wi: „Гут Jm, tho rational 
parts of the two sides are equal and their irrational parts are 
equal. This rule may bo applied in finding the square root. 

Ex. 5. Find the square root of 8—9 J 15. 

Lot J8—21 J67 Wu Му 

Squaring we have, 8 - 9 T5 —a--y—2 May 
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Now, equating the: rational parts and the irrational parts we 
have 2+у=8 and —245,— —9 4/15, ie, zy—15. 
(e-+y)* —64 and 45у=4.15= 60. 
4 (e-y)?=(2+y)*—42y=64—60=4, Jug ED, 
Now, #Ру=8...(1), and z—y- 4 9...(2), 
Solving (1) and (2) we have 
2=5, y—8, and 2—8, у=5. р 
The required square root = -Е( J5— 5/3). | 


Ex, 6. Find the square root of a+b-+ J92ab-4-b?. (B.U.] 
Suppose, M(a-Xb-- аар) = Nat Jy; 

Squaring we have, a--b-- J/og5-E 53 =aty+2 Мау 

y. иу=а-...(1) and 9 /шу= А7955 158 


ye (a+y)?=(a+0)? and 4ту= даЬ + b. 
Now, (wy)? =(e+y)*—4ey=(a+b)* — 2ab — 5? —a?. 


y". @-y=+a......(2). Solving (1) and (2) we have 
= =a+ł= = 05> ona y=, or, z=? and 0= 222. 


The required square root= +( tat d 5 


Ex. 7, Find the square root of dum A24. 
A81— J= „/8( Vi- /3)= ‚/8(@— V3) 


= 8 KETENS [ to make the coefficient of /3=2 ] 
=a fax 19 J8_ jg+1—9,/8)= J3(/8—1* 


Se A82 — J24= EVA J8—1). 
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45. Miscellaneous Solutions : 


Ex. i. What must be added to z*—62^--182^ — 192-1 to 


make it a perfect squar ? [C. U. 15] 


^— 623--182? –192+1 | z*—8z--2 
2 = 
9g? —8z cru omo 
| ба" 90° — 
9z? —6z--9 | 40° —19z--1 
4a°—120+4 
—8 
perfect square, if there is no remainder, 


The expression will be а 
i.e., if the last remainder is 0. Here —3 is the last remainder. 


It wo add 8 to it, this remainder becomes 0. 
-. 8 must be added to the given expression to make it a 


perfect square, 
Ex. 2. What must be subtracted from 40% — 192? — Tz? + 96m 


+14 to make it a perfect square ? 
4ш* — 195? — Ta? + 955-14 | 22*—82—4 


4a* | 
42° — 32 еа те аит 
|=їйш®+ 9з! >с 
4g? — 6% - 4 | = 162? 4-95z-- 14 
— 162? --94z-F16 


2—9 
Неге the last remainder is z— 2 and the given expression will 
be a perfect square when the remainder vanishes. 
2—2 must be subtracted from the given expression to make 


e a perfect square. 
[N.B. (1) When it is required to find what should be added 


to make an expression а perfect square, the last remainder with its 
sign changed is the answer. Thus if the 1986 remainder is —a +2 


the answer is a— 2. 
(2) When it is required to find what should be subtracted from 


the expression to make it a perfect square, the last remainder, аз 


it is, is the answer.] 
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Ex. 3. Find for what value of n will 162“ — 2422-412? — az 
+16 be a perfect square. [C. U. '441 


162“ — 2408-41? —пд--16 | 42? —8z4-4 
165“ 


85° — 32 | — 242° +410 — nz 4-16 
—94z?-- 92° 
82° — 65-4 | 39х°—па +16 
395° — 24s +16. 
24z—nz 


Here, if 24z—nz = 0, the given expression will become a perfect 
Square, .°, 94p—nz—0, .. mr—94mg, .. п=94. 


, Ex. 4, Show that 231 X 233 X 235 х 9374-16 is a perfect square. 


The given exp. =(230+1)(230 +3)(230+5)(230+7)+16 
=(e+1)(@+3)(c+5)(¢+7) +16 (putting æ for 230) 
= (z^ +82+7)(e? --8z 4-15) +16 
=(a+7)(¢+15)+16 [putting a for z? 4- 72] 
=a" +22a+121=(a+11)? 
=(2°+82+11)?, which is a perfect square. 
Ex. 5, If (e+1)(e+2)(a+3)(e+4)+c isa perfect square, find c. 
The given exp.—(z? + 5z -4)(z?-- 5z -F 6)--c 
—(a-c4)(a--G)--e [putting a for z?--5z ]=a2+10a+24+0 
=a" t-9.5.a-- (5)? --c — 1—(a-4-5)?--c — 1. 
Hence, the exp, will be a perfect square, if с-1=0. .'. в=1, 


Ex. 6. Find the condition that z? T pz d-q is a perfect square, 
[G. О. '51] 
z^ --pz--q | 2+5 / 
a 
2x42 | patq 
pr-2*? 

cA q i 

Here the given expression will be a perfect square if + за =0, 


йе. if р®=4д. .. The required condition is р? =4q. 
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Ex. 7. Find the condition that рт®--аш-Ес may be a perfect 


Square. 
2 

gn taoto Шр 

po ae # | 


oa i 2 Ур 
де Jp S, | 970 
z 2 Jp eee 
т 4p 
pd 
4p 


29 E] 
If a or, if err or, if q^ —4po, the expression 
will be а perfect square. «`+ The required condition is q? — 4pc. 


Exercise 8 


Tind the square root of the following :— 


1. a?4-9ab--b?. 
9. “ау 182? y^ — 98zy* + 49y*. [ б. U. '88] 
3. a--62"--z* — 202° +262" — 162-4. ГО. U.'49] 
4 g* даж? + ба?" — 4a?z - 4o*. [0.0.96] 
5. 49z*--30y*d-109z" y" — 702% — 60xy*. [ 0. ©, 18] 
6. nt — 6z? --2az(z—3) 4-92" +a". 
7, 4gi—192*y-- 252? y? — 94шу° +16y*. [4.0.501 
8. a*— 9109 (a? +95)" — Lab a+b". [ 0,0, 48] 
9. a-*-b-*—a 95 * +20 "b? —2a7*-*. 
10. да“ --9a7 * 4-627? + 4a? +18. 
2 
11. af an 14 60° ай. 
a$ 28 
19. дай — 1955 -95— 24w * +160 7. 
е Е: у 

18. 40° -.5--27°— 407—920 *. 

з -2 
14. 625 +902 —4— Па? +42 z 

2 

15. ato Че. [0.0.18] 

4 
16. 1--2a-F2a* а +“. [0.0.111 


N 
zi 


80. 


31, 
82. 
88. 


A TEXT BOOK ОЕ Н. 8. ELECTIVE MATHEMATIOS 


at +J,+20+6+60"+90%, 


atten’ +110*+8e+7+ 5+. 


‚ шера ъа 41. 
v c T 


v^ .y my T 

Ds pad 

zl (2-171. 
2° x 


(а) -2(a+1)+3. 


tat +9(a? +1) +190%(a+1) +18. 


[ 0. ©. 51] 
[ C. 0. '19 ; Pat, 18] 
[0. U. 16] 
[0 О. 1909] 
[ б. U.'84] 
[ C. U. '60] 
[ 0. U. 82] 
[ 0. U. '28, '89, '42 1 


LD. B. '92 ; B. U.] 


14.0. ] 


[ Pat. 28 1 


a+ 4044108 1). [ E. В. S. В.'48; B. U.] 


(r+ Ly (+1) es. [ 0. U, 46 ; W. B. S. F.'62] 


a 
(@+2)(e+8)(a+4)(e+5)+1. 
(z— 1) — 4)(z— 7)(z — 10) -- 81. 
(32° — 11s +6)? +1223% — 2)?. 


[G.U.'42] 


[ M, ©, 1905 ] 


[ Hints :—The exp.={(82—2)(« — 8)? + 19z(32 — 2)? 


—(8z— 2)*(z* — 62 +9)-+120(3a—2)? 


7 (832— 2) (w? --6z--9)— (82 — 2)*(z--8)?- ++ ] 
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34, c*--y* (zd yy. [ Pat. '26 ] 
[ Hints :—The exp. —(z? +")? — 2z?y? - a 4- y = (s? Hy?) 

— 9g? y? +(0° +y? 4-9)? = (e? +2) — 9*9? + (* +y?) 

+ Ag? ахуе? у") = 90° +y*)? + Amy? + y?) 4-92? y? 

= 9f(z* + y)? + 9xy(z? Ну?) (ey) = 2a? +y? ау)" 

&. The square root — + Vals? -- y? 4- xy) ]. 


9S3. Qu? GUN 
а Rc (Fal 
36. 14-65 37. 5-2/6 88. 4+ JT 
39. 88—4 35 40. az—2a Мат а? 
41. vi- JIB 42. G) V53- JII, 


(11) .J3(4—2 „/3) 
43. 92+9 2" —9у% 44. 19z-2y—4 „бу 
45. Prove that m+ а eannot ba e. i 
Jat Му unless m? — n is a perfect square. alent es Е 
46. Find a value of 2 which will make z* 5 2 
8% +31 а perfect square. r es TE 
47. For what value of œ will 95*—19z?-- 2l > 
be a perfect square ? о Be SE 
48, Find the numerical value of с which will make 


oy? 211 
.£ jV о рУ) са perfect s s D 
J а E | ojajperieos вапахе [0.U. 80] 


49. Find т во that 162*—242*—mz*—94z--16 may be a 
perfect square. [ Pat, '26 ] 

50, What must be added to 4a* — 19a? — Ta? +238a +14 to 
make the sum a perfect square ? [ 0. U.'91 ; W. B. S. F.'53] 

51. What must be added to z*—92*—8z*-F4z—6 to ed 
it a perfect square ? 

52, What must be taken from a* —4а --6a? —5a--9 to 
make the remainder а perfect square ? 

53. What must be subtracted from (а+1)(ш+9)(х-Е3)(ж +4) 
4-9 to make it a perfest square ? 

54, Find the condition that a^ —pz-g may be a perfect 


square. . 
55. Find the condition that та’ пер may be a perfect 


square. 


Elec. M. (IX)—9 
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56. Prove that 33 х34х35х33+-1 іза perfect square, 
57, What least number must be added to 249 x 247 x 245 х 943 
to make it а perfee& square ? [Ans. 16] 
58. Find the first three terms of the square root of 1--a?. 
59. For what value of a will z*--4z?--8z*--8z-Fa? be a 
perfect square ? 
60. Find the square root of :— 
a* bt E b^| ааз 08) (: 2) 
о ев) tolga) A(z) +5. 


Extraction of cube root 


16. Here we discuss the process of finding the cube root of 

8 

an expression, From the formula (a-+b)®=a°+3a°b+8ab?+0°, 

We find that the cube root of 2° +3a?b+3ab? +b? is a +b. Now, 

We have to deduce the method of finding the two terms a and b 
of the cubs root from the above formula, 

First arrange the given expression in the descending powers 
ota. We find that the first term of it is a? of which the cube 
Toot is а, Бо is pub down as the first term of the cube root of 
the expression. ‘Then subtracting a? from the given oxpression, we 
have the romaindor За -- Зар? -Fb?, which may be written in 
the form (82° -- 3b +b*)xb. Then tho second term of the cube 
Toot is obtained by dividing the remainder by 8a°+8ab+0°. 


Now, we observe that here the divisor consists of the following 
three terms :— 


b (1), Thrice the square of the first term of the cube root, 
ie, 8a? ; 
_ (2) Thrice the product of the first term and the second term, 
t8., Bab ; 


(8) The square of the second term, i.e., 53, 
The whole operation is shown below :— 


Ex. 1, a^ 3a^b--8ab^ +b°(a+b 
а Ў 
8(a)? 382 8a°b+8ab" +b° 
3хахь= +3ab 
(0)? = Tb 


За? --8ab-- b? | 3a*b--3ab? +b? 
The required cube root —a - b. 
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Ex. 2, Find the cube root of 80° — 192? --6x — 1. 
82^—192* -62—1(25—1 


: X n ME 
3(22)? — 192? — 19a? 62-1 
8х9%х –1= —6a 
(—1)#= +1 


192? — ба-Е1!—192°-Е6а—1 
-. "The required cube root —2z — 1. 
[N. B. The second term of the root is found by dividing 
— I9? by 192°. We may find it otherwise. The last term —1 of 
the given expression is a perfect cube. So its cube root —1 
must be the second term of the root. ] 


eas | 16 8 
Ех. 3. Find the cube root of 32— gas штер 
Arrange the expression in the ascending powers of a. 


16 2 
КАШ eps | ane 
Заз 2— 64a gaf 4a 


270° 
„В. - 
270° 

ык аы — 16 — 649? 
з(22.) i jae 92— 64a 

2 sy кА) 
8x sa X( 4а)= Я 

(=4a)" =16а" 

4 8 LOR. в 
aq? a 100 3,45 -82—64a 
-. The required cube root — B. — 4a, 

3a 


Ex. 4. Find the cube root of 79507. 

Here 79507 lies botween the two cubes 64000 and 125000, i.e., 
between (40)° and (50)°. So the cube root of 79507 must consist 
of‘two digits*and lie between 40 and 50. 


79507 (40+3=48 


64000 
8(40)? —4800 | 15507 
3х40х3= 360 
(3)*= 9 
5169 | 15507 <. The cube root — 43, 


[N.B. Here 7 isthe digit in the units’ place of the given 
number, and the cube of no digit other than 3 has 7 in the units’ 
place, .'. 8 is taken as the second digit of the cube root. ] 
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, [ 'ex0jeq вз pege[duxo вт потуслойо ony пөцї, ‘3001 eqno өц 0 
91193 PII} 94$ su „фр — 398 өм >?б1 Aq 1epureuie1 puooes ецз jo (29,798 —) 0029} 4819 049 SurprAxT 
'95961+59:764- 5061 SI J001 Oty Jo (D+ ‚75) Jo exenbs өц өоїлцз ‘moy *ләриүвшәл puooes 
ӨЧ SEALY өм дәриүишәл j81g EY} шолу допроза 94$ Surpwigqns роз 92 Aq yt Зот Nr 
929-001 AOSIAIP 81у O49 oAwq өм өлојед вз UOT 'Qqvsrjoorieqno ogg o 1010} puooes oq} og 
‘ПОТ АЧ (9.051) 3epuremex 943 jo uio 381g Өчү SUIpIATp Aq peurvjqo st 3001 eq; ur 194 puooes өц, 
'SPOT 40 .(.DG)g SE ouunbs 59; oon "200 Srjooreqno оця jo 0149$ авлу оца оэН 'g'N] 


"598 — 00+ 05 =Joox опо ogy, ©, 


9046 — 20016+ 00.299 cQ,798 — .0,98 — 996 + 996 — :0:091- Qo VGT.-- 051 
796+ = 2(696—) 
£96 — %781— = (698 —) X (62+ ,05)8 


UTBL 200068 + 5001= c (Q2 - :75)8 
0016 — 1906 + 59.299 + 09798 — 507798 — 


29:00 +-.0509 +9505Т 20:29:29 VET 
KEIN = (92) 
9879+ =X (5175) XE 
292098 — .90»008—9.061 »U6T— .(.76)6 
vg 
698 — Qu .°6) 016 ~ 10015 50,797 + «0506 — 0%, VO8— Qs VBT + 408 А 


“ofA — „0010 0 9OT-- «9,108 — ,9,708—9. VET + 578 JO J001 oqno өц} рш 'e "xq 
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Ex. 6. For what value of a the expression a? 4- 9a? 4- 98a +25 


may bea perfect cube ? 
а + 9а* +28a +25 ( а-+3 
a® 


8 Xa’ —8a* 9a* +28a +25 
3xax3= 9a 
8х8= 9 
3a°+9a+9 9a? +27 +27 
a—9 


If tho given expression is to bo a perfect cube, the remainder 
a—2 must vanish, 4.e, a —9 must be zero. Soa—2=0, .’. a—9. 
Hence the given expression is a perfect cube, when «=9. 


Exercise 9 


Find the cube тоб of :— 


x 9,19 9, —q99594-3 8. ..216a** 
1. 125a"b 1292 y 313518" 
823 + 195 + 6zy? Ну 5. a®—8a°+8a—-1 


Ва — 97% — лыы ш 3 


4. 
6. 1+8a-+6a2+7a° +6at+3a"+a° 

7 

8. 54—97° +5- 36 9. EE 48041 


40. 614195 11, 640°—125y° б = — 940° 
12. 80?--b? --с8-+ 12476 - 12abc + Gab* +120% + вас? 
+3b°c +8b0?. 

13. 8a9--19a5 —30a*—35a° +45a° +27a— 27. 

14. la?—la*b- iab) — 4.0? [М. U. 1861] 
8 8 2 b? 7 

45. a) altar i) +5 [В. U. 1899] 

16. а®+ 8—19 *—8+иа+108—1а [B. U. 1889] 

z 2 


For what value of g will 82? – 190 -- 12 —8 be a perfect 


cube ? 


QUADRATIC EQUATIONS 


Quadratic equation: The equation in which the highest 
power of the unknown quantity is 2, is called a quadratic equation 
or an equation of the second degree (or, '& quadratic i 
As for example: 22-95, 82? --5z—4, ат + фе c — 0, etc. 

Quadratic equations are of two kinds, pure and adfected. 

Pure Quadratic: A quadratic equation having only the 
second power of the unknown quantity and not the first power is 
called a pure quadratic. 

Evidently the coefficient of т in this equation is 0. 

Thus z? —4, az? — 5—0 are pure quadratic equations. 

Adfected Quadratic: A quadratic equation having both the 
second and the first powers of the unknown quantity, is called an 
adfected quadratic. 

Thus 3z7?—4z—15 is an adfected quadratic. The general 
form of such equations is av?+br-+ce=0, where сїз called the 
constant term or absolute term. Here b and с may have any 
value other than 0 (zero). If a=0, az? vanishes and the equation 
reduces to a simple equation, 


49. Solution of Pure Quadraties 


To solve such equations, we have first to transpose the 
unknown quantities to the left side and the known quantities 
the right and then the equation is reduced to the form v “0 
Now taking the square roots of both sides wo get the values E 
the unknown quantity 2. As a quantity has two вапате roots, 
equal in magnitude but opposite in sign, every quadratic must 
have two roots, Here s=+ Vg. The values of 2 are ga 
the roots of the equation. 


Examples 12 
Ех. 1. Solve 35?—36—064— 0°. 
8х°—86=64—@#, 
or, 30° +w?=64+36 [by transposition ] 
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ог, 4z?—100, or, 225—920, 
m—:5 (ien c=5 ог &=—5). 
[N. B. Here д®=95, and taking the sq. roots of both sides 


we get ta=+5, which is equivalent to v= +5. ] 


Ex. 2. Solve 25-3 


at 
F 
Multiplying both sides by 2a, we have 


4g$—6-z*, or, 85*—0, or, g?—92, J^. = NES 


9. 
[Otherwise] 2n A 3-7 or, 4x? —6=° [by cross-multiplication] 
[ Now proceed as before ] 
1 2 T 
Ex. 8. Solo — +t — =. ‚ U. '19 
vo S11 «45 2 С | 
14 91 y, акш ДЕП 
$41 ot 2 7" (2+0@+5) 2 
32+7 i 2 
Е 8@ ЕЛ or: ;--5— 62-14, 
ог, arests 9 ог, c*--6rd 2+ 


or, 2%=14—5=9, Г. 2= +3. 


. 82-44 c5 
Ex. 4. Solve acai 


By cross-multiplication we веб 32° 4-72 -4— 2? 4-12 4-10, 
2*—8, SS om— x 5/8. 


or, 20°=6, or, 
2+4 8—4 10, [0. U. '12 ; D. В.'д9] 


Ех, 5. Боно 7 ats 8 
Qn? +82 _ 10 
9^ 16) 3" 


ata +a- _10 
From the equn. (#—4)(=+4) 3° 


10e2-160=62° +96, от, 4g? = 956, or, 2° =64, 


д= t8. 


or, 


50. Solution of Adfected Quadraties 
(1) By Factorization 
Ex. 6. Solve 40° +25e—351=0. р. B. 'e'] 
42° +25w—351=0, 
ог, 4@°+52¢—97¢—851=0, 
or, 41(2+18)—27(2+18)=0, or, (z--18)(4x—97)—0. 
Here, *.' the product of two factors is zero, .'. one of 
them must be zero. If z--13—0, then == 13; and if 
4z—97—0,then4c—97, -. ш=2=68 .. w=—18 or 64. 
Ex. 7. Solve (z— 7)(s— 19) —64. (C. U. 718] 
Simplifying we get 22 —926z--133—04, or, w?— 26% +69=0, 
ог, z—935—32--69-0, ог, z(s—93)—3(»—98)—0, 
or, (z— 93 (x —3)— 0. 


“+ eiherz—93—0 or g—-3=0, „Г. 2=983 or 3. 


Fx. 8, Solvo 2-26-82) |. (0. U. 751] 
olve aug (x — 6) 
Here, @—9)_у_ш—9 6(2—2) «-2—zt2 
d 2—6 1 Ole we ep ms 2+2 
62—92) 4 35-29) 2 
or, = к =e 
2—6 st? ° g-6 w+ 


or, 3(z*—4)—9(27—6), or, .832?—129—92— 12, 
or, 22*—95—19--19-0, or, 35? —92—0, or, (802—2) —0, 


7. either 2=0 or, 32—-2=0, .. 2=0 ог 8. 
Ex, 7, Solea-l-955. — (0.U.'14,'89 Sup. ; D. B. 25] 


2 
att=o5d, or, 7 +1_ 626 


) 5a? +95 = 6262 
® op 9% 3 a5? or, 950° +2 , 


Or, 952z*—6965--95—0, or, 950% — 6952—2+925=0, 
or, 95z(s—95)—1(z—95)—0, or, (z—95)(2£2— 1)=0, 
7. eiherg—25—0, or, 952—1=0, Г. 2=25 or ds. 
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*Eg. 10. Solve (« -3)(e- 7 85 . 


et a=88; Now, (s- 346-755 


or, а(2-3)(0—4)=3 ог а*(—3)(8—4)=33 +]. 


or, ale—3).ala—4)=a+1 
(az —8a)(az— 4a) — —a—1-0 


or 
or, (ав вода) (0—48) Co 8a)—1=0 
(az —4a)—(az—3a)7 —4] 
or, MEE 
y ‚` (ag —3a-F L(ag— 4a— 1)—0, 
* eitheraz —3a-- 1— 0, wheuos ges 2 ара 
or, 4a—1—0, whence 0-49 L4 1o fades 
в a 33 
2= 95, OF, 4d. 
33' 1 33 
l 1 1 1 
Ex. 11. Solo t- = 7 
оме a etd a lard ш! 
atb—-v_atb—a b b 
H "i 2 — ==, a 
ee) (a+b) аа,’ "og bs arab 
or, &-bv-a за, or, z"-Fbo— a^ — ab —0, 
or, (sa(z— —a)+bla-—a)=0, or, (v— a) 4- a -- b) =0, 


в=в or —(а+8). 


Ex. 12, Solvea= [0. U. '83] 
2 
= 1 or, 2 
Here, #= 1 mA a aeg? 
4—9g—1 83—25 3—9 
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1 T 3—92 
ог, = J 3 = , з = ЕД 
ааа aay Ш, 

3—2% 83—25 


or, 40—82° =8—0%, or, —За 6-8 = 0, 
or, 2—9%+1= =0 [ dividing by—3 ] 


or, (2—1)2=0, +. g= Tele 
[N.B. (z—1)*—0, i.e., (л— 1\e-1)=0, Г. 2=1,1.] 
Ех, 18, Solve +1 -1 <9, [D. B. '49] 


(=+1)° —(z—1)* 


Iz 1)— (2—1) 2+1) --(e 4-1) — 1)--(— 1—0 
1(@-Е1)+(ш@— 1)Ң(ж-+1)—(а—1)} д 
[ from the formulas a? — 5° and a°— 5° J 


or, (2+1) (zt 1(— 1) (s—1)?. 
/ (z--1)--(z— 1) 


or, ®°+9а+1+а°—1+ш°—9ш+1_„ or, SE Hlg, 
22 2% 


or, Sz*--1—4z, or, 32° — 4z-F1—0, or, 32°—3#—е+1=0, 
or, (z—1(8;—1)—0, ..2—1 or +. 


=9, 


Л 1 1,1, . В. "40, "43, '48) 
Ex. 14, Solve BERET + +1 [D. B.'4 


1 bz--az--ab —ab 
—hie7——— or, (ad-b-- s) (bx Наз-Наб) = аба, 

PES acbso abe. °° ( ( 

ог, (a+b+2)(ba+axz+ab)—abz=0, 

ог, (a+b)(at+a)(b+2)=0, or, (at+a)(b+x)=0, 

*. either 2+0=0, or 5-- z—0, 

и. $—-—a or —b. 

(2) Solution by completing the square 

Reduce the equation to the general form and then transpose 
the constant term to the right hand side. Divide both sides by the 
coefficient of 2° and then add the square of half the CSS 
of 2 to both sides. Thus tho expression on the lefthand side 
will become a perfect square. 
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Ex. 15. 8оїтет*—26ж=407. е [D. B. '29] 
22—962=407, or, 2'—96=-(13)°=407- (13), 

| or, (—13)2=407+169 =576, or, (в—13)= + J8T6— +24 
| 4. 1=13+94=37 or —11. 

[N.B. Here the coefficient of v is 26 and its half is 18. 


-. (18)? is added to both sides. Here one root of wis (184-24) 
or 37 and the other is (13—94) ог —11.] 


Ex. 16. Solve 10z? — 69z d- 45 —0. [D. B.'80] 
100% 692+45=0, ог, z? —$8z-- 16 —0, or, 2?—$295——3, 
| or, PAM ri or, (2—8) = $dg-— 3 = Foo" 
69. 5 =@ сша 69+ 5/2961, 
a em Sata о а ee EET SO 
Ех. 17. Solve az" +ba+c=0. [С. U. '46] 


Dividing both sides by a, we have z* 3a 0, 
а 


ог, о =, 
G 
u a A b? = 
or, 2+2 22) ЗЕЕ [adding (2) to both sides ] 
by dnd b PUES 
Rodi жк J ‚ т +—=+ 4ac 
2n e 4a? xd 2a 2a 


-2 + Nb? —4ас- -bF No? 440, 
2a ` 2a 

[N. B. All quadratics can be reduced to the general form 
av?-+ba-+c=0 and then it can be solved from the formula 
_ 65+ Jb? — 4ac, 

2a 

Note carefully that in the equation, the coefficient of z? is a 

and that of æ is b and the term independent of д is c. 
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Now in the above formula —b means the coefficient of z with 
its opposite sign, 5° — 4ac denotes the Square of the coefficient of 
2 minus 4 times the product of the coefficient of д? and the 
constant term. The denominator is twice the coefficiont of z?. 


Here the two roots aro 2+ 1: = 406 па ~~ No? — дас za] 


2a 
17. (a) Apply &he above formula to find the roots of the equation 
2*—2 3s —18—0. [0. О, '46] 
(8) Solution with the help of the Formula 
Ех. 18. Solve z?— /i7a—8=0. [0. U.'41] 
Hero, o2 VIT / 2 JT? —4x1x —8 
2X1 
9/17 68-39 17 00 17 „Ж 
a2 ViT+ //68+89_9,/17+ J100_9 МЇТ+10_ 7+5, 
2 2 2 
1 1 1 1 
Ех, р + =>, 
09. oee- а) e g E 
[C. U. °87] 


From the e оаа 1 Lanet Si 
PE =8 gw- тах 2— о 4 2-3 6 
Ore eee Td карш а чө. 
2—4 g—1 6 (r—4(z—1) 6 


EOS Led fes 
or, ETC = 25 = 
DIESE "ini °з 2 52+4=18, or, а®*—5ш@—14=0, 
or, pes “. 2=7 or —9. 


1 1 

N. B.: mem 

[ (СЕЛГЕ te -3 can be written as geom ag 
Lll = 2 The other two gi 

£-2 @=1 (e—1)\(@—9)' a glven terms are 


Similarly split up.] 
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= 20. Find the roots of the quadratic equation 
ад? +952 d-c— 0. ГО. О. *45 ; G. U.'49] 


az^-d-9bz--c—0, or, az?*--9bz-— —o, 


or, «24-25, =—, ог, zs (Dao 
a a n " в? íi 
2 ———— 
ог; (2+2) = a0 or, opan М5 ас 
а a a TTE П 
аа МЫ ас -bt Мао, 
a а = @ 
Otherwise : 
[ From the formula ] ute = айса 
a 
+ Wil? Лао 95:9 5/9 ао — bx Бао 
2a 2a т 
Ex. 21, Solve Sele eee EI en TAS [ "^E 
= at2a ca € 0. U. '50 1 
From the given equation, 
те Рис Ee 
ata © 22а Te GS 2 0, 
Веи OSG а—®—дауа—@—8а =0, 
' mæta) ‘wet+2a)  e(v--3a) ^ 
-a 4 90 4 —3a 215 
Oh (eta) E a(v-8a) `’ 
d. zc <— =0, or, Shia. me 
ux ТЕЛ ИТ m £ zt 2+8а 2490). 
g+8a+8at+3a__—2 42-Е ба =p 


ог, Рас -8а) 2+2a' 9^ s-4ar8a* otaa 
229a 1. 

or, 7? -t4ant3a° 2-90’ 

9g? --Tag-- 6a? = —2? — 400 — За*, 

32° --11az- 9a? —0, 


or, 
or, 
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-llat J(ü1a)—439a3..—11a4 „Ла? 
6 6 


= = Па+а Ji3_—11+ A3, 
6 6 


Ex, 22. Solve 1 4 1 +0. 
т—а z—b пс 


[ б. U.'26,'29 ; D. B.'50] 
Multiplying by (z—a)(z—b)(z — с) we got 
(e — Be — o) - (s — aX — c) 3- (s — aJ — 2) —0, 
or, а* — (b-Fc)a -bo-- s — (саде ао в" — (a--b)z-- ab —0, 
or, 30" — (b-Fc--c--a--a--b)e-- ab-- bea —0, 
or, 32° — 9(a-- b-- c)a 4- (ав boca) — 0, 


SS gat bto) Vila toto) 4.800050 ca) 
6 


= 9(a-F b-Fc 2 ооо) ааа) 
6 


—(a+b+c)+ Маз ар bo —ca 
3 
Ех. 23. Solve, without assuming any formula, the equation 
2% — 112 —892059. у ГО. U. '42] 

z*—1liz- Xu or, z^ —11c--(5&:)? =82059 + (4)? 
or, (a—44)*=82059+221=8 2329 
or, т—%®=-+Ь5]5 

2—34-5$2—999 or — 281. 


(4) The Hindu Method or Sridhar Acharya's method 

Reduce the equation to the general form az?--bz4-c-—0, 
and transpose the constant term c to the right side. Now, 
multiply both sides by 4a (5.0, 4 times the coefficient of д?) 
and add b? (i.e, the square of the coefficient of a) to both sides. 
The lefthand side will then become a perfect square, ] 
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Ex. 24. Solve 32? —11=+9=0. [0. U. '85] 

Here 32% —112= — 9, 

or, 362° — 1392= —108 [Multiplying by 4 x 3] 

or, 367*—139:--(11)?—191—108 [ Adding (— 11)? to both 
sides ] 

or, (67—11)?—18, or, 6e-11=+ VIB, 

on Ва „В. gait 8. 

Ex. 25. Solve a*—2,/7a—2=0. [G. U. '48] 

Here 2*—9 4/72=9, 

or, 42°-8 /7a=8 [ Multiplying by 4X1] 


or, 4#—8 J7a+(2 J1)? — (2 JT)? +8 

[ Adding (9 „/7)° to both sides ] 
or, (92-9 /7)°=28+8=36, 
о, 95—9./1—:6, or, 2979/76, Г. в= /7 +3. 


51, Exponential equations 


Ex. 1. Solve 4X9*7* —8*. ]D. B. '81] 
4x97-1—8*, or, 9?x92*-*—(85y, 


- х+1 — 78x 
ог dest A ок; 2 5-285 


. 82=a+1, or 21=1, г. w=t. 


[N.B. Here 4 ani 8 are expre3sed in powers of 2 as 4—9? 
and 8=2°. Now, since 2*** and 2°* are equal, their indices 
2+1 and 3% must be equal, the bases being the same. 

8r—z1.] 

Ex. 2. Solve 9+2 = 5/64. 


ое Я, or, 991 =65®) 


E 
д®+1 =(2°)z [Expressing 64 in terms of the base 2 
or, ) 1 
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on gei 98, 24 2+1=6, or, 2+2=6, 


or, œ +0—6=0, or, (ш-Е8)(т—9)=0, 


ПОГ <=) 


Ex. 3. Solve (,/3)27** — 943, [0, О. '39, *50 ; G. О. '51] 
2zt4 

( /8)*7** = 943, or, (а) —(8)" [. 943=35] 

01,83 —3>, ’. m$T9-8, S. 8-8. 

Ex. 4, Solve 9°= x [P. U. '80] 


or, 8-3, ог, 8?* 8*—9, 


wad, oy (7-0, 


o 8%®=8%, ©, 8р=0, . sf. 
Ех. 5. Solve 4? 2+2 pete 73. 600000, 


2 2 
42 Fete, pw te+3 600000, 
49 2-2, ca? +042 


Не-а" Не 


or, x 5=800000, 


= 160000 [Dividing both sides by 5] 
2 

or, (20) *?*?.(g9 5245 94. 

or, 2°+2—-2=0, or (w—1)(a+2)=0, .'. $—1, —2, 


Vox. 6. Solve 487 1 — 97-L.97, [C. 0. '51] 
4.811 90-9", or, 48*.3—97--8**. 


or, 19.87—97--(87), or, 19p—97--p? [putting p for 8°] 
or, p°—12p+27=0, or, (p—9)(p—3)=0, -. p=9or 3. 
кл p=9, we have 8°=9=87, .. @=2; ава 
if p=8, we have 3°=8=37, 2. w=1. .'. w=2 or 1. 
jEz. 7. Solve 92+4-- 0741 =144. O 
9*t*-E9**t1—144, or, 07,0*-Е9°,2=144, 
or, 16."-I- 2.2" — 144, or, 18.2" — 144, or, 9®=8=9%, .. т=8. 
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Ex. 8. Solve 222-3 = 2-8, 


22-8 92-8 

@ = рав. sc or, (©) А i- (9T: (5) 21] 

2. 9ш—8=0, -. =й. 

Ех. 9. Solve 37.9% =27°- io 
4*8" =39"-.-(9) 
97.5",77=70 -«(8) 


[С. U. '48] 


From (1) we get 37.8?/—3?7, or, 9**?v—g?^, 
=+9у:= 32, or, xt+2y—3z=0:---(4) 
From (2) ,, „ -2°7.2°%=2"*, or, 9°#*8v= 958, 
20-8у= 52, or, 2w+8y—5z=0...(5) 

From (4) and (5) by method of cross-multiplication we get 

ee е Уш Sy x 

—1049 —6+5 8—4’ ИЕ" 

or, ш=у=а=Ё ( suppose ) 
Now from (3) we get 2%.5".7"=70, or, (9.5,7)*— 70, 


or, 705—707, .’. k=]: с 
&=у=2=1. 
$4, 
Ex. 10. Solve z? 4-z? —9— 0. (C. U. '30) 


«950, ог, (a*)? +2*-9=0, 
or, a?+a—2=0 [putting a for = 
or, (a—1)(a+2)=0, г. а=1 or —9, ©. д*=1 or —9. 
at)” =(1)° or (—2)°, г. w=1 or —8. 
“к. 11. Solve 5°-+57== 9515, 


Now, 5” tT gs or, з= 1 ==5* se 
or, в 0, 


Elec. M (IX)—10 
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or, в°—5%-(&-ыь)= sco (067805 = ч: 


ог, (52— 5%) кш 


c. 89-8370. or, 17 сы =0...(2) 
Now, from (1) we have 57=5°, т=2; 

TE EN 1 1 
andform(2) „ 5; 5258 l, on ш 5* p 


5—-—9, Henez-2 or —2. 

Ex. 12. Solve а. 27+: —a?, and (99395 15929: 
atanta .. аз =a, 
9%:+у+1=8, or, Qe+y=7...(1) 

Again, а 23745 =a., MUT 2321845 — 120 
3s+3y+5=20, or, 3з-Е8у=15°(2) 

Solving (1) and (2) we get 2=9, у=8. 

52. Irrational Equations 


Зу 


Ех. 1. Solve Je+6+ М2—9=4. (0.0. '41] 
Ја+6+ Ма =9=4, ог, „2+6=4 Na — 9; 
or, s+6=16+g— 2—8 Jz—2 [Squaring both sides] 
or, 84/;—2—16—2—6—8, or, JEET ог; £—9-—1 
s=3. 
PET 

Ex. 2. Solve ме КЕ res 285-6 
Ву componendo & dividendo we have, 

2 Уаз Ед? БІ. а" 6.8 

ааа 6—1 vo 4-9 


2 
or, өе 4 [ Squaring ], or, А! 3 [by comp. & div.] 


rd or, 192? = 52°, or, a= Dat, - ‚С. w= xa dis. 
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Ex. 8. Solve 9(z--2)—14- 353-9 E 14- [0. U.] 
We have 2m +4=1+ J/Az3--9z- E14 
or, 92+8= JAz?-FOz-F 14, 
or, 4z?-F19zd-9-—4z? 4-97 3-14 [Squaring] 
or, 31=5, Г. 2=5. 
Ex. 4. Solve 2— J/14¢?+52-+-3=c. 
Here, — J'l1z?-F5z-4-8—2— 
or, llz?--5z--3—5?— 4z--4 [Squaring] 
or, 10z°+92—-1=0, .’. 10z*--10z—z—1-0, 
or, (102—1)(2+1)=0, т=з or —1. 
[ Sea the notes under Example 10 ] 


Ex. 5: Solve 7—97— Мв, 
Ме 
By cross-multiplication we have c? — az? =m, 
or, z'(1—a)—2$-—0, or, eiz(1—a)— 10-0, 


Hither z—0, or z(1—a)—1—0, -. s—0, or = 


ifs. 6. Solve 95—1 —4 Yæ 
Maz--1 2 


ag — 1— az)? — 2)* = ( Jaw+1)( Jas— 1), 
(ааг -1) Jaz—1) _ Ыш 


'. From the given equation, 2. 
Maz 3-1 Б 
ài. бру шр кє. 
ог, ЕЕ or, Xag—-1-—8, or, ‚/02=9, 
4. a¢=81, =. M 
Ex. 7. Solve Jz+ Ма а [0.U.] 


a+ Маз Еа — 2 ( by cross- um o ) 
or, NVg?+4g=2—-a, or, c*-c4r—4— 4a, 
or, 8e=4, С. c-—i. 
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Ex. 8. Solve 4z*-L9-- Vz2—9=4+ J/34. [C. U. '97] 
Squaring both sides, z?--9-- 2? —9--9 5: —81 
=16+34+8 /34, 


or, 92*--2 Joz* —81—50--8 /34. 
Now, equating the rational parts of the two sides 
we haye 2a7=50, or, z?-925, -.. w=+5. 


Fates ml (вая ЕКЕ aa EA ET 32 ducem 
$e. (8524-16)? — ( /982? — 16)? — 39............... (2) 
Dividing (2) by (1) we get J^ 16-- 87-167 а 
32(8-4 /2 82(8+4 J2 
or, J2¢2+16+ За — 1€ —16- E m 32 У ) 


=8+4 8: (8) 


Now, from (1)-- (8) we get 2 4/353 1-16 7 16, or, 4/352 --16—8; 


35?--16—64, or, 2=16, -. == +4. 


Ух. 10. Solve 4a*--6g-- Vaq?+8n44=18. [W.B.S.P. 58] 
or, 4¢7+60+8+ 253-835-4721 [Adding 8 to both sides] 
or. 9(9z*-F3m--4)d- J252 4-3; 4-4 — 21, 
or, 2a+ Ja=21 [putting a for 2z? +32+4 ] 
or, 2a—21-— — „Ја, or, 4a°—84a+441=a, [squaring] 
or, 4a°—85a+441=0, or, 4a?—86a—49a--441-—0, 
or, (a—9)(4a—49)=0, ©. а=9, or %. 

Now, if a=9, then 2?--8z--4—9, or, 920° +82—5=0, 
or, (e—1)(Qe-+5)=0, Г. w=1 or —$ 
Again, if a—42, then 2z?--3z 4-4 —22, 
or, 827+122+16=49, or, 8z?-4-19:— 38 —0, 
—19+ Ji44-+1056_ —192:20,/3,. —8+5/8 
16 16 4 


a4 25 „ —3+5/8 
Hence z— 1, И nca 


. 2= 
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Hero we find that the roots 1 and —§ satisfy the equation, but 
—8+5 3 —3-:5 4/8 
4 4 


the other roots do not. Hence the roots 


are nob admissible. 


-. The required roots of the equation are = 1 or = 
[ №. В. In the above equation the roots а= are called 


extraneous roots. These roots satisfy the equation 
40° +6ш— JJ 9m? 35 4-4 — 18, but not the given equation. 


When equations involving surds are solved by squaring 
(or clearing the radicals) both sides, all the roots obtained may not 
entisty the equation. So in every such solution the roots obtained 
should be carefully tested. Only those roots that satisfy it should 
be given as the required roots and the other roots should be stated 


as extraneous roots. 


In verifying such cases only the positive square roots are to be 


considered. ] 


2— — 9. 
Ex. 11. Solve T 96, 4 1 


t 
2—3 


Multiplying both sides by B(z2—9) or 5(2+-3)(2— 3) we get 
Bl? — 8 — 94) - 20(e-- 3) = 6(* —9) (1) 
or, 507—15%—120+20«+ 60— 60° — 54, 
or, 22 —52+6=0, or, (а—9)(ш—8)=0, -. z—92 or 3. 
Here we find that the root 2 satisfies the equation, but the 
root 3 does not. Putting x=3 in the equation we have 


+= which is absurd. .'. 3 is an extraneous roof here. 


&. The required solution is 2= 2. 

[ Notes: In the above solution we haye multiplied both sides 
by 5(e+38)(e—8) and taken the products to be equal, but the 
process will be absurd if vs—3=0. ] 
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\ 
Miscellaneous Solutions 


Ex. 1. Solve 2* +5813, 7 [С. О. '31] 


From the equation, z*--36—19z?, or, z^—135?--36— 0, 
or, (z*—9)(2*—4)—0, or, ($—3)z-4-83)«— —2)(a+9)=0, 
"V w=+3 or +9, 
Ex. 2. Solve z^ — 985? --97—0. [D. 0. '31] 
From the equation, 2° — 275? — z? 4-97 —0, f 
or, z*(sz? —27)—1(s°—27)=0, or, (z*— 1)(z* — 97) 0, 
or, (z—1)z?-z--1):— 8)(z? -- 324-9) —0, 
<. 2—1=0...(1), or, 2% +2+1=0...(9), or, 2—3-—0...(8) 
Or, z'-c3z-c-9—0...(4. Now from (1) we have z—1 ; 


= э que E 
from (2), we haye g=} £d i.-1t М ; 
from (3), 2=3 ; from (4), aa ote wi 9—36 


С-В v=a7_ 9+8 УВ 
2 2 


Hence, 2—1, о: 8, (-14 /=з): 


=#(—1+ J-—3) 


[N. B. In the roots of the above equation ./—g means the 
Square root of a negative quantity but this operation is nof 
possible. So „/—8 has no real value. But as such quantities 


are often used in algebra, they are called imaginary. If in 
quadratic equations 6*—4ac is negative, such roots will occur. ] 


Ex. З. Solve (1-а -5(1—а) = 208 (GU, ; D.B. "46, "61) 
Cubing both sides, we have 


L+e+1—#+8(14+2)(1—2) (140)? + (1-2) t= d 
or, 2481-0) ово [++ (ate) 412) 1 


or, 8(1—а°)#-9®=0, +, (1—29)2=0, г. 1-2°=0, 
or, g*—1, .. а= 1. 
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Solve :— 
1. 507+8=128. 2. (920—1) —5— 47. 
3.2 9+1 2-8 

3. 92-5=9. Г = 0 

s F БЕТКЕ [0. U. '81] 
Б. 492° –412—20=0. v [C. U. '13] 
6. ` 32° 105-53 =0. [C. 0. '33] 
7. 40° – 652+126=0. [0. ©. '16] 
8. 62% —112—10=0. [0. U. '99] 
9. (172—802 — 9)= 555. [0. 0. °39] 
10. 172° -+192= 1848. [C. U. '11] 
11. 67?—9124-823—0. [0. U. '14] 
12. (e—T)(e—19) =64- [C. U. '18] 
13. (e--4)(22—8)—6. ГВ. U. '99] 
14. 2%—62+2=0. [G. 0.'48] 
15. 2%—102+8=0 [C. 0. °27] 
16. аа ое" = 200. 
17. az®—br—c=0. [C. U. '44] 
18, а+1=6 19. 2+5=6. (0.0.5 

ео LE. В. S. В. 50] 
20. Sai АЛЯ 5 
a аа [0. U. 710] 

ctl € 

at3 4 pt—3 <5, (W.B.S.F. *59] 
22. AE MES 

2—3 2*3 60-0. [0. U. *11) 
28. EE SET 7 
24 19-17 2715.9. [С. U. *90] 


34i 211 
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`@+2 2+6 
etl, ct+2_%2+13 


К at+b+e a 


улы 
2—5 qw 


aS е T0 


+2=0. 


о eum. 


feti; 3 sti, 8 5 


ОТ" ТЕЕП ГӨШ cir G; 


‚ 9-9 248 (2+4), 


2+8 2-8 g—4 


аа выс, 


‚ Ite¢=—3 


i Кү 


1,1, 
1р E 


2%—9 J13z-F4—0 

2—2 /32—13—0 
Ме-+а+ /л—3=5 
Ve+3+ Jn—9=5. 
Мза—1=1+ Мб. 
Ma 1t vo+8= Убе. 
Мәв—9— Ма=4= Ма+1. 


те ies mai. 
Na+e Ма NS 


A229 +9+ ож —9=9-3 T. 
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[D. B. '26] 


[C. О. '98] 


[С. U.*36] 


[P.U] 


[0. U. '44] 


[D. B. '40, '48] 


[Р. U. 1891] 


[C. ©. '49] 
[O. 0. '46] 
[С. ©. 29, '41] 
[0. U. '46] 
[0. 0.]' 


[C. U. '20 ; D. В. °30] 


dubiae LE ream 5 = 
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43, Vrae. [C. U. 750; Pat. U. '21] 
//л—9 
44. М 112090 Mz) -F5z—1- 9. (0. U.] 
=] est 
45. 2—7 =8+ z 
NE 2 
46, ,/&—a4 8—, |2005 
„а-а, P 
2 1. ДЕ} 
47. g? +e” =10. 48. gc 7=2. 
49. 4x97"! —8". : 1р. В. '81] 
50. 4"4-9**?—96. [D. В. °47] 
51. (A/3)?*** = 956. 52, 8.9**!—8--4*. 
53. а%®-%®=Ь%®С®. 54. (9r zer 
а 0, $ 


(8/35)=+1=(8/916)*°. 56. 2"-*+9°-*=3 [0.0.40] 
9uz—335-1))F1-0. 58. 5®*+5°=1. 

912-9 592-5 — gg. 60. 12"-1297*— 14453. 

42 —3,9°+° -82=0 [W. В. S. F.'53] 
getug?e-v— JT. 
47 +4=86(92-°). [W. B. S. Е.'59] 


9(9=-2-+3)=98Х3*. 


ges 2-8 Б®+Т 82-1 
4152.83 =9 3. 3 
© 
5° 95 
Б” 
4Y (G. U. 54] 
= 2 -d 
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61. 
68. 
69. 


70. 


^h. 


72. 
8. 
15. 


16. 


Бене бе? +а+2 — 162000. 


а.а 0+1=4", g?V, 9 t^ = 020. . [С. U. 1878] 


6(z*--1)—13z*. i (D. B. ’32] 
з5%—-8 410 _o, (D. B. '85] 
CEN ; j 


оао = 3(p* — ш). 


Solve without assuming any formula ‘— 

30° 442—8. [C. U. '61] 
2'—2—1806. [C.U.‘17] 14. 632° — 625 =221. 
Find the value of æ for which az?—(a-+1)e+1=0. 


Solve 15z?—11z—31-0 and find the values of the roots 
correct to 2 decimal places, [G. U. '54] 


. 53. In solving problems on quadratic equations, it may so 
happen that both the obtained roots of the equation do not satisfy 
the given condition. In such cases the root that is incompatible 
with the condition of the problem should be rejected. 


Examples 13 


Ex. 1. Find two consecutive numbers the sum of whose 

squares is 145. [0.7.16] 
Tet 2 and 2-1 be the two consecutive numbers. 
From the given condition we have 2° (2+ 1)2=145, 

@°-++2°*+9ш+1=145, ог, 95% +2n—144=0. 

gitea—72=0, on (z--9)m—8)—0, Г. 2=—9or 8: 

SITIS required numbers are 8 and 9. 

This is the arithmetical solution of the problem. 

In the Algebraic solution, however, —9 and —8 ( obtained 


— 9 ) are admissible. 


ог, 
от, 


from == 


-. the numbers are 8 and 9, or, —9 and —8. 
Ex. 2. Find two consecutive odd numbers whose product 
is 899. [Pat. U. '94] 
Let 9c —1 and 2%+1 be the two consecutive odd numbers, 
Then by the question we have (95 —1)(2a+1)=899, 
or, 427—1=899, or, 41° =900, or, 2% = 9295, Г. w=+15. 
*. The required numbers= 29 and 81, or, —81 and —29. 


[N.B. Since 9m із an even number, whatever integral value 


q may have, +1 ог 92-1 must be odd numbers. ] 


Ех. 8. А man bought a certain number of books for Вв. 20. 
Had he obtained one more book for the same, the average 


price: of each would have been a rupee less, Find the number of 


books bought. 
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Lot х be the number of books bought, then the average price of 
each book is 20 rupees. 


Had he bought «+1 books for Вз, 20, the average price would 
have been 40 
2 


rupees. .'. From the given condition we have 


ЕП 
20 90. 20 _ 20-2 
2+1 а Then BEL es 
or, 20z—920z4-20—z?—z, or, 2*+2—20=0, 
or, (%-+5)(2—4)=0, 4. g=—5 or 4, 


The negative value is inadmissible as the number of books 
cannot be negative. .. The required number of books —4, 


Ех. 4. Divide unity into two parts such that the sum of 
their cubes is т. [ 0. U. 15] 

Eg æ Бе one part. Then the other parii is 1—2. 

ae by the problem, DREE —@)%=ү%, 

ог, z'-1—8z4352—55 = ұу, or, 32“ — 324-195 

or, 48z'—48z--9—0, or 16z7?—16z4-3— 0, 

ог, 162'—19z—4z-F9—0, or, (4e—1)(4e—3)=0, 


С. æ=} ог 3, /. The required ратіз= 2 and 3. 

Ex. 5. Divide 50 into two parts such that the sum of their 
reciprocals may be zy. [ 0. U. 13] 

Suppose one part із 2, Then the other or is 50—a. 

E qd 

«<. from the given condition we have, > stm zou. 

on Se El a 60 1 600-50, 

000—2) =s) 12 b0r—s* 19 
or, æ? —90z4-600—0, or, 2° — 302— 202-+600=0, 
ог, (2 — 80)(:— 90)= 0, /. @=80 or 20. 


Hence the required parts are 20 and 30, 

LN. B. If the product of two numbers be 1; each is called 
the reciprocal of the other. Thus $ is the reciprocal of $, 5 is 
the reciprocal of 2, etc, ] i 
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Mas. 6. The difference between a proper fraction and its 
reciprocal is аб. Find the fraction. [C. U. '41 ; D. B. 29] 


Suppose @ is the proper fraction, then its reciprocal is L 


gisa proper fraction, .'. its denominator must be greater 
than the numerator. 


7. The numerator of : is greater than the denominator. .'. Is. 


Now, by the question we have т or, 90—90z? = 90, 


or, 90z*--97—90—0, or, 202 +252 —162— 20—0, 
or, (4¢+5)(5e—4)=0, 2. @=—£ or $. 

. 8їпсә—# is not a proper fraction, it is inadmissible. 
&. The required fraction is $. 


Ex. 7. The sum of two numbers is 45 and the mean propor- 
tional between them is 18 ; find them. [B. 0. '29] 
Let ж be one of the numbers. Then the other number is (45— a). 
*' 18 is the mean proportional between z and (45— а), 
:. g(45—2)=18%, or, 45x —2°= 394, or, 2° — 452 4-824—0, 


or, (—36)(#—9)=0, <. w=9 or 86. 
.*. The required numbers are 9 and 36. 
Mix. 8. A certain number exceeds its reciprocal by 1. How 
many such numbers are there? Find them. [C. U. '84] 
Let a be the number, then its reciprocal is L 


*. From the given condition we have 


2-11, or, ш@®—1=гт‚ or, 28—-0—1=0, 


1+ J/(=1?—4x—1_1+ 05. 
загара E CU 


4 


there are two such numbers, which are 
1+ J5 1— J5 
бус and usb 
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ix, 9. Show that the product of any four consecutive 
numbers increased by unity is a perfect square, 


Letz,z--1, c-F2 and +8 be 4 consecutive numbers. By 
adding 1 to their product we have 


wet I)(e+2)(e+3)+1= еее + M+1 

=(2° --3z)(z? +32+9)4+1=alat 2)+1 [putting a for z? +32] 
=a" +2a+1=(a +1)? 

=(2°+32+1)*, which is a perfect square, 

Ex. 10. The hypotenuse of a right-angled triangle is 90 


inches. If the difference between its other sides be 4 inches, 
find the sides, [С U. '49] 


Of the two other sides let the smaller one be z inches. Then 
the other side is (2-4) inches, 
a +(¢+4)?=90", or, 2° +23+82+16=400, 
0, 92*-F8z—384—0, or, s*--4z—192—0, 
о, (e+16)(e—-12)=0, .. 2=-16 or 19. 
one side=12 in., and the other side=(12+ 4) or 16 inches. 
Ex. 11. The area of a rectangular plot of land fenced all 
round is 2000 sq. yards and the total length of fencing is 180 yds. 
Obtain a quadratic equation to determine the length of the plot. ' 


[0. 0. '33] 
Here, 2(length + breadth)=the length of the fencing = 180 yds. 


*. length+breadth =90 yds. 

Let the length be в yds. ; then the breadth —(90 —2) yds. 

Now, by the question we have 2(90—)= 9000 sq. yds, 4 
ог, 2° — 90z4-9000— 0, this is the quadratic equation required. 
Again, #°—90z+2000=0, or #°—502—40n+2000=0, 


or, (z—50)(2—40)—0, .*. 2=50 or 40. 
++ The length of the plot is 50 yds, (*.° length>breadth). 
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Ex. 12. A cyclist travels 84 miles and finds that he could 
have made the journey in 5 hours less if he had travelled 5 miles 
an hour faster. At what rate did he travel ? [G. U. '50] 


Let tho rate be z miles per hour. At this rate he goes 84 


miles in a hours, If the rate had been (2-4-5) miles per hour, 
the time taken would have been 284 hours. 
2+5 


84 84 


7. By the question we have 55 —- 95. = 5 
y e question we have 2 @+5 , 
84z-- 420 — 842 420 з 
= =5, or, 5(8 =420, 
о, to) 5, or, AET (2° + 5g) =420, 


or, #°+5e=84, or, z^ 52—840, or, (z--19)(z— 7)—0, 
у; @=—12 or T. f 

*. The rate cannot be negative, .'. the required rate is. 7 
miles per hour. 

Ex. 13. The perpendicular drawn from the centre of a circle 
to a certain chord is 3 inches less than half the chord. If the 
radius be 15 inches, find the length of the chord. 

The perpendicular drawn from tho centre to a chord of a circle 
bisects the chord. 

Let OD ‘he the perpendicular drawn from the centre O to the 
chord АВ of a circle. "Then OAD is а right-angled triangle. 

Let OD be a inches, then AD=x+8 inches and the hypotenuse 
ОА=15 inches. * OD* +Ар?%= 04%, 

c. og? +(2+3)2=15°, ог, 22° +621+9= 225, 

or, 2232 —108=0, or, (2—9)2+19)=0, ^. 279 or — 18. 

*. The length of the perpendicular cannot be negative, 

*. the perpendicular — 9 inches. .'. The required length of 


the Diod — 9(24-3) in. — 2(9 +3) in. —24 inches. 
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Ex. 14. A boatman can row 7 miles down a river and back 
in 42 hours. If the river runs at 2 miles an hour, find the rate 
of the pull in still water. [D. В. '4] 

Let the rate of the pull in still water. be z miles per hour. 
Then the boat goes (z--2) miles per hour down the river and 
(2 —2) miles per hour up the river. 


7 Үй ey 1 H 
-. We have тата 4$, or, "EDD sae 3 2 (dividing by 7), 
2—9+2+9_9 2% 8 
а 395 59179 


or, z*—35—4-0, or, (8— 4)(2+1)=0, <. в=4 or —1. 
- The rate of the pull cannot be negative, 


-. the required rate is 4 miles per hour. 


м. 15. A regiment of soldiers, when formed into a solid 
square, has 16 men fewer in the front than when formed into a 
hollow square 4 deep. Find the number of soldiers. (D. E. 740] - 


Let c be the number of soldiers in the front, when they are 
formed into a hollow square. 
Then the total number of soldiers =g° — (2—4 x 2)? —z? —(ш— 8)". 


Again, when formed into a solid square, the number of soldiers 
in the front із z— 106. .*. The total number of soldiers— (z — 16) 


.". By the question we have (z — 16)? =a? — (z—8)?, 
or, &'—3224-256—z? — т --16z — 64, or, 2? —48z-- 320 — 0, 
or, (z—40(2—8)—0, ~. 2=40 or 8. 
Here, evidently the value 8 does not satisfy the conditions. 
7. ‘The required number of soldiers = (#— 16)? —(40— 16)" 
= 94% = 516. 
Ух, 16. What isthe price of eggs per dozen, if one more 


for 6 annas reduces the price by one anna per dozen ? 
[D.B. '89, '41, '46) 
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Suppose the price of z eggs=6 annas, 


7 12 eggs = 72 annas...(1) 


Now, if the price of (w+1) eggs be 6 annas, 


2 79 
1 bod 
the price of 12 eggs is ЕНЕ annas...(2) 


/. By the problem, s - ЕЕ 1, ог, Be Dreh 
or, 2% --2=792, or, z*-bz- 12-0, 
or, (24-9) -8)=0, г. 2=—9 or 8. 
** тһе number of eggs cannot be negative, 
., the number of eggs=8. 
Now, from (1), the price per dozen=%* or 9 annas. 
Ex. 17. Find the fraction which assumes twice or thrice its 


tively is added to both its 
[D. B. '49] 
2-2 29z 


Let 5 be the fraction, Now, from the first condition —— ат" 


original value when 2 or 3 respec 
numerator and denominator. 


or, ay t+2y=2ay+42, ог, 2y — 4» —uy, 
20 424, or, 2-2=1.. (1) 


or, 
ту cy 
From the second condition, 28 282; ог, 3у – 92= 92у 
yt3 y { ' 
3 9. 
DIN EST 125: (2)j 
Now, multiplying (1) by 3 and (2) by 2 we have 
6 12.9 
voy 
and 6 18. 4 
5 Уу 
6_ . = 
(Subtracting) | =1 |. y-2-6 


Ele. M. (IX)—11 
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Putting y= — 6 in (1) we have 35-1, or, 2-3, ^ т=6. 


The reqd. fraction=—.. 


[ М. В. Here the answer is and not E or —1, as in 


the latter case the conditions will not be satisfied. ] 

Ex. 18. The product of two numbers is 24. If the sum 
of the squares of the two numbers be added to the sum of the 
numbers, the result is 62. What are the numbers ? 

[E. B. S. В, '58] 
Let a and у be the numbers. 
zy —24...(1) and z?--y? -z--y — 69... (2). 
From (2) we have (x+y)? — 2ay-+a+y=62, 
ог, (zd-y)* -2x 24--(z-I-y) — 69, 
ог, (z-d-y)*-(z--y) - 110—0, 
or, àG^-Fa-110—0 [putting a for ғу], 
or, (a--11)(a- 10)— 0, /. @=-11 or 10. 
(i) Ша= –11, then z--y— - 11. 
^ (e-y)? = (z-Fy)* - 40у =(-11)? - 4x 24— 96, 
2=7= 425. 
Now, 2+0= – 11 
#-у= 5 [whena-y=5] 


2z— —6, .. в=-3, во у= –8. 
The required numbers= — 3, — 8. 
[The same two numbers are obtained when z—y-— - 5. 
(i) Again, if а=10, then 2-Ку=10, .. y=10-2. 
ay=24, 2. sx(10—2)—94, 
or, 2°-105--94=0, or, (в-4)(в-6)=0, 
a=4, ог, 6; Hence y=6 or 4. 
The required numbers=4, 6. 
Thus from (i) and (ii) we have, 
the reqd. numbers=4 and 6, or, —3 and - 8. 
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Exercise 11 
1. Find a number such that its square added to its cube is 


16 times the next number. [А. U. 16] 
2. The sum of two numbers is 2 and the sum of their 
reciprocals is 22. Find the numbers. `[0. U. '85] 


3. Find two consecutive odd numbers whose product is 35. 


4. Find two consecutive numbers such that the difference 
of their reciprocals is тіс. 

5. What number when added to 30 will be less than its 
square by 12 ? ' L[E.B.S.B. '50] 

6. The sum of the squares of two consecutive odd integers 
is 990 ; find the integers. 

7. А number is greater than its square root by 110. Find it. 

8. The sum of the squares of two consecutive even numbers 
is 100. Find the numbers. [4.0. '94] 

9. In a right-angled triangle the sum of the two sides 
containing the right angle is 23", and the hypotenuse is 17". 
Tind the sides containing the right angle. [.. U. '51] 

10. The hypotenuse of a right-angled triangle is 18 inches. 
Find the length of each of the remaining two sides if their sum 
is 17 inches. [C. U. '45] 

11. A and B ean do a piece of work in 72 mins., but B alone 
takes 1 hr. more than А to do it. In what time can each do it ? 

“42. Find the price of eggs per dozen when two more eggs for 
a shilling would reduce the price by one penny per dozen. 
Е. B. В. 5. '51] 

13. А man bought a certain number of goats for Rs. 420 ; 
had he obtained one more for the same sum, the price of each 
would have been Re. 1 less. Find the number of goats bought. 

"14. A number is less than twice the product of its two digits 
by 8; if the digit in the tens’ place is greater than the digit in 
the units’ place by 1, find the number. 

15. А man takes one hour less to ride 24 miles if he increases 
his speed by 2 miles per hour. Find his speed per hour. 

16. The perpendicular from the centre of a circle to a chord 
is less than half the chord by 1”; if the radius be 5", find the 
length of the chord. 

47. The area of a rectangular fleld is 260 sq. ft. If its length 
be diminished by 5 ft. and breadth increased by 2 ft., it becomes 
a square field. Find its length and breadth. 
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чё. A boatman can row 9 miles down the river but 3 miles 
up stream in a certain time. If the speed of the current be 2 
miles per hour, find the speed of the boat in still water. 


19. Find two consecutive positive numbers the sum of whose 
squares is 761. [G.U. '59] 


20. The hypotenuse of a right-angled triangle is 95". If the 
sum of the three sides be 56", find the smallest side of the triangle. 


[G.U. '54] 
21. The circumference of the fore-wheel of 2 carriage is 4 
metres less than that of the hind wheel and it makes 15 revolu- 


tions more than the latter in 940 metres. Find the circumference 
of each wheel. 


2. A company of soldiers, when formed into a solid Square, 
has 19 men fewer in the front than when formed into & hollow 
Square 3 deep. Find the number of soldiers. 


GRAPH 


You have already learnt the method of drawing graphs. 
54. The following facts regarding graphs should be carefully 
noted : 

1. The graph of any simple equation connecting two variables. 
? and y in the first degree is a straight line. It is a linear graph, 
Here the equation is of the form у nz or y=ma-+e. 

2. The graph of a quadratic equation, which can be expressed. 
in the form XY —0 (i.e., can be reduced into two simple equations 
X=0 and Y — 0) consists of a pair of straight lines. 

Thus (i) the graph of x? — æ — 6— 0, or, (#— 3)(@+2)=0, consists. 
of a pair of graphs of the equations д — 3—0 and z4-2— 0. 

(ii) The graph of д? =9y*, or z* — 9y? —0, or (z--3y)(s - 8) = 0 
will consist of two st, lines representing z--3y — 0 and z—8y-— 0. 
When a quadratic equation cannot be thus reduced to the form 
XY=0, its graph is non-linear and is said to be a conic. 

3. If in a quadratic equation, the coefficients of z? and у? 
are equal and positive and if there is no term involving zy, its. 
graph will be a circle. The equation of a circle may be of the 


forms: (i) sty? =а?, (2) (z-F5)*-F(y--c)?—a?, апа 
(iti) a +y?+-ae-+by+e=0. 
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Thus (i) z32-y2 —16, (ii) (v--2)*--(y - 8)? —9, 

(i) «2--y?-4-19z--18y-3-92— 0 all represent circles. 

4. Ifin a quadratic equation, one of the two variables х and 
yis of the second degree and the other of the first degree and if 
there is no term involving zy, its graph will be a parabola. 

Such equations are of the forms y— z^, or, mz— y^. The 
graph of an equation of the form y=an?t+bate or == ay? Ну-с 
will be a parabola, if a0. Thus (i) 4y—2?, (ii) e=y? and 
(iii) y a? +2s+1 represent parabolas. 

5. Тһе graphs of the functions 42-9, z^, 2° —5x-+6, etc. 
are the same as the graphs of the equations y —4z--2, y-zc?, 
=? – 524-6 respectively. So, in drawing graphs of such & 
function, put the given expression=y and draw the graph of 
that equation. 

6. The graph of the quadratic equation, in which the 
coefficients of 22 and у? are unequal and positive, is an ellipse. 

Such equations are of the form av*+-by*=c". 

Thus 4z? --9y? = 25 represents an ellipse. 

7. The graph of the quadratic equation, in which the 
coefficients of z? and y? are of opposite signs (one positive, the 
other negative ), is a Hyperbola. Such equations are of the form 
ax? —by2=c®. Thus 9a? — 25y? = 995 represents a hyperbola. 

8. The graph of an equation in the form wy=a, or 
zy --ac--by —c is a particular hyperbola, known as Rectangular 
Hyperbola. Thus 2у =8 represents such a hyperbola. 

The origin is called the centre of the rectangular hyperbola 

“and its axes are the bisectors of the angles between the axes of 
co-ordinates. 

9. To solve a quadradie equation graphically, any one of the 
following methods may be adopted : 

To solve 2° — 75-598 =0, we may either (i) put y=a* – 72-529 
and y=0, or, (ii) we may write the equation as «*=72- 99, 

and then put y —2? and y= 7z — 22. 
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Now, if either in (¢) or in (ii) the graphs of the two equations 
in each be traced, the abscissi of the points of intersection of the 
graphs will give the required roots of the given equation. 


10. In drawing a graph the axes of reference, the origin and 
the unit used must be stated in each case, 


55. Drawing of graphs and graphical solutions of 
equations. 
Examples 14 

Ex. 1. Solve graphically 32=17 — 2y and 3y=2z-+6, [4.90.27] 


We have 8a=17—2y...... (1), or, 2y—17-3z, 
a= 32. 2 | —1 13.5 
y 9 ; then ао Га 
Агаш, 3y=27+-6......(2), or, y= ete 
th z|0|-3|6 
A vl2] o[e 
і Т 
| ГҮ 
ГҮ | i + 
ШЕШЕН оно Н 
ЕЕ | 
| T т } LI Y 6. 9) 
"idi 3,0! 
1 | 0,2 S 
коли ; | 
tc3,0)9 Xs 
ОЕ Т 
L] | БЕ Ht 
ШИ! HE 1 Г 4 
HEN LE df B 
H Fi Ty IHE 
PEL В! 3n : 
Fig. 1 


Let XOX' and YOY' be the axes and O the origin. Draw 
the graphs, taking one side of a small square on the graph paper 
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as unit of length. The two graphs intersect at a point whose 
co-ordinates found from the graph are (3, 4). 
-. The required solution is 2—3, y — 4. 


Ex. 2. Solve graphically 8-22-38, 
8-2 = 
Let y= D ‚ then y= aie 
= 2 |0 [2 [4 
From y we have А 
у [4 [3 [2 
-3 0 [3 | -3 
A 20-9 
nd from y 3 we have |1 T0 | -3 
EN Le 
| TE | НУ i | 
| EEEE | 
ЕЕЕ ЕЕЕ, 
11 L4 
г ГТ 
| j 
ЕЕЕ a 
TI! d 147 
i ў 
T TEDI 
% f x 
ВЕ; TO 
: t3: = 
[ШЕП | 
H 
FEY 
Fig. 2 Ы 


Draw the two graphs, taking one side of a small square on 
the graph paper as the unit of length. The graphs intersect 
at the point (6, 1).  [Fig. no. 9]. .. The solution is z— 6. 

Ех. 3. Solve graphically z — 3— 2. 

Here the abscissa of the point of intersection of the graphs 
of ш — 8 and 2 is the root of v. 

Let у=2- 3, then y= 9. The graphs of these two equations 
are the graphs of z— 3 and 2 respectively. 
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z|. 2|8|5. 

From y=a = 3 we have] -1|o|8! 
E z|0|1] -3 

and from y —2 ,, ЮЛ ҮЕ а; 


п taking one side of a small 
y opu. Dm ae unit én length. They intersect at 
a point whose co-ordinates are (5, 2). .. Тһе solution is z— 5. 
Ех. 4. Draw the graph of y— 9z--4— 0 and find from it the 
solution of the equation 27 — 4— 0, [D. B. 1929] 
Негеу-25--4=0, ©. y=22—4...(A) 


From (A) we have s| 09| -113 


y| —4 | -6 [2 
T f LLLI Т I 
EEE EERE EEE ЕН р 
IHANNE т т 
^ HT ale 
| X, 
X OLA 
(07-4) г 
ео 
| ү! + 
* 
Fig. 3 


Let the graph be drawn taking one side of a small Square on 
the graph paper as the unit of length (fig. 3). 

Now, to solve the equation 2z — 4— 0 from the graph, we have 
to find the abscissa of the point A where the graph cuts the 
t-axis, because the ordinate of A із 0 (i.e. y=0) 
have 22-4=0, ie. equation (A) 

"7 the abscissa of A ig 9 units, 


and hence we 


7. the required solution is ж=9, 
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Graphs of a pair of straight lines 


Vide the notes in Art. 54(2) in this connection. 
Ех. 1. Draw the graph of z? -s — 6— 0. 
Here z? -z— 6— (s — 8)(х-Е9). 
-. We have (= -3)(z--2)—0, so that z—3—0 and z+2=0. 
So the required graph of the given quadratic equation will be 
a pair of straight lines representing z — 3=0...... (i) 
and #+2=0...... (ii) 
Now draw the graphs of (i) and (ii) taking one small division 
on the graph paper as the unit of length. The graph (i) is a 
straight line parallel to the y-axis at a distance of 3 units from it 
and that of (ii) is a straight line parallel to y-axis at a distance of 
— 9 units from it. 
The required graph is the pair of these two straight lines. 
Ex. 2. Draw the graph of 62° --5zy — 6y? – 195 - 18y — 0. 
Here 6z?-F-5zy – 6y? — 19z — 18y — (9z4- 3y)(8z — 2y — 6). 
/. We have (2z4-3y)(3z — 2y — 6) — 0. 
г. 924-8y —O0...... (i) and 3z-9y-6-0.....(ii) 


Fig. 4 


So the graph of the given equation will be a pair of straight 
lines representing (i) and (ii). Draw the graphs of (i) and (ii) 
taking one small division on the graph paper as the unit of length. 
The required graph is the pa ir of the two straight lines drawn, 
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І Circle ] 


Ex. 1. Draw the graph of z? --y? —16. 

Let XOX' and YOY' be the axes and O the origin. 

The given equation may be written as Ма ру? = J16—4. 

Let Р be any point on the 
graph and (т, у) be the co-ordi- 
nates of P. Now, the distance 
of P from the origin O is OP. 
Here OP? = y2, 
7 ОР= Jue ? = 4(constant). 


“. The distance of P from 
the fixed origin is always 4 
units. Hence the locus of the 
Point P is a circle whose centre is O and 


Fig. 5 


radius is 4 units of 
length. Tet one side of a small squaro on the graph paper be the 
unit of length. 


Let a circle be drawn with centre O and with radius —4 units. 
As the co-ordinates of no point outside the circle satisfy 
equation, this circle is the required graph. 


(Otherwise: ©. a*+y*=16, л у= 16-27, Now 
the co-ordinates of the points on the graph can be tabulated from 
the above equation. Plot those points and draw through them a 
freehand curve, which is the required graph.] 

Ex.2, Draw the graphs of z?--y? 
measure the length of the chord of inter: 

[Hints :—Tho graph of the first equation is a circle (See Ex.1). 
The graph of z4-y—9 is a st. line drawn through the points (1, 1), 
(5, —8), (=4, 6). Let the graphs be drawn taking one small 
division on the graph paper as the unit of length, 

Let the graphs intersect at A and В. 

Now from OX cut off OP=AB. Here ОР =7'5 units. 
^ The length of the chord of intersection=7'5 units]. 


the given 


=16 and at+y=2, and 
section. [C. U. 13] 


` 
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Ех. 3. Draw the graph of (= – 2)? --(y – 3)? —95. 
From the given equation we have ^/(«- 2)? J-(y – 3)? — 5. 


Plot a point A whose co-ordinates are (2, 3), taking one side of 
a small square on the graph 
paper as the unit of length. 

Let (v, y) be the 
co-ordinates of any point P. 
ontherequired graph. Then 
AP? — (z – 9) -- (y – 3)°. 

/. AP= X (x — 2)? + — 3)? 
=5 (constant). 

-. Р is always ata 
distance of 5 units from 
A and so its locus is a 
circle. 


Fig. 6 


-. The circle drawn with centre A and with radius=5 units 
of length is the required graph. Draw the graph with the unit of 
length mentioned above. ] 

[ №. В. As we have (r-9)* and (у-3)° in the given 
equation, we take (2,3) as the co-ordinates of А (i.e, the 
co-ordinates are of the opposite signs of – 2, — 3). 

Tf (2-4-3)? +(y – 4)? =36 be the given equation, we should first 
plot the pt. (—8,4) and take it as the centre of the circle and 
6 units of length as its radius. ] 


Ex. 4. Draw the graph of z? --y? 4-192--18y 4-99 —0. 

Here, z? --y? 4- 19z--18y 4-92 — 0, 

ог, (c*--19z--36)4-(y? +18y+81) - 25 —0, 

or, (z4-6)-F(y--9)* —25—5*. 

*. The graph of the equation is a circle whose contre is the 


point (-6, —9) and radius=5 units of length. Let the circle be 
drawn taking one side of a small square as the unit of length. 
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Ех. 5. Draw the graph of 224-у2 91. 
x+y? =21, or уаз ру МТ. 
Evidently the graph of the equation is a circle, 
is the origin O and radius 
= ,/31 units of length. 
Now the measure of 
МЭТ units can be determined 
in two ways : EH Dy an 
G) 21=95-4=52 – 92, x =! 
Draw a right-angled triangle OA iH 
‚АВО, whose hypotenuse H FEE - н 
Аб = 5 units of length and base MEME Е 
АВ=9 units, [Fig. 7 (А)] y! 
Then, **. B0? — AG? — AB? і 
=57-9°=91, 
*- BO= V7] units, 


whose centre 


Fig. 7 


(0) 21=7x3 ; take a st. line PQ=7+3=10 units of length, 


From PQ cut off PR=7 units of length, then RQ=8 units. Draw 


Fig. 7(A) 


` a circle on PQ аз diameter and draw 


А RD.LPQ and let RD cut the 
semi-circle at D. Then RD= „1а 


nits of length. [Fig. 7(A) 1 
Now, 
ВО or R 


draw a circle with centre O and with radius equal to 
D. This circle is the required graph, 
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Ex. 6. Draw the graphs of #*+y*=25 and = 1, and 
find the co-ordinates of their points of intersection graphically. 
5 ГС. О. '39 Sup., 43] 
From the equation «?+y2=25, we have A/a*--y* 5. 
Now, „a? 4-2 denotes the distance of a point P(x, y) on 


the origin O. Since Ja?+y2=5 (a constant), P is always 
equidistant from O and so its locus is a circle. 


Let axes XOX’ and YOY’ intersect at right angles at О. Таке 
one small division on the graph paper as the unit of length and 


Fig. 8 


draw a circle with centre O and with radius equal to 5 units of 
length. This circle is the graph of the first equation. 
shen «| 3| -2|0 
v|2| 75 
Evidently the graph of the second equation is a straight line 
drawn through the points (3, 9), (— 2, 7), (0, 5). Draw this graph 
with the same unit as before. 


Again, from 5+5=1, we haye zd-y-—5, 


The graphs intersect each other at P and Q, whose co-ordinates 
found from the graph are (0, 5) and (5, 0) respectively, 
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Ex. V. Draw the graph of 2?+y2=25 and show that 
3z--4y = 25 touches it at (3, 4). [0. U. 11; E. B. S. B.'50 ] 


The graph ofthe first equation is a circle. Draw the graph 
as in Ex. 1. 


B М z[3|7| -1 E 

From the equation 3z-4-4y—95, we have ага : 
the straight line AB drawn through the points (3, 4), (7, 1), (-1, 7) 

and produced both ways is the graph of the second equation, 


Fig. 9 


Draw the graphs takin 


8 each small division on the graph paper 
as the unit of length. 


Here the Straight line mee 
^. it touches the circle at R, w 
[ Geometrical Proof : 
the equations, 
RO cut ой ВС= 
length. By measu 


ts the circle only at one point R. 

hose co-ordinates are (3, 4). 

“7 The co-ordinates (3, 4) satisty both 
both the graphs meet at the pt. (3, 4). From 

З units and from RA cut of RD=4 units of 

rement CD is found to be 5 units in length, 

RO? + RD? =32 442 =25=57=0D!, 


* ZR is a right angls, AB, being Perpendicular to 
the radius OR at В, touches the circle at В. ] 
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Ex. 8. Solve graphically the simultaneous equations 
(i) w?+y?=58 and (ii) y- z—5. 

The graph of z^--y?—53 is a circle. Now 53=22+72, so 
z=2 and y=7 satisfy the 
equation. 

Plot the point P(2, 7) on 
the graph paper, taking 
each small division on it 
as the unit of length. Then 
P is a point on the graph. 
Draw a circle with centre 
O and with radius OP, 
which is the graph of the 
first equation, 

(ii) From y - 2=5, we have 
& z| -2|1|2 
deu IECUR RS 

Draw the graph with the same unit as before. The two graphs 
intersect at P and Q whose co-ordinates are found to be (2, 7) and 
(— 7, — 2) respectively. 
" -. the required solution is v=2 and y— 7, 
or, =—"7 and у= -2. 


[ Parabola ] 

Ex. 1. Draw the graph of у=2° between the limits 2—3 
&=-3. and hence find the value of /5 to the first decimal 
place. [C. U. '99, '88] 

The graph of y=a* is a parabola, From у= 2° we have 

z |0| +1| +2] «3| 51| x15| 2925] ... 
у 101 1| 4| 9] 95] 225] 626]... 

The above points (0, 0), (1, 1), (— 1, 1), (2, 4), (-2, 4), eto. 
are on the graph. 

Let the axes XOX’, YOY’ intersect at right angles at O. Plot 
the above points, taking one small division on the graph paper as 


176 A TEXT BOOK OF H. S. ELECTIVE MATHEMATICS 


the unit of length. Draw a continuous freehand curve through 
these points. This curve which is a 
parabola is the required graph. 


Now, we have to find the value of 
„/5 from this graph, The co-ordinates 
of each of the above points show that 
the value of zis the square root of 
the value of y. Hence if y=5, the 
corresponding value of x will be the 
value of ,/5. 

From the graph we find that when 
y=5, the values of z— +9'9, 


/б=-Е9`9 ( App. ). Fig. 11 


М.В. The students should observe the following points : 


(1) From the equation we have z— -- Wy. Hence for every 
value of y ( the ordinate Ds 
but opposite in sign. 
to the axis of y, 


a(the abscissa ) has two values, equal 
So the graph is symmetrical with respect 


i.e. the part of the graph on either side of this 
axis is an exact image of the other part. 


(2) Since the value of 
positive or negative value a; 
lie above the axis of z. 


У must always be positive, whatever 
may have, all the plotted points must 


(3) The graph passes through the origin, 


(4) As the mumercial values of т increase, 


those of y increase 
rapidly. Since there is no limit to the values 


which z may have, 
both parts of the graph extend upwards and outwards to infinity. 
This is indicated by extending both the 
symmetrically a little beyond the last ploi 
above graph, however, it has not been so e 
limits to the values of г. 


parts of the graph 
tted points. In the 
xtended, as there are 


(5) In drawing a 


parabola at least six points should be 
plotted. 
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Ex. 2. Draw the graphs of y?—z and у=х, and find the 
co-ordinates of their points of intersection. [G. 0. '50] 
From у? =, we have 


z|o| 1| 4| 9| 5| 2°95]... 
y] 0| =1| x2]| £3] #5] x15] ... 
z|0|92]| -8| ... 
y| 0[ 2] -3] ... 

The two graphs are 
drawn, taking one side of 
a small square on tho 
graph paper as the unit of 
length. The graph of the 
first equation is a parabola 
and that of the second is a 
straight line. They inter- 
sect at two points, whose 
co-ordinates are found to 
Fig. 12 be (0, 0) and (1, 1). 


From у=, whe have 


Graphical Solutions of Quadratic Equations 


2 
Ex. 3. Draw the graph of y—2z — т and obtain the roots of 


а 
the equation 2% — a =0 from the graph. 


2 
From the equation y=2z — F we haye 


—:95|-1| —1 | -2'25 


—2'95| 8 | -5 3°75 


Ele. М. (IX)—12 
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The graph is drawn plotting the above points with two small 
divisions on the graph paper as the unit of length. [Vide fig. 13]. 


Putting 0 for y in the given equation we have 32 - 5-0. 


2 
Hence to solve the equation 92 – T =0 from the graph, we have 


to find the abscissa of the point, where the graph intersects the 
z-axis. Here the graph cuts the z-axis at O and Р. The abscissa 
of the pt, О is zero and that of P is 8. 

> The required roots are 0 and 8. i.e., 2=0 or 8, 


Fig. 13 


Give the graphical solution of 22° -5—-9—0.[4.U.15] 
Here 25? -y — 2=0, 


Ex, 4, 


or, 9z?—g--9, ~ 22—212; 
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Let z?—9y...(1); then y- 8i? Tested (2). From (2) we have 


w|0| 2] -2 


y[i|2|] 0 


Now, draw the graphs of the two equations. The 


first graph isa parabola (Vide Ex. 1) and the second graph is 


Fig. 14 
Ex. b. Prove graphically that the expression z*—9z--4 is 
positive for all real values of v. 


Here 2° – 32-4 is a function. 
Its graph is the same as the 
graph of y=a* — 82-4. 

From this equation we have 
z|0|1| -1|2|3] 4] .. 
y|4[2]|- 8E Е 

Plot the above points, taking 

one side of a small square as 
the unit of length and draw 
through them a continuous free 
hand curve. This curve, which 
is a parabola. is the graph of 
the expression z? – 32-4. 


a straight line. Now the abscisse 
of the two points where the 
two graphs intersect are 1'3 
and —'8. 

The solution is 


&=ГЗ or —°8. 
[ М. В. We could solve it by 
drawing the graphs оѓ 


y=2s" -x-2 and y=0. The 
graph of y=0 is the z-axis. 
The abscisse of the points of 
intersection of the graphs would 


be 1'3 and —`8] 
[ О. U. 48] 
y- 
м b 
| 
npe © X 
Y^ | 
Fig. 15 
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In the graph we find that no part of it is on the negative side 
of y-axis, i.e, below the x-axis. Hence the value of y cannot 
be negative for any real value of a, positive or negative. 
Hence the expression is positive for all real values of г. 

Ex. 6. Find graphically the maximum value of 6z—2? -%, 
and the value of z that gives the maximum value. 

[M. U.'98 ; D. B. '31] 

Let the given function be equal to y. Hence its graph is 
the same as the graph of y —6z —z? — 5. 

Tabulating the corresponding values of z and y we haye 

z| 0]|1l 2|]83|5| 6]... 
ul -5[0|[3[|4]|0| -5] ... 

Let one small division on the graph paper be the unit of 
length and plot the above points. 
Draw through them a continu- 
ous freehand curve, which is 
the graph of the function, 

Now, the maximum value of 
y will be the required maximum 
value of 67 — g? — 5. 

: Inthe graph we find that 
the ordinate is the greatest at 
the point A, whose co-ordinates 
are (8, 4), 

Hence the maximum value of 
Ór-2*-5 is 4, when the 
required value of z is 3, 


(Fig, 16] 

Ex. 7. Draw the graph of 2°-+92+5 from a= —4 to 2-9, 
Find from the graph the minimum yalue of the function and the 
value of z that gives the minimum value. [D. B. 1939] 


The graph of a*-F95-L5 ig th 
y —2* --9z-I-5, from which we have, 


а@|0|1|-1| 9 -2| =3| =4|.... 
vi5|8| 4] 13| 


БВ ЖАЯУ, 


e same as the graph of 
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Let one small division on the graph paper be the unit of length 
and plot the above points. Then the 
parabola obtained by drawing a 
free-hand curve through the points 
is the required graph. 


The minimum yalue of y will be 
the minimum yalue of the function. 
In the graph we find that there is no 
part of it below the point P. 

The co-ordinates of P are (— 1, 4). 

`. Its ordinate (у) 4 is the minimum 
value of y, i.e. of the given function, 
and the value of c that gives this 
value is —1. 


Ex. pH Ve changes in sign and magnitude of the 


:nereases from — © to +, [0.0.'49] 
D бро is the same as the graph of 
From the equation we haye 
/[9|0[0|9|6[ 6! - 


expression z? — 
The graph of z?- 
у=? — 35-9 and it is a parabol2- 


Let the axes ХОХ, YOY’ 
intersect at right angles at the 
origin О. Let one side of a small 
square on the graph paper 
represent the unit of length. Plot 
the points [Fig. 18] and through 
them draw a freehand curve, 
which is the graph of the 
expression z? — 3z--9. 

Now from the graph we find 
that it may be extended upwards 
to infinity and that the portion of 
it below the x-axis is within the 
limits of д=1 and z=2. So, if 
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ie between 1 and 2, the value of y (i.e., of the 
E Dur Beyond this limit y will no more be 
negative, whatever value, positive or negative, may c Рао, 
Аз the value of z ( positive or negative ) increases. gradually to 
infinity the value of y (e. the function) will simultaneously 
increase to infinity but will always be positive, 
Ex. 9. Draw the graphs ot ya? ex roe ras 0, ‘and 
i ion of the equation 95° — 55--3— 0, 
hence obtain the solut a и 
ints : iven equations are y=g?...... (1) and 
2y ii Aints; 0, a page a (2). First draw the graphs of the 
two equations, Now, the equation to be solved is 2x? — 5z--8—0 
or 27^—52-3, Tvidently the abscisse of the points of inter- 
Section of the graphs of equations (1) and (2) are the required 
roots. Неге the absciss are 1 and 1'5. 
-. The solution is z—1 ог 1'5. ] 


Ex. 10. Using the graphs of y—z* and y=5%,t2 solve the 

equation 32° — 5z — 2— 0. [ €. U. 48] 

The graph of y—2*? is a parabola. Draw the graph as in Ex. 1. 
5z--9 z| -11 91 -4|... 


Г p 


The st. line drawn through the above Points is the graph of 
the second equation. 


Both the equations 
aro equal to y, ;. д2 =5+2 


or, За =52+9, + 


or, 3z?-55-9-0. we 7 
Hence the abscisse of m 
the points of intersection of АЕ H 
the two graphs will give the ` x al 
roots of 322 — 55 — 2=0. 


Here, the graphs intersect 
at P and Q whose abscissæ 
are 2 and —'3 (appx.) respec- 
tively. u 


JJ. The required Solution 
is @=9 or —'3, : [ Fig. 19 ] 
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Ex. 11. Draw the graph of y=%° —3s-+2 and hence solve. 
the equation zê — 3z--1- 0. 

The graph drawn in Ex. 8 
is the graph of y—z? – 35-59 
here. We have to solve the 
equation z?—3z-4-1—0 from 
the graph. 

We have z*—3z4-1-—0, 
or, x? — 9z4-2—1. 

Let y=a?-82+2, then 
y=1. Then the abscisse of the 
points of intersection of the 
graphs of thesetwo equations will 
give the roots of 2° — 3x4-1-—0. 

Draw the two graphs. The 
f graph of y=1 is a st. line 
[ Fig. 20] parallel to the a-axis at а 
distance of 1 unit from it. The graphs intersect at A and B, 
whose co-ordinates are (`4, 1) and (2'6, 1). 


The required solution is а= `4 or 2'6. 

Ex. 12. Draw the graph of у=5:°--92-1. Read off the 
abscissa where this graph is cut by у =3. ‘These are the roots 
of the equation 5z?--2z —4—0. Explain why. [ 0. U.’48 ] 

Tabulating the corresponding values of 2 and у from 


E рза кш 0] 1] ти 2[-2].. 
у=б5х°%--92—1, we havera] Salei aasi 15]... 


Let the axes XOX’, YOY’ intersect at right angles at the 
origin О. Draw the graph, which is a parabola, taking each small 
division on the graph paper as the unit. 

Draw the graph of y=3, which is a st. line parallel to the 
g-axis at a distance of 3 units from it. The abscissæ of the two 
points where the graphs intersect are found to be -1'7 and 


‘7 respectively. 
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Now, the equation 527+27-4=0 may be written as 
5a?+22-1=8. Suppose y—5z?--9;— 1, then y=3, 

Hence the above abscisse of the points of intersection of the 
two graphs are the roots of 5z?--9; -4—(, 

Ех. 13. Draw the graphs of y=z? and z-y+6=0. Hence 


solve z? -v — 6— 0. [D. В, *14, '30, '40] 

The graph of у=? is a parabola. Draw the graph as in 
Ех, 1. The graph of s-y+6=0 ів ast. line Passing through 
the points (0, 6), (- 2, 4), (—6, 0), etc. Draw this graph. Let 
the graphs intersect at A and В. » $ 

Now the equation z? - z —6—0 may be written as 2*=2+6, 

t y—2* ..(1) then we hane y7z6 or 2-у16=0 ...(2). 
>, The parabola drawn is the graph of (1) and the Sí. line drawn 
is the graph of (2) Hence the abscisse of A, В which are found 
to be – 2 and 3, are the roots of z? -v - 6—0. 


^. The solution is c= —2 or 3. 


[ Ellipse ] 
Ex.1. Draw the graph of 97? --16y? — 144, 
Here 92? --16y2 — 144 or 16y* —144 - 92° =9(16 — ш), 
Or, у®=у%(16-ш°), .. у= ++ À16- 22...(1) 
Tabulating the corresponding values of z and y we have 
wl 0| +4| 41 | +2 | +3 |535. 
v| £37 0} +29] +29 | +20] 415]... 
The above pairs of 


Points lie on the graph. Let the axes 
XOX’, YOY’ intersect at rig 


ht angles at the origin О. Plot the 
points, taking two small divisi 5 


151008 on the graph paper as the unit 
of length. Draw through these points а continuous freehand curve, 
which is the required graph. This Curve is called an Ellipse. 

[The students Should observe tho 


(a) From (1) Above, we find that tho value of 
than 4 or less than — 


Hence it is evident that the 
parallel lines z — 2-4. Again, for each value of 2, y will have two 
values, equal in magnitude 

graph is symmetrical about th 


We 
less than - 3 
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graph lies between the parallel lines y=+3. Again for each 
value of у, z will have two equal and opposite values. Hence the 


Yr 
£ 
| 0,3) t 
6272-6) | (2,2-6. 
m Ter 
+ Hj HEN 
| 
Xí ФОТО (4,0) x. 
ТТ 
п | 
(-2,-2:6) EFT (272.6 
A ШШ! (053) 1 
y! 
[ Fig. 21 ] 


raph is also symmetrical about the z-azis. Thus the graph is a 
closed curve, being limited on all sides. 


(b) Notice further that the given equation may be reduced to 
the form ро 1. Again, the equation 42° +-у° — 8z —4у=8, 
may be written as (42° — 82--4)-(у* —4y+4)=16, 
or, 4(@-1)?+(y—2)?=16, and evidently its graph will also 
be an Ellipse. To draw this graph, transfer the origin to the 
point (1, 2), 4.е., taking the point (1, 2) as origin draw the graph of 
40° 4-у° = 16, and this graph will be the required graph. 

(c) The graph of the function $ 4/16 - 2° is the same as the 
graph of y -$ V16 -z?. ] 


[ Hyperbola ] 


Ex. 1. Draw the graph of 95° — 16y? — 144. 
H 2 а if) Orin АА TE 
ere 9x? – 16у*=144, or, y! — g > ^. у= 4 Va? - 16. 
Tabulating the corresponding values of z, y we have 
s| +4| +5 |+6 | +7 | 445]... 
y| 0159951 +84] +43] x15] ... 
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Let XOX’, YOY' be the axes intersecting at right angles at 
the origin О. Let one side of a small square on the graph paper 
be the unit of length. Plot the above points. We have two sets 
of points. Now drawing a freehand curve through each set of 
points separately on either side of y-axis we get the graph of 
the given equation [ fig. 22]. The graph is called a Hyperbola. 


Yo ГГ 
Н | i = 
Н iL Г] 
-714:3 | т.а) 41" | | 
76,34 VIG 34) 
H REER 
-4,О (4,0)| | 
ха О - HX-| 
C6-3 4 7374) 
-7- -4:3) 
Y 
[ Fig. 22] 


ІМ. B. (1) For each value of x, у will have two equal values, 
one positive and the other negative. Бо the graph is symmetrical 
With respect to the z-axis, Similarly it is also symmetrical about 
the y-axis. (9) Here if z=0, y becomes imaginary. So the 
staph will neyer cut the y-axis. (3) If the value of « lies 
betweon--4 and — 4, y becomes imaginary. Hence there is no 
part of the graph between the parallel lines v= +4. 

(4) The graph consists of two branches, extending to infinity- 
on both sides of the y-axis. ] 

Ex. 2. Draw the graph of 95? — 16y? – 185 - 64y - 91— 0. 

92* — 163 — 187 — 64y – 91=0, 

or, (92? – 1824-9) — (16y? --64у--64) - 36=0, 

ог, 9(z—-1)* —16(y4-2)? =36, 

Transfer the origin to the pt. (1, — 2) and then draw the graph of 
92° — 165? —36, This graph will be the graph of the given equation.. 
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Ex. 3. Draw the graph of zy=6. 


The given equation may be written as уса! 


Tabulating the values of z and y we have 

z| 5| —'5[1| -1/ 2] -214 | -4 [6] -6] .- 

у] 19] -12] 6| -6| 3] -3| r5] -15]1| -1l.- 

The above points are on the graph. 

Let XOX’, YOY’ be the axes intersecting at right angles at 
the origin О. Plot the points, taking one small division on the 
graph paper as the unit of length. We have two sets of points, 
one lying in the first quadrant and the other in the third. Drawing 
a freehand curve through each set of points separately, we get the 
required graph, which is called a retangular hyperbola. 


У] | 
5412 
| 
D Bui ) 11 
| (2,3) 
ГЇ (12/5). 
РЕВ 9 ТЕХ 
=2.-3) 3 
Г. (2126 
mi 
(5-12) 
y 
[ Fig. 23] 


[N. B. Note the following points: (1) Here when a=0, 
y=% and when z=, y=0. Ifa is positive, y is also positive 
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and when z is negative, у is negative. So the graph has two 
branches, one lying in the first quadrant and the other in the 
third. (2) As the values of « increase in the positive direction, 
the values of y become smaller and are positive. Ultimately y 
becomes zero, when z— 


‹ ©. Hence the graph continually 
approaches the 24-4425 but does not actually touch it until z is ©. 
(3) As becomes smaller 


aller, the graph approaches 
f the y-azis,] . 


Ex. 4, Solve the following pairs of equations 


а and (ii) * 9— 3 


and sm 
more and more to the positive end о 


graphically : 


у= 35. 
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Hoere the graphs of the following three equations are to be 
drawn : 

(1) s?+y?°=74 (it is a circle) 

(2) æy=35 (it is a rectangular hyperbola) 

(3) w—y=2 (it is a st. line). 

From (1) we have y2=74-27, ог, y=+/74-23, 

72+5°=74, .. s=, y=5 satisfy the equation. 

On the graph paper plot a pt. P whose co-ordinates are (7, 5) 
and draw a circle with centre O (origin) and with radius OP. 
This circle is the graph of equation-(1). 


(2) Ж? zy-35, -. y- 3. 
Tabulating the values of z, y we have 
т|Б|Т| -5| -7|4 | -4 1|10| -10 |... 


y| 118] -7| -5|875| -875| 35| -3°5|... 
Plot the points and draw the rectangular hyperbola. 
z|5|3]| -2 
y13l1| -4 
Draw а st. line through those points. It is the graph of (3). 


(8) From a-y=2, or, y 72-2, we have 


The three graphs are drawn, taking one small division on the: 
graph paper as the unit of length. 

Woe find that the circle cuts the rectangular hyperbola at P, Q,. 
В and S, whose co-ordinates are (T, 5), (5, 7), (-5, -7) and. 
(— 7, — 5) respectively. 

Hence the solution of the first pair of equations is 


ant oot отара =, 


Again, the st. line cuts the rectangular hyperbola at two 
points, whose co-ordinates are (7, 5)'and (-5, -7). Hence the 
solution of the second pair of equations is 2=7 and у=5, 


or, #=-5 and y= zb 
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Graphical Solution of Problems 


Ex. 1. 1110 of tea costs Re. 1. 8 as., find by means of a 
graph (i) the price of 5 tbs. of tea and (ii) the quantity of tea that 
ean be had for Rs. 12. 

Let y rupees be the price of 
2 pounds of tea. 

Here we have the cost of 
1 15. of tea is Вв. 3, 

The cost of z pounds of 


tea is ES rupees. 


4^. We have y=%, which 


is the equation of the required 
graph. 


From y=% we haye 


#1 914|6|... 
y|3| 6/9]... 

Let one small division on 
the graph paper along the 
a-axis represent 1 №. and two 
small divisons along the y-axis 
represent one rupee. 


‘The st. line OA is drawn through the above points, It is the 


graph of y=% 


(i) The abscissa and the ordinate of any point on this graph 
will give the weight of tea ( in pounds ) and its price ( in rupees ). 


Now, we find from the graph that the ordinate of the 
point (P), whose abscissa is 5 units, is 73 units. 


The required cost of 5 Ibs. of беа. = Ез, 71. 
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(ii) Again, we find that the abscissa of the point (Q), whose 
ordinate is 12 units, is 8 units. 
2. 8 Ibs. of tea can be had for Rs. 12, 


[ М. В. Tho st. line OA is called the price-graph of tea. ] 


Ех. 2. A man walks at the rate of З miles an hour. Draw 
his motion-graph and find from it (i) how far he will walk in 
9 hrs. 20 mins, and (ii) in what time he will walk 14 miles. 

Suppose the man walks y miles in z hours. Here he goes 
3 miles in 1 hr, .. he goes 3w miles in œ hours. 

we have y miles —3z miles. 
the graph of the equation y=3x is tho required 
smotion-graph. 


Let three small divisions on the graph paper along the z-axis 
denote 1 hour (i.e., 1 division represents 20 minutes ), and one 
small division along the y-axis denote 1 mile. 


Draw, OP the graph of y=3x. Then OP is the required 
graph. The abscissa and the ordinate of any point on this graph 
will respectively denote the time and the distance. 
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(i) 2hrs. 20 mins.—$ hrs. From the graph we find that 
the ordinate of the point (А), whose abscissa is 7 small divisions 
( i.e., $ units), is 7 divisions or 7 units, 
The man walks 7 miles in 2 hrs. 20 mins, 
(ii) Again, we find that the 
ordinate is 14 units, is 14 division, 
The man takes 15 
[N. B. As the man 
graph is a st, Нпе,] 


Ex. 3. 


abscissa of the point (B), whose 
S Or 5° units, 


hrs. or 4 hrs. 40 mins. to walk 14 miles. 
walks at a uniform rate, the motion 


of 2 mangoes be y annas. Here the price of 
2 mangoes is 5 annas, /. the price of z mangoes — &* annas. 


1. The graph of y= will 


be the price-graph here, 

Let one small division along 
the z-axis denote 1 mango and 
one such division along the 
y-axis denote 1 anna. Draw 


‹ the graph of y= and let OP 


be the graph. 


Now, from the graph it is 
found that 


(i) The ordinate of the 
Point (A), whose abscissa is 
LL T 1TH 


ONDE vocis 
Ts HIT ra 5 units, is ташыш: 3 
[-Numberof Mangoes H- -. The price of 5 mangoes 


=12% annas. 


(i) Again, Re. 1. 4as.=20 annas. The abscissa of the 
point (B), having 90 units as ordinate, is 8 units. 


++ 8 mangoes can be had for Re. 1. 4 as, 
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Ex. 4. А starts walking at 8 А. М, at the rate of З miles an 
hour. After 2 hours B runs after him at the rate of 5 miles an 
hour. Find graphically when and where B will overtake A. 


Let one small division along the z-axis denote 1 hr. and that 
along the y-axis denote 1 mile. 

Suppose A started from 
the origin O and walked uni- 
formly at the rate of 3 miles 
per hour. Let P be a point 
whose co-ordinates are (1, 3). 
Its abscissa 1 unit denotes 
1 hr. and the ordinate 3 units 
denotes 3 miles. Hence the 
pt. P must lie on the motion 
graph of A. 

-. The st. line OP pro- 
duced represents the motion 
graph of А. 

Again, B started 2 hours 
after A. Though 2 hrs. elapsed, 
B did not move any distance 
in these 2 hrs., i.e., his motion in these 2 hrs. is 0 mile. 


Let Q be a pt. whose co-ordinates are (2,0). Then the st. 
line OQ represents tho motion-graph of В for those 2 hrs. (8 А, M. 
to 10 A. M.). After this В walked uniformly 5 miles per hour. 
Now taking Q as the origin, plot a pt. R whose co-ordinates are 
(1,5). Then the st. line QE produced represents the motion 
graph of B after the first 2 hours. 


The st. lines OP, QE intersect at S. The co-ordinates of 
S, with Q as origin, are (5, 15). Here the abscissa 5 denotes 
5 hrs. and the ordinate 15 denotes 15 miles, 

B overtook A at a distance of 15 miles from the starting 
o 5 hrs. after A had started, i.e., ab 1 P. M, 


Ele. M. (IX)—13 


plac 
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Ex. 5. A and B are at a distance of 14 miles and start at the 
same time cycling towards each other at the rates of 4 and 3 
miles per hour respectively. Find by a graph when and where 
they will meet, 

On the graph paper draw the z- 
origin. Let 1 small division along th 
that along the y-axis denote 1 hour, 


axis and y-axis with O 23 
© z-axis denote 1 mile and 


Take a point P on th 


Ө x-axis 14 units away from О. Then 
OP denotes 14 miles. 


Suppose A walks from 
рег br, and В from P towar 
graphs of A and B will be 
O and P respectively, 


O towards P at the rate of 4 miles 
ds O at 3 miles per hr, The motion 
the straight lines drawn through 


Now, © A Soes 4 miles 
bass through the pt. C (4, 1). 
the motion-graph of A. 


inlhr., .. his motion-graph will 
Hence the st. line OC produced is 


Again, in the case of B's motion, the direction towards О is 
positive. Plot a pt. D whose co-ordinates are (3,1) Then the 
st. line PD produced is the motion-graph of B, The two graphs 


intersect at 72, Whose co-ordinates are (8, 2) representing 8 miles 
and 2 hours respectively, 


Hence, they will meet after 2 hours at a distance of 8 miles 
from the starting place of 4, 
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Ех. 6. А mail train starts from Howrah at 9 P.M. and 
reaches Kharagpur, a distance of 72 miles, at 11 Р.М. A 
passenger train starts from Kharagpur at 7 P.M. and reaches 
Howrah at 11 P.M. Find graphically when and where they meet. 

[W. B. S. F. 1955 (Add1)] 

Let M be the mail train and P the passenger train. M 
runs (79-9) or 36 miles in 1 hr. and P runs (72-4) or 18 miles 
in 1 hr. 

On the graph paper let 
OX and OY be the axes, Let 
3 small divisions along the 
a-axis denote 1 hour and 1 
small division along the 
y-axis denote 6 miles. 

Suppose the position of 
Howrah is at O, the origin, 
and the position of Kharag- 
pur is at K which is a pt. 
on the y-axis at a distance of 
19 divisions (7. е., 72 miles ) 
from О. 

As the trains run at uniform rates, their motion-graphs will 
be represented by st. lines, As the train P starts from K at 
7.Р. M. the pt. К must lie on the motion-graph of P. Now, 
P runs 18 miles per hr, towards Howrah. Taking K as origin 
plot a pt. A such that its co-ordinates denote 1 hour and 
18 miles respectively. Evidently its abscissa=3 divisions, and 
ordinate=3 divisions (downwards). The pt. A lies on the 
motion-graph of P, Join KA, The st. line KA produced is the 
motion-graph of P. 

Again, as the train M starts at 9 P.M., it runs 0 mile 
during the first 2 hours (from 7 P. M. to 9 P. м.). Plot a pt. B 
on OX 6 small divisions away from О. Then OB represents 
9 hours. The pt. В represents the starting place of M and lies 


e) 


= 
у 
Ө 
= 
2 
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on its motion-graph. M runs 36 miles inl hr. Taking В as 
origin, plot a pt. С such that its co-ordinates denote 1 hour and 
36 miles respectively. Evidently, its abscissa=3 divisions and 


the ordinate=6 divisions. The pt. О is then on the motion- 


graph of M. Hence the st. line BC produced represents the 
motion graph of M. 


The two graphs intersect at R. With respect to the origin 


О, the abscissa of R=8 divisions (i.e., $ hrs. or 2 hrs. 40 mins.) 


and the ordinate=4 divisions (2.е., 4x6 or 24 miles). 


Hence, the two trains meet at a distance of 24 miles from 
Howrah 2 hrs. 40 mins. after 7 P.M., i.c., at 9-40 Р.М. 


Ex. 7. P and О аге two places 29 miles apart. A starts 
from P and walks towards Q at 25 miles an hour. After 4 
hours he takes rest for 2 hours and then resumes his journey at. 
the rate of 2 miles an hour. В starts from Q 8 hours after A 
leaves P and walks towards P at the rate of 3 miles an hour. 
Find graphically when and where they will meet. 


Let the straight lines PQ and PR, perpendicular to each other. 
represent the z-axis and y-axis respectively on the graph paper. 
Let one small division along PQ denote 1 mile and that along РЕ 
denote 1 hour. Here PQ=29 small divisions denoting 29 miles. 
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(i) Starting from P, A has gone (24x4) or 10 miles in 
4hrs. Plota point C (10, 4) so that its abscissa 10 denotes 
10 miles and the ordinate 4 denotes 4 hrs. Join PC. 

PC is the motion graph of А for the first 4 hours. 


After this A rests for 2 hours while he covers no distance. So 
the motion-graph for these 2 hrs. will be such that the abscissa of 
any point on it will indicate 10 miles. Now plot a pt. D (0, 2) 
taking C as origin. Thus CD is the motion-graph of A for 2 hours 
of rest. 

After this A moves towards Q at 2 miles an hour. Plot a 
point Ё (2,1) taking D as origin. So the st. line DE produced 
represents the motion-graph of А after rest. 

(ii) Again, B starts from Q 3 hrs. after A and it has covered 
no distance during these 9 hrs. Plot а pt. M with Q as origin so 
that its abscissa denotes 0 mile and ordinate 3 hours. The st. line 
QM is the motion-graph of B for his 3 hours of rest. 


Since then В moves from M towards P at 3 miles per hour. 
Taking M as the origin plot a pt. N such that its abscissa and 
ordinate indicate 8 miles and 1 hour respectively. So the st. line 
MN produced is the motion-graph of B after rest. 


DE and MN intersect at K. The co-ordinates of K with 
respect to P as origin denotes 14 miles and 8 hours respectively. 


Hence A and B will meet at a distance of 14 miles from P 
8 hours after A starts. 


Ex. 8. A man’s salary after D years of service is 25 rupees, 
after 15 years it is 45 rupees and after 20 years it is 55 rupees. 
Tf his salary was increasing at a uniform rate, show by graph his 
starting salary and the salary he will get after 18 years of 
service. (Pat. U. 1945] 


As the salary increases at a uniform rate, the graph will be 
a st. line, and the points, denoting 5 years and Rs. 25, 15 yrs. 
and Rs. 45, 20 yrs. and Rs. 55 will lie on the graph. 
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Let one small division along the z-axis denote 1 year and] 
that along the y-axis denote one rupee, Now, plot a pt. (5, 25), 


во that its abscissa denotes 5 years and ordinate denotes Rs, 25. 
Similarly plot the points Q and R whose co-ordinates are (15, 45) 
and (20, 50) respectively. Join these points. 


Let ВОР produced meet the y-axis (О Y) at 4. Then the, 
st. line AR is the required graph. 


The abscissa of 4 їз 0 and 


its ordinate is 15. 
initial Salary was Rs, 15, 


Hence the 
Again to determine the 
Service, find from the 


salary he will get after 18 years’ 
is 18 units. From th 


graph the ordinate of a point whose abscissa 
© graph we find that the abscissa of K is 18 


ALGEBRA 199 


and its ordinate is 51. Hence the required salary after 18 years 


of service is Rs. 51. 
Ex. 9. The population of a certain town is given by the 

following table :— 

1905 | 1915 | 1925 | 1935 


1945 
35 


15 20 25 30 


Year 
Population in 
thousands 


Draw a graph and read the population of the town in 1920, - 
[Pat. U. '46] 
As the population increases uniformaly, its graph will be a 
st. line. 
Let one small division along the w-axis denote 5 years and 
that along the y-axis denote 5 thousand ( population ). 


Let 1905 be taken as the 
initial year. Plot a point 
P (0,5) so that its abscissa 0 
indicates tho initial year 1905 
and the ordinate 8 denotes the 
population(3 x 5)or 15 thousand. 

Now the co-ordinates of the 
point that will represent the 
population 20 thousand in 1915 must be (2,4), for the abscissa 
(2 units) will denote 10 yrs. (after 1905) and the ordinate (4 units) 
will denote 20 thousand. Let Q be the point. 

Similarly plot the points R(4, 5), S(6, 6), T(B, 7) to represent 
the population in 1925, 1935, 1945 respectively. Evidently the 
st. line РТ is the required graph. 

To determine the population in 1920 from the graph, find the 
ordinate of &he point whose abscissa in 3 units (1920 — 1905. 
—15 yrs.=3 units). It is found from the graph that the 
co-ordinates of A are (3,43). Its ordinates (4% units) denotes 
(5x44) thousand or 22500 people. 

The required population in 1920 — 22500, 
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Exercise 12 

Draw the graphs of :— 
1. (i) 22 -y?+6y-9=0 

(ii) 2y? -5y+2=0 

(ii) sy=0 

(i) z*-zy- бу? — 11z-4-18y 4-94 —0, 
Solve graphically :— 
2 (а) 4z--3y—15 andz-y—2 


(b) 20-+3y=13 and 32 -2y—13 [P. U. '94] 
(c) а See [P. 0. '95] 
(а) mtt 22-1 le) =-2=5 


(f) a*—4y* -z--8y - 3-0. 
Draw the graphs of :— 


3. (i) s?+y2?=36 [C. U. '41] 
(1) (@-9)?4+(y-1)2 =95 
(i) 2? ~8y+y? - 85 940 [D: В. '96] 
4. (z--1)*--(y — 3)2=16 
5. ж°-Ьу®—<48 6. z?-4-y3—40 
ЕЕ [C. U. '95, '37, '40, '49] 
8. y-(z--1)? [C. U. '97] 
9. y—a*-5-6 10. y=42? 
11. y*-4g-0 [C. U. '98, '39] 
12. 52°-102-+9 [C. U. '47] 


18. a*-Fy* -95—4y—90 


а 2 
dá 2» yr - ; 
4 16+ 9=1 [0. U. '44] 
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15. 4z?--9y*— 64 

16. o?-y?=1 17. 23-559 

18. wy=12 [4. 0. '16] 19. = 

90. 32° – 52у4-90° = 0. 

91. Draw Ње graphs of 2° --1° —169 and a+y=17, and find 
the co-ordinates of their points of intersection. [G. U. '57] 

22. Draw the graphs of у= 2? and y —92z-—1, and determine 


where they meet. [C. U. 45] 


2 
28. ‘Trace the graphs of y=% and = and derermine the 
points where they intersect. [Е. B. S. B. '51] 


24. Trace the changes in sign and magnitude of z? – 424-3 
as x increases from — © to +o. 


25. Draw the graphs of 4y—2z? and 9y-—c--4 between the 
values z— —4 and z—4 and find from the graphs their points 


of intersection. [C. U. '51] 


26. Draw the graph of y —4z? – 324-9 and use it to find the 


minimum value of y. [E. B. S. В. '49] 


27. Draw Ње graphs of z?--y?—95 and a+y=7; and 
measure the co-ordinates of their points of intersection. го 
[0. U. 12 ; D. B. '95] 


98. Draw the graph of 2--z—92z? and find from it the 
maximum value of the function. [D. B. '40] 
29. Draw the graphs of y?—8z and y=2c-+1 and indicate 
their common point, if any. [С. U. '50] 


30. Traco the graph of y=% – 62--10 and find the least 


value of y. [D. B. 724] 


31. Solve graphically z? — v- 2— 0. [O. U. '49 ; G. 0.748] 
32. Solve graphically 92° — 5z-1-3— 0. [E. B. S. В, '48] 
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88. Prove graphically that 2° – 4s+5 is positive for all real 
values of a. 
84. Draw the graphs ofy—z^ and y-—2z--3. Hence solve 
graphically 2° =92--3. [G. U. '49] 
35. Draw the graphs of 4y—z? and 9y-—z--4 between 
w=-4anda#=-+4, and measure the length of the chord of 
intersection. [G. U. 14] 


36. Draw the graphs of у=2° +3 and y=4a and hence find 
the solution of z? — 44-3 —0. [D. B. '31] 


[Hints: 2z?—4z-L3—0, ог, z?--3—4z ; draw the graphs of 
y=a°+3 and y-4z. The abscisse of the points of their 
intersection are the required roots. ] 


97. Inthe same diagram draw the graphs of 924-1 and 
2^. From your graphs read as accurately as you can the value 


or values of œ which will make z? =2s+1. [C. О. '30] 
38. Draw the graphs of z?--y?—16 and z--y—2 and 
measure the length of the chord of intersection. [0. О. 13] 


39. Trace the graph of y—z^—4z--D from &=0 to 2=4 
and find the least value of y. [0. О. 18] 
40. Draw the graph of 92? -7%-3 between z— —1 and 
t—-FD. From your graph determine the roots of 20° – 724-8= 0. 


41. Draw the graphs of y —2? 4-32 and у= —9. Hence find 
the roots of #?+-3n+9=0. [C. U. '46] 


(Hints: «?+382+9=0 or 2° +3s=-2. Let y=a?+3e 
and у= —2. Then the abscissm of the points of intersection of 
the graphs of the two equations are the required roots. ] 

42. Draw the graph of j^ =4a and prove that their is no part 
of the graph on the negative side of the axis of z. [0. 0. 26] 

43. Solve the equation т? — 62--8—0 by drawing the graph 


of у=", [0. U. 41] 
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[ Hints: s? -62+8=0, or, 22=6:-8. Let y=2?, 
Л. у=ба—8. Now draw the graphs of y —2? and у= 62 - 8. ] 
44. Draw the graphs of y=%° and += and find the 
co-ordinates of thelr points of intersection. [C. U. '89] 
45. Draw the graph of 2° --924-5 from z— —4 to w=2. 
Find from the graph the minimum value of the function and the 
value of z that gives the minimum value. ІР. B. '39] 
46. Draw the graph of z?--2z4-3 from == —5 to 2-39. 
Read off from the graph answers to the following questions : 
(i) What is the least value of the function ? 
(ii) What value of z gives this least value ? 
(iii) For what value of ~ does the function take the value 4 ? 
[M. U. '96] 
47. Plot the graph of zy=80 between the values z— +20. 
[М. U. 13] 


Draw the graphs of :— 

48. w=}e7-3. [М. 0. '19] 49. Ja 

50. 45° —10z-4-y?--2y -8=0. 

51. 95° - 185 — 16у? — 32у - 151=0. 

52. Find the co-ordinates of the point where the graph of 
3x —4y-+25=0 touches the graph of z? у? — 95. 

53. Solve graphically the equation 22° —9z — 5— 0. 

[C. U. '50] 

54. A cyclist starts at ВА. M. on a ride of 20 miles at 
5 miles an hour. Drawa graph showing the relation between 
the distance travelled and the time taken to cover that distance. 

55. If two oranges cost 3 annas, find graphically (1) the cost 


of 7 oranges and (2) how many oranges can be had for Re. 1. 5 ав. 


56. A man starts walking at 10 A. M. at the rate of D miles 


an hour. After 2 hours his son cycles after him at the rate 
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of 7 miles an hour. Find graphically when and where the son 
will overtake the father. [A. 0. 43] 


57. А train P starts from Howrah and runs at 30 miles 
an hour. , Another train Q starts 20 minutes after P and runs 
on а parallel line at 50 miles an hour. (1) When and where 


will Q overtake Р? How far will they be apart 12 minutes 
after Q starts ? 


58. A walks at the rate of 4 miles an hour and takes rest for 
18 minutes at the end of every hour. Two hours later B runs in 
the same direction at the rate of 6 miles an hour. Find 
graphically when and where they will meet. [№. U. '47] 


59. A train starts from Howrah for Magra (80 miles distant) 
at 8-80 A, M. and travels 40 miles an hour. Another train starts 


from Magra for Howrah at 8-45 A. M. and travels at 10 miles an 
hour When and where do they meet ? 


60. Two friends Х and Y leave their places A and B 
respectively to meet each other. X starts ab 9 A. М; and travels 
at 12 miles per hour, while Y starts at 11 A. M. and travels at 
30 m. p. h. They meet at 19-90 p. M. Draw graphs of their travels 
and read from them the distance between A and B.  [N. U. 48] 


61. Two pipes can fill a cistern in 4 and 5 hours respectively. 
How long will they take to fill it if they are opened together ? 


62. At noon A starts to cycle from P to Q, a distance of 
40 miles. He rides 6 miles ‘an hour, resting for an hour after 
riding 12 miles. At 3 P. М. B starts from Р at 10 miles an hour. 


Hind graphically (a) when and where В overtakes A and (b) their 
distance apart at 5 P. M. [4. 0. '45] 


63. The salary of ап officer increases each year by a fixed 
sum. After 5 years of service his salary is raised to Rs. 120 and 
after 12 years to Rs. 176. Draw a graph from which his salary 
may be read off for any year and determine from it 
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($) his initial salary and (ii) the salary he should receive for his 
21st year.' ІР. B. '45] 


64. The ‘population of a town is given by the following 
table :— 


€ À— ÁQ——À 


Year 1920 | 1980 


Population in 
thousands 


Find graphically the population of the town in 1945. 


65. Given that 5 kilograms are approximately equal to 11 
pounds, show graphically how to express any number of kilograms 
in pounds, Express from fhe graph 7°5 pounds in kilograms and 
7 kilograms in pounds. 


66. Draw a graph representing the Squares of tho numbers 
from 0 to 5. ^ 

Solve graphieally :— 

67. z*-4-y*—41, y -9z— -8. 


z-9y- 8) Я eet 
69. 70. ду od 


7i. Draw the graphs of (i) ERIS plotting at least 


8 points, and (ii) e+y=5, plotting at least 3 points, with the 
same axes of co-ordinates and same scale. Show from your graph 
that (ii) touches (i). Write down the co-ordinates of the Doint of 
contact. j [W.B.S.F. '59] 


Ms 


57. Projections: The Projection of a point on a given 
straight line is the foot of the perpendicular on it from the 
given point, 


In fig.-A, Aa is drawn perpendicular from the point A on the 
straight line PQ. Неге the point a is the projection of the point 
А оп РО. In fig.-B, the projection of the point A on the Straight 
line PQ is the point A itself, as A lies on PQ, 


B B. 
REA 
eS 3 PE А 
PAX b а P b Q 
Fig. A Fig. в 
B 
^ B 
ae 
P a Р Q 
фа A b 
Fig. c Fig, D 


drawn from A and B to РО, 


Suppose perpendiculars Ag and Bb are drawn fr 
respectively on PQ. Then inffigs. A and С. 
of AB on PQ. In fig.-B, Ab is the projection 
fig.-D, suppose AB cuts PQ in O, then Oa a 
are the projections of AO and BO on PO, 


om A and B 
› ab is the projection 
of AB on Ра. Im 
nd Ob respectively 


These projections are called Orthogonal Projections, 
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Theorem 1 


In an obtuse-angled triangle, the square on the side opposite 
to the obtuse angle is equal to the sum of the squares on the 
sides containing the obtuse angle together with twice the 
rectangle contained by one of those sides and the projection of 
the other side upon it. 


Let ABC be a triangle in which Z ACB is obtuse, 


Let AD be the perpendicular from A to BC produced, so that 
CD is the projection of the side AC on BC. 


It is required to prove that АВ? =АСЗ-- ВС? --28С.СО, 
Proof: '* ZD is a right angle, A 

4. AB?=AD? 4BD? 

and. AC?=cD?+AD?, 
Again, ' BD is divided 
internally at C(i.e., `2 BD=BC+cD), 
- BD?=BC?+CD?+280.CD, 


< AB?— AD? --BD?— AD? -- CD?-- BC?--98C.CD 
=AC?-+802+ 28¢.cD, 


(се Т>) 
Fig. 1 


Тһеогеш 2 


In any triangle, the sqaure on the side opposite to ап acute 
angle is equal to the sum of the squares on the other two sides 
diminished by twice the rectangle contained by one of those sides 
and the projection of the other side upon it: 

Let АВС be any triangle, having angle C an acute angle. 
Then AB is the side opposite to ZC, and BC and AC are the 
other two sides. 

Let AD be the perpendicular from A to CB (in fig. i) or CB 
produced (in fig. (ii), so that CD is the projection of AC on ВС. 
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To prove that, AB?=Ac?+BC?—98C.cD, 
A A 
B D С D B y: Des 
Fig. 2(i) Fig. 2(ii) 
Proof: '; ZDisarightangle .. AB?—AD?--BD? and 
AC? = AD? --CD?, 
Again, BD=BC—CD, or, Во = CD —BC, 
^  BD?-—BC?-FCD? – 9BC.CD. 
.'Q AB?-AD?-FBD?—AD?-FCD?--BC? – 9BC.CD 
=АС?-Евс?- 9BC.CD. 


Г М.В. Піп а triangle ABC, 
£C is а right angle, then AB? — AC?--BcC?, 
ZC is obtuse, » AB2>AC?+BC2, 
ZC is acute, » АВв?<АС?--вс?. ] 
Apollonius’ Theorem 


In any triangle, the sum of the squares on two sides is equal 
to twice the square on half the third side together with twice 
the square on the median that bisects the third side. 

Let АВС be a triangle in which the median AD bisects BC, 

To prove that, АВ? -АС2 —9802 4-2А0?, 


А А 
We ky a 
8 D РИ ЕС B [5] (е Р 
Fig. 3 


Construction: From A draw AP perpendicular to BC or BC 
produced, so that DP is the projection of AD on BC, 


Fic. M. (IX)—14 
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Proof: Suppose AB and AC to be unequal. Then of the | 
angles ADB and ADC, one must be obtuse and the other acute, 
Here Z ADB is obtuse, 

In ДАВО, '' ZADB is obtuse, 
“. AB?-AD?-LBD?-F9BD.Pp, 
Again, in AADC, "^  ZADCis acute, 
». AC? AD?-ECD? – 2CD.PD 
=AD?-+BD? – 9BD.PD ( ',' cb — Bp ) 
/. AB?-FAC?—2AD? --9BD?, 
If АВ =АС, then the median AD is perpendicular to BC, 
Then AB?-- AC? — (AD? +-в0?)+ (AD? --Dc2) 
— AD? --BD?-l-AD? J-Bp2 
72AD? J-98D?, 
Miscellaneous Solutions (1) 

Ex. 1. Prove that a triangle whose sides are 2, 8 and 4 
inches is an obtuse-angled triangle, [O. U. '33] 

The obtuse angle being the greatest angle in a triangle, the 
side opposite to it is the greatest side of the triangle. If the 


Square on the greatest side is greater than the sum of the squares 
on the other two sides, the angle opposite to it is obtuse. 


Here, 4?—16 and 32+92=13,- ,*, 422» (32-41-92), 


-. The angle opposite to the side of 4 inches must be 
obtuse. Hence the triangle is obtuse-angled. 


Ex. 2. Prove that in an isosceles triangle of which the | 
vertical angle is 120°, the square on the base is three times tho 
Square on either side, [O. 0. ^16] 

In the isosceles A ABC, let AB- AC and Z А=120°. 

To proye that BC? =здв2, 


Draw CD perpendicular from С to BA produced, so that AD ig 
the projection of AC on BA, 
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Proof: °° ZBAG is obtuse, 
/. BC?=AB?+AC2-+-2AB.AD = 2AB?--2AB.AD. 


Now іп ЛАРС, Z D is a right angle and Z CAD = 180° —120°=60°, 
.’. ZACD=80°, /. AD=}AC=}AB. 


:. BC2=2AB?+2AB,AD=2AB2-+ 2AB.3A8 
=2АВ?--АВ?=ЗАВ?. 


Ex. 3. If DE is drawn parallel to the base BC of an isosceles 
ДАВС, prove that the difference of the squares on BE and CE 
is equal to the rectangle contained by BC and DE. [C. U. '38] 

In ДАВС, AB —AC and DE І BC. 

To prove that BE? — CE? 2BC.DE. 

From D and E draw DP and ER perpendicular to BC. 

Proof: Неге DERP is a parallelogram, 

., DP=ER and DE=PR, 

In ADBP and AERC, ZP— ZR, ZB— ZC and DP=ER, 

-. PB=RC. Now, since ZC of ABEC is acute, 

С. BE?-BC?-FCE? – 98C.CR. 

- ВЕ? – сЕ? —BC? — 9BC.CcR — BC(BC - 9CR) 

—BC(BC — CR — BP) - BC.PR =BC.DE. 

Ex. 4. Ina AABC, AD is perpendicular drawn to the base 
ВС and О is the middle point of BC. Prove that the difference 
АВ? ~ AC? = 2BC.OD. [0. U. '30, '46, 51; D. B. '41] 

[Hints :— ZAOB> ZD, ~. Z AOB A 
is obtuse and Z AOC is acute. 

Л AB?=A0?+B0?+280,0D---(1) 
In AAOC,AC? = AO? --CO? —2со.ор 
= AO?--BO? — 280.00 B. ONSDISSC 
(.' во=со)..-(9) Fig. 4 
Taking the difference of (1) and (2) we have, 
AB? ~ AC?=480.0D —2.(980).0D —9BC.ÓD (** эво =BC), 
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Ex. 5. ABC is an isosceles triangle and AY is drawn to cub 
he base internally at Y. Show that AY? = АВ? — ВҮ.ҮС. 
ee [С. U. 1919, 47] 


In the isosceles A ABC, AB=AC and A 


AY cuts BC at У. Draw AD.LBC. 
"^ ДАВС is isosceles, .. AD bisects BC. 
" £D isa right angle, ~. ZB is acute 
and BD is the projection of AB on Bc, 
». AY? — AB?--BY? — 9BY.BD 
—AB? — By(9BD — BY) 
= АВ? — BY(BC — BY)— AB? — BY.Yc, Fig. 5 
Ex. 6. The sum of the squares on the sides of a parallelo- 
gram is equal to the sum of the squares on its diagonals, 
[C. U. 1931] 
Let the diagonals AC, BD of the parallelogram ABCD intersect. 
at О, 
To prove that, АВ?-Евс? +CD?+AD2 = AC? Bp2, 
Proof: с> The diagonals of a parallelogram bisect each 
other, .. AO=CO,B0=Do. 
* In ДАВС, ^B?--BC? —2A0?-- 9802, 
andin AADC, ^D*--CD?—940?--2D0?2, 
AB*-FBC*-FCD?-- DA? — 440° воз ароз 
—4^0?-F4pO? (+ BO=Do) 
= (2^0)? + (250)?  Ac?--Bp?, 
Ex. 7. In any quadrilateral the sum of the squares on the 


diagonals is equal to twice the sum of the squares on the joins of 
the middle points of the Opposite sides, 


Ур) С 


Let P, О, R, S be respectively $ D 
the mid points of the sides AB, BC, ”, 
СО and DA of the quadrilateral Р, R 
ABCD. To prove that 
АС? +BD?=2(PR2 + as?), B Q С 
Proof: Join AC, PR, Qs, Pa, Fig. 6 


QR, RS, SP. In ДАВС, P and Qare the mid points of АВ, and BC. 
/. AC=2PQ, 2. Ac? 4PQ*. Similarly во2=4р52, 
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Again, '" PQRSisa parallelogram, 

Л PR? +QS?=PQ?+QR?2+RS2+SP2 =9PQ2- 9ps2, 
2’, AC?-+BD?=4PQ?-+4PS? =2(2Р03 + 9Ps2)=9(PR2+4Q82), 

Ex. 8. Prove that the sum of the squares on the sides of в 
quadrilateral is equal to the sum of the squares on its diagonals 
together with four times the square on the line joining the middle 
points of the diagonals. . [O. U. 1924] 


Let E and F be the mid points of the diagonals AC and BD 
respectively of the quadrilateral ABCD. 


To prove that AB?-FBC?--CD?-L- pA? D ‹ 
2 2 2 c 
— AC?-FBD? --4EF2, Ne 
Join EF, EB, ED. ES 
Proof: BE is a median of ДАВС, И 
Г. АВЗ-ВС?=ЗАЕ?--9ВЕ?, А B 


Similarly in AADC, DE is a median 
/. AD?-FDC?—9AE?-L-9pg?2, 

Again, '' EF is a median of AEBD, 

/.  EB?-FED?—9BF? + ger 2, 

a AB*+BC?+CD?+AD2=9AE2+4 98624 9АЕЗ--90ЕЗ 
= 4AE? --9(BE?-- DE?)— 4AE?-I-a(g8r 2 +2ЕЕ?)=4АЕ? 
-F4BF* F 4EF? = (2АЕ)?--(9вк)®--4ЕЕ? = AC? Ево Ера, 

Ex. 9. Three times the sum of the squares on the sides 
of a triangle is equal to four times tho sum of the squares on the 
medians. [0. U, 33, ,37 ; Н.В. '60] 

AD, BE and CF are the medians of ДАВС. 

To prove that 3(A8?-F BC?-F Ac?) = 4(Ар®-Евє?--сєЗ), 
Proof: '; AD is a median, .. AB? --AC? — 98D? --9Ap2 

Similarly, AB?--BC?-9cE?.L.9gg2 
and BC?-+AC?=9AF24 9¢f2 
( Adding ), 2 (AB?-+BC?+Ac2)=98D24-90E2 
+2AF2+2(AD?+BE2+CF2), .. 4(АВ? +вс?-+ Ас?) — 4Bp2 4- 
4CE? - 4AF2 +4(AD? BE? -- CF?) = (28D)?-F (2E)? | (АЕ)? + 
4(AD* --BE* --CF^)— BC? FAC? --AB? +4(402-- ВЕ? СЕ?), 
vi (АВ? -FBC? - AC?) — 4(AD? --BE? -- CF 2), 


Fig. 7 
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Ex. 10. If G be the centroid of the AABC, show that 
AB? +BC?-+CA?=3(@A?+ G8? -- ac), 


[Asin Ex. 9 above] 3(^B*-FBC? FAC?) = 4(AD? -BE?-E op?) 
= 4(($^G)?-- (388)? + (8ca)2] [^ the medians intersect at a 
point of trisection ] =4(ЧА@?-Е?ва?-Е?са?) 
=9(ла?-+ва?-+са?). 
«<. dividing both sides by 3, we have 
AB*-FBC?-FAC? — S(GA? ав? асз), 


Ex. 11. ABCD 18 а rectangle and P &ny point within it. 
Prove that PA?-+PC2=pR24pp2, [C. U. 727] 


[Hints :—The diagonals intersect at О. The diagonals of a 
rectangle are equal and bisect each other, .. AO=Do, 
Join PO,AP,PC,BP,DP, In ДАРС, AP?-+PC?=9A02-49P02, 
In Apps, PB2+PD2=9D024 9po2 

=2АО?-Е2РО? (++ AO —DO). 

м. PA?-E PC? — PB?-- pp?]. 

Ex. 12. P and Q are two points on the diameter AB of a 
circle, equidistant from the centre; if Cis any point on the 
circumference show that PC?--Qc? = AP? -l-AQ?, 


[Hints :— ** Po=ao, + co ke 
i8 à median of APca. 
чё PC? + Qc? « 2002-1. 9p 
7240? -9p9? (+: AO — CO). 
Again, AP2- AQ? 2 
=(ло – Ро)? --(Ао-+ оо)? 
—(Ao- P0)?-F(A0--P9)2 
=АО?-+ PO? – 2А0.РО ФАО? Боз 


Fig. 8 
+2A0.PO=2A024 Роз, 


ʻe РС? +асз =АР?--АО?.] 
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Exercise 1 


1. Ifa straight line is bisected, prove that its projection 
is also bisected. 

2. The projections of two equal and parallel st. lines on the 
same st. line are equal. 

8. In a AABC, AD is drawn perpendicular to BC; if 
AD2=BD.CD, prove that ZBAC isa right angle. ^ ([ B. 0. 14 ] 
[ Hints : AB? РАС? —BD?-- AD? -CD?-F AD?(** LD isa right Z ) 

—BD?-FCD?-F-2AD? — BD? +CD? --9BD.CD 
=(BD+CD)?=BC?, .. ZBACisa right angle. } 

4. The ZACB of the ДАВС is 120°, show that 
AB2=AC2-+BC?+AC.8C, 

Б. A point moves so that the sum of the squares on its 
distances from two fixed points is constant. Find the locus of 
the point. : 

6. A straight line AB is bisected at C and producd to 
D. Prove that AD? — BD? = 4AC.CD. 

7. ДАВС, if AB —AC and BD is perpendicular to AC, show 
that BC? =ЗАС.СО, 

8. Calculate the base ofa triangle whose sides are 4 and 5 
inches and whose median is 3'5 inches. [ Ans. 57" j. 

9, Prove that the area of the triangle ABC is 


A's(s — a)(s — b)(s—c) where 9s—a--5--c, 

10. The sides ofa triangle are 6, 7 and 8 cms., show that it 
is an acute-angled triangle. 

11. АВС is an isosceles triangle and Р ів any point on the 
base BC. Prove that AB? — АР? =BP.PC. 

12.: In ДАВС the angles B and C are acute. If BE and CF 
are drawn perpendiculars to AC and AB respeotively, prove that 
BC? = AB.BF H-AC.CE. [ C. 0. '45 ] 


Ratio and Proportion 


58. Ratio: The ratio of one magnitude to another of the 
same kind is the quotient when the numerical measure of the 
first is divided by that of the second, the same unit measuring 
both of them, 
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Suppose there are two straight lines 6 cms. and 4 cms, 
in length. The ratio of their lengths is expressed by the fraction 
$ or $. Similary if of two quantities of the same kind one 


contains @ units and the other b units, their ratio 


is v This ratio may be written as P a=b, a/b, and generally 


ава: b, 


Here a and b are the two terms of the ratio. In the ratio 


^4: b, the first term а is called the antecedent and the second 
term 6 is called the consequent, 


59. Commensurable and incommensurable : Magnitudeg 


агө said to be commensurable when each of them can be 
expressed as a multiple of a common measure called the unit, 
Thus 3 cms, and 5 ems, are commensurable magnitudes, 
because they are 3 times and 5 times the unit one centimetre, 


Magnitudes which have no common measure are said to 
be incommensurable. Thus 3 and М2 are incommensurable 
48 there is no number of which both 3 and ^/ 8 are multiples, 


60. Proportion : 
tatio of the first to t 
third to the fourth, t 
Proportionals, 


If four magnitudes be sueh that the 
he second is equal to the ratio of the 
hen they are said to be in proportion or 


Thus, ifa: b=c: d, then a, 


b, c and d are proportionals. 
4:b=c2d(ora:b: 


20:0) is read "a is to b as c is to d". 


If a, b, c, d be in Proportion, a and d are called the extremes 


and b and c are called the means. Here the fourth term d ig 
called а fourth Proportional to a, b and c, 


If three magnitudes be such that the ratio of the first to 


the second is equal to the ratio of the second to the third, 
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then the three magnitudes are said to be in proportion or 
proportionals. 

Thus if a: b=b : c, then a, b and с are in proportion. 

Tf a, b, с be in proportion, the second term b is called the 
mean proportional between a and c, and c is called the third 
proportional toa and b. Here ф?=ас. 


М. В. All the four magnitudes in proportion may be of 
the same kind or the first two may be of one same kind and the 
other two may be of another same kind. 

Thus, 19 cm: 6 cm.=2:1, and 4 seers 2 seers=231, and 
therefore 12 cm., 6 cm., 4 seers and 2 seers are proportional. 


61. Some propositions regarding proportionals 


(1) Ifa: b=c : d then 2-5 [ Alternendo. ] 


(2) Ifa:b=c:d,thenb:a=d:c [ Invertendo ] 


(8) Ifa:b=c: d, then ope act? [ Componendo ] 


a-b c—d 


(4) Ifa: b=c: d, then 


i [ Dividendo ] 
(5) Itatb=o:d, then 504. Componendo 


& Dividendo | 
(8 Ita:b-o:doe:fo--, 
а-е-е-| -*- 
b+d+f+- 
(7) Ша: Б=с: й, then ad=be [ cross multiplication ] 


then each= [ Addendo ] 


(8) 1 “о, then a=b. 
m 
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Theorem 3 


A straight line drawn parallel to one side of a triangle 
cuts the other two sides, or those sides produced, proportionally, 


[ 0. U., D. B, G. U.] 


Fig. 9 


Let ABC be a triangle and leb the st. line XY be drawn 
Parallel to BC to cut AB and AC or these sides produced at X 
and Y respectively. 

To proye that AX : BX=AY : CY: 

Proof: Let AX and вх be commensurable and let them 
have the common mensure p. 

Suppose AX — times р= mp, and ВХ = times р= тр. 
е тила ни 

BX лр л 


Now, divide АХ and вх into m and п number of equal 
parts, each equal to p. 


Through each point-of division draw s 


traight lines parallel 
to BC. 


Then these parallel lines will divide AY and CY into m and 
^; number of equal parts respectively, 


Let each of these parts 
be equal to g units. 


Then АҮ mg т 


АХ _ АУ 2 
Hence 59) thatis, AX: BX —AY : CY. 
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бй AY . AX+BX_AY+CY АВ _ АС 

| cor. б AX SATIS BBX BAYH or, =—. 
BX CY BX СҮ ВХ СҮ 


АВ AC BX CY ] 
== = апа — =—. 
AX .AY AX AY 


Similarly, 


Theorem 4 
If a straight line cuts two sides of a triangle proportionally, 
it is parallel to the third side. [ C. U. °34 ] 
Let ABC be a triangle 
and let the straight line 
xy cut AB and AC or 
thero sides produced at 


X and Y respectively so 


that AX : BX — AY : CY. 
TTo prove that XY is parallel to BC. 


Proof: If XY is not parallel to BC, let XP be drawn parallel 
to BC cutting AC at P, j 


33 хе вс, , "ЛАХАР: 
BX РС 
АХ _ АУ АР AY 
But —= — hyp. * RARE S 
Ебу [ Бур. J, Satay 


AP+PC_AY+CY г 
"SG ЕЯ [ By componendo in the first fig. 
and by dividendo in the second fig.] 


ПАСА x : 
sco P. PC—CY, .. P and Y must coincide, 


ie. XP coincides with XY. .. XY is parallel to BC. 
EAYN ORE АВ _АС if АВ _АС 


or 
XT ВС) АХ then XY I BC,] 


[Cor. If 
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Miscellaneous Solutions (2) 


Ex. 1. Prove that three parallel straight lines cut any two 
transversals proportionally. 

[ б. U. 715, '26, '39, '40 ; С, U. '49 ] 

Let the parallel st. lines AB, CD 

and EF cut off the intercepts AC, 

CE from fhe transversal PQ and 

the intercepts BD, DF from the 


transversal RS. То prove that 


AC : : 
РЕ ett D 7 
СЕБЕ Join AF cutting CD at О 


Proof: In AAEF, ',' СО EES jay 


т . AO_BD AC _8D 
A тач АВЕ; эше Гөз с 10 
gain, іц ДАВЕ, ‘.” OD |] АВ, PESE СЕ РЕ 
Ex, 2. Show that the straight line drawn through the 


middle point of one side of a triangle parallel to the base bisects 
the other side, [ C. 0. 23] 


In ДАВС, let X be the middle point of AB and XY be drawn 
parallel to BC, cutting AC at Y. То provo that AY = СУ. 


Proof: '; xv ВС, г, AX AY = b 
I BC, EXE but AX=Bx (hyp. ), 
se AY=CY. 

Ex. 8. 


Show that the straight line which joins the middle 
points of the oblique sides of a trapezium is parallel to the 


parallel sides. [ D. B. '87, '41, 44 ] 
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Let Р and О be the mid points of the oblique sides AC and 
BD respectively of the trapezium ABDC. Join PQ. 

To prove that РО is parallel to the 
parallel sides AB and CD. 

Produce CA, DB to meet at X. 

Proof: In AXCD, АВ 1 CD, 


7 ХА XB от ХА = хві [9 XA XB 
-- Ac во” о” АРБ ава’ "АР BQ! 
2. АВЇЇРО. Again, ``_ ABI CD, Fig. 12 


- polcD. . Ра is parallel ёо AB and CD. 


Ex. 4. In any triangle ABC, AB is bisected in D and CD ів 
bisected in Е. If AE is produced to meet BC in F, prove that 
Fc iac. [ D. B. °39 ] 


In ДАВС, D is the middle point of AB and E is the mid pt. 
of CD. AE produced meets BC in Е. То prove that FC=48C. 


Draw DR l| AF, cutting BC at R. 


Proof : In ЛАВЕ, * DRI AF, A 
>. ВОВ bub BD=DA, :. BR=RF. D 
DA RF d 
Again in ACDR, * EF | DR, B R FC} 
Е СЕ : DE=CF : RF, but СЕ =DE, Fig. 13 
7. СЕ= КЕ. Г. CF=RF=BR, ‚', ЕС= ВС. 
ы s A M A a A 


[Hints; Let AB be the given straight line. Draw AX 
making an angle with AB. From AX cut off 3 equal parts 
AP, PQ, OR of any length. Join RB and from P,-Q draw 
straight lines parallel to RB cutting AB at c and D 
respectively. Then AB is divided into 8 equal parts at С and 
D. ‘2 РСЇ ЕВ, “^ AC: AB=AP:AR=1: 3. v. AC=TAB, 
Similarly CD and DB are each equal to ЗАВ.] rus 
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Ех. 6. In three straight lines OPA, ООВ, ORC the points 
ате so chosen that PQ is parallel to AB, QR is parallel to BC, 
neither P, Q, R nor A, B, C are collinear. Prove that PR ig 


parallel to AC. [ 0. U. 47 1 
[ Hints: ** paias, ~n 9". 00 o 
AP BQ 
Again, ‘> QRIIBC,  .. COMOR! \ 
BQ СЕ р R 
. OP_oR 3 
еж: Now, in AOAC, А с 
EOP MOR. == 
"n ap TGA? hee PR [ АС.) Fig. 14 


Ex. 7. Find the locus of the centroid of a triangle standing 
On a given base and haying a given area, [0.U.34, 43,42,45] 
Let the base BC and the area of thə AABC be equal to the 


given base and the given area. Let AD be its median and G the 
centroid. То find the locus of G. 


Let EBC be another triangle standing on the same base BC 
on the same side of it, and equal in area to A ABC. Let H be 
the centroid of AEBC. Join GH and АЕ. 


Proof: '.' AABC= ДЕВС, 


A Е 
7”. AEI BC. 
Again, since each median ofa 
triangle is divided at a point of 
trisection at the centroid, в D c 
вра т DH_1 д 
а В Fig. 15 
мон он : H Il AE Ы 
btn BA SIDE! ља 5 +» GH Il BC. 


Hence at any position of the vertex A of the ДАВС, its 


centroid must lie on GH, ~. the straight line drawn through 
G parallel to BC is the locus of the centroid a, 
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Ex. 8. ОРО is a straight line drawn to a fixed point О and 
is such that OP : ОО is constant. If Р moves along a fixed 
straight line, find the locus of Q. [ C. 0. '97 ] 


Let О be the given fixed point and the straight lino OPQ be 
drawn so that ОР : ОО is constant (i.e. 
always the same). P always moves along 
the fixed straight line PX. 

To find the locus of О. 

Through О draw QY 1 PX. Let the 
point A on the straight line PX be one of 
the positions of Р. Join OA and produco 
it to cut ОУ at B. Now, ^ PA 1 QB, 

/. ОА: ОВ = ОР : OQ=constant. 

So, if P be at A, Q must be at B on QY. Fig. 16 
Hence the locus of Q is the straight line drawn through a 
parallel $0 PX. 


Exercise 2 


1. In ДАВС, PQ is drawn parallel to BC cutting the other 
sides produced at Pand Q, If AB=4'2 om, AC— 8'6 cm., and 


АР — 63 em., find the length of AQ. [ Ans. 5'4om.] 
2. A series of parallel st. lines cuts any two transversals 
proportionally. 


3. The straight line which joins the middle points of 
two sides of a triangle is parallel to the third side, 

4. In ДАВС, E is the mid point of the median AD and 
BE produced cuts AC in Е ; prove that AF = AC. 

5. P and Q are any two points on two parallel st, lines, 
PQ is divided at X in a given ratio. Find the locus of the 
point Х. 

6, Two triangles ABC, DBC stand on the same side of the 
common base ВС, and from any point Е in BC lines are drawn 
parallel to BA, BD meeting AC, DC inFandG, Show that 
FG is parallel to AD. [9. 0. 51] 
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Problem 1 
То divide a given straight line internally and externally 
in the ratio of two given straight lines. 
Let AB be the given straight 
line. It is to be divided inter- | 
nally and externally in tho ratio of 
the two given lengths a and b. 
Construction : Draw АХ 


making an angle with АВ, From Fig. 17 
AX, cut off AC=a and CD — b, 


From CA cut off CD'— p, 
Join DB. Draw cp I DB cutting AB at pn 


Then AB ig divided internal] 
Again, join О’В &nd dro 
at О. Then AB ig divided ext 


y at P in the ratio a : b. 
w CQID'B cutting AB produced 
ernally at Q in the ratio a: b. 
Proof: In AABD, * CP | DB, ^ AP: PB=AC;:cD=q: b. 
Again, in AABD', ** cal D'B, -. AQ: QB=AC:CD’=a:b 
[N. B. Thus a straight line can be divided at any ratio, 
Tf the given ratio be 3: 2, take AC=8 units of length 
and CD=9 units of length, 1 


Problem 2 

To construct the fourth proportional to three giyen Straight 
lines, 

Let a, b, c be the three given a 
Straight lines, СЛ E Y 

To construct the fourth pro- | | 3 Q $ 
portional to a, b, с. 

Construction: Take any E RETT 
Straight line Ах, From AX, cut off Fig. 18 


AP=a and PBef, From A draw AY making an angle with 


AX. From AY, cut off AQ=c, Join PQ and draw Bc ll Pa, 
cutting AY at С. 


Then ОС ig the required fourth Proportional, 
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Proof: ‘2 Pall BC, .. АР:РВ=АО: Qc, 
that is, а: фес: QC. 
+. QC is the fourth proportional to a, b, c. 
Problem 3 
To find a third proportional to two given straight lines, 
Let а апа b be the two given 


straight lines. It is required to Ы 
find the third proportional to a 
and b. a 
Construction : Draw any two 
straight lines AX, AY making an Fig. 19 


angle XAY. From AX, cut off AP=a and РВ = 0, and from AY, 
cut off AQ=b. Join PQ. Through B, draw BC parallel to Pa, 
cutting AY at С, Then CQ is the required third proportional, 
Proof: ‘’ Pail Bc, 
ae AP : BP=AQ : QC, that is, a: b—-b?ca. 
~<. СО is the third proportional to a and b. 
Theorem 5 


The internal or external bisector of an angle of a triangle 
divides the opposite side internally or externally in the ratio 
of the other two sides, ГО. U. 239, 741, 744, "46, '49 ; 


D. B. 48, '51; G. U. '48, '50, 52; W. B. В. B. 52] 


Е 
Е 
А AW 
А ак 
8 Dunc 8 С 5) 
Fig. 20 


Let ABC be а triangle and AD, the internal bisector of 
ZBAC, cut BC internally at D and let its external bisector AD 
cut BC produced at О, 


Ele, M.(IX)—15 
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To prove that BD è DC —AB ? АС, 


Construction: From С, draw CE parallol to DA, cutting 
BA or BA produced at E. 


Proof: `7 РА ПСЕ, .*, ZDAC=alt, ZACE, 
and ZBAD ог ZFAD=corresponding ZAEC, 
but ZFAD=ZCAD, .. ZACE= ZAEC, .'. АС=АЕ, 
Now, ** DAICE, 
4^ BD: ОС=ВА : АЕ=ВА : АС [`7 AE-AC]. 


Theorem 6 


If a straight line drawn from an angle of a triangle 
divides the opposite side internally or externally in the ratio 
of the other two sides, then the straight line is the internal 
or external bisector of the angle. ГО. 0. 42; D. B.’33 ] 

[ Draw- the figure of Theorem 5] Let ABC be a triangle 
and 106 AD, drawn from the ZA, divide BC or BC produced 
at D во that BD $ CD —AB : AC. 

To prove that AD is the internal or external bisector of 
the ZBAC. 


Construction: Through C, draw СЕ || ОА, meeting BA 
or BA produced at E. 


BD _ВА BD BA 
ges ESAE pubis ВАУ 
Proof: ',' DA JCE, Be TAE? DOT xc XB) 
ВА BA . * 
— = — .. AESAC, Ho АСЕ = / AEC. 
AE AC’ Ч Е = 


Again, '' РАСЕ, .. ZDAC=alt. ZACE, 
and ZBAD or ZFAD=corresponding ZAEC; 
but ZACE= Z AEC ( proved ), 
S. ZDAC= ZBAD or ZFAD, 
Г. AD is the internal or external bisector of Z BAC. 
[N.B. Ifa st. line is divided internally and externally in 
the same ratio, it is said to be divided harmonically. ] 
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Miscellaneous Solutions (3) . 
Ex. 1. The bisectors of the base angles of a triangle meet 
the opposite sides at X and Y respectively. If xy is parallel to 
the base, prove that the triangle is isosceles. 


In AABC, let BY and CX bisect ^ 
the ZB and ZC and meet the opposite 
sides AC and AB ab Y and X respec- x Y 
tively. 
Let XY be parallel to BC. 6 с’ 
То prove that ДАВС is isosceles. Fig, 21 
А P AB_ AY 
: `7 BY is the bisector of Z ABC, „. >A, 
Proof is sector of Z Б вет 
d КААС ВАХ 
АСВ, Г. —=—. 
CX bisects Z ACB, SS Х 
ny AX САУ К ЛАБ! дс 
i " XY BC (Бур. On epi amv od oe 
Again, (hyp.), Бх Gy amie 


'. AB-AC. .'. the ДАВС is isosceles, 


Ex. 2. Prove that the internal bisectors of the angles of a 
triangle meet at a point. [0.U. *14 ; W.B.S.F. '52.; D.B. 744] 


Let ВІ and Cl, the internal bisectors 


of ZB and ZC respectively of AABC, A 
meet at 1. Join АІ, 

‘To prove that AI is the bisector of ZA, 

Produce А! to meet BC at О, 

н Брате 
Proof: In ЛАВР, *. BI bisects ZB, 
DEMO Fig. 22 
BD DI 
In AADC, '. СІ is the bisector of СРИ: АСБАП 
CD р 


Be АС. АВСВБ SIT: . 
АВЕ АС с АВЕ ВО шүү S the bisector of ZA, 
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Ex. 3. AD is a median of the ДАВС ; and the angles ABD 
&nd ADC are bisected by lines which meet AB, AC at E and F 
respectively. Show that EF is parallel to BC. 


[O.U. 737, 739, 42 ; D.B. 42, 51; G. U. 48) 
[ First state what is given ] Join EF. A 


Proof: '.' DE is the bisector of 


Е 
АЕ _АБ Е 
АБВ, .', —=—. 
200 BE BD у Е 
D 
Again, '.' DF bisects Z ADC, c 
A| ig. 
. АРАБ АО (> вр=ро), Fig. 23 
CF DC вр 
7, АЕ. AF.” 4 
© ==, Л EFI BC. 
BE FC’ | 


Ех. 4. Draw a straight line AB of length 4 cm. and divide 
it externally at C in the ratio 5 : 2, [E. B. S. B. 49] 


E 


a в с 


Fig. 24 


Take a straight line AB=4 em. With centre A and with 
radius б om. in length draw, ‘an are of a circle. With centre B 


and with radius 2 om. draw an arc, cutting the former are at D. 
Join AD, BD. 


Draw DC the external bisector of ZADB (i.e., the internal 


bisector of Z BDE) and let it cut AB produced at C. Then AB is 
` divided externally at C in the ratio 5 : 2. 
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Proof: '.' DC is the external bisector of ZADB ; 


';, AC:BC=AD: DB=5: 2, 


[ N. B. ‘It can be easily done as in problem 1. ] 


Ex. 5. ABCD is а quadrilateral. Show that if the bisectors 
of the angles A and C meet on the diagonal BD, the bisectors of 


the angles B and D will meet on AC. 
Го. 0. ^12, 88 ; G. U. '50] 


In the quadrilateral ABCD, let the 
bisectors of ZA and ZC meet at Е on the 
diagonal BD. Let BF, the bisector of ZB, 
meet the diagonal AC at F. Join DF, 
То prove that DF is the bisector of В c 
4 ADC. Fig. 25 

Proof: In ЛАВР, AE bisects Z BAD, .. AB: AD=BE: DE. 

In ABCD, CE is the bisector of ZBCD, 

S САВЖ ВС Т? AB_AD 


РВС: DOS ВЕ РЕ Se sang З 
AD DC BC DC 

Again, '' BF is the bisector of ДАВС,  .. БВ АБ 
ВС СЕ 


КЕ s 3 $ 
AD › -. DF is the bisector of Z ADC. 


Ex. 6. The bisectors of the angles of the ДАВС intersect 
the sides BC, CA, AB ab L, M, N respectively. Prove that 
BL.CM.AN = LC, МА.МВ. 

[ First state what is given ] 

Proof: *. AL is the bisector of ZA, 


A 
ы Е т : 
те (1) A 4 
'" BM is the bisector of ZB, 
. CM. BC 
SO тер... (а) 8 ў [u S 
AM AB Fig. 26 
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Now, taking the product of (1), (2) and (3) we have 


BL CM AN. AB BC AC_ 
CL'AM' BN AC AB’ BC 


es  BL.CM.AN--LC.MA.NB. 


Ex. 7. A point moves so that the ratio of its distances from 
two fixed points is constant, prove that the locus of the moving 
point is a circle, [ 0.0. 44, 49 ; D.B. °33, 46 ] 

[ Or, Given the base of a triangle and the ratio of the other 
two sides ; find the locus of the vertex. ] 


Let 8 and C be two fixed points and let the point A move so 
that AB: АС is always constant. То prove that the locus of А 
is a circle, 

Let A be any position of the 
moying point. Draw AE and AF, 
the internal and external bisectors 
of ZBAC, meeting BC in E and F 
respectively, 


Proof: '.' AE and AF are bisec- Tig. 97 
tors of ZBAC, г. ВЕ =BF—AB Z constant. 


-. BC is divided at E and F in a constant ratio. 
Since B, C are fixed points, Г. E and Е are fixed points. 
-. EF is a straight line of fixed length. 


Again, ZEAF, being the angle between the internal and 
external bisectors of / BAC, is a right angle. 


2. the fixed straight line EF always subtends a right 


angle at A. Hence, the locus of A is a circle described on EF ав 
diameter. 


[ М. B. This circle is known as the circle of Apollonius. ] 
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Ex. 8. Construct a triangle having given the base, the 
yortical angle and the ratio of the other two sides. 

Let BC be the given base, ZA 1 
the given vertical angle and let 
m:n be the given ratio во that A 
AB; AC=m: m. ЕЕ 

To construct the triangle. 6 c 

Construction: Divide BC D 
internally at E in the ratio m : n. Fig. 28 

On BC draw & segment of a circle containing ZA and 
complete the circle. Bisect the conjugate arc of arc BAC at D. 

Join DE and produce it to meet the circumference at A. 

Join AB and AC. Then ABC is the triangle required. 

Proof: ‘ arcBD=arc CD, ,'. ZBAD= ZCAD, 

.. AE is the bisector of ZBAC. 

е ТАВ АС=ВЕ:ЕС=?%: 7, 

and by construction /ВАС= the given ZA. 

Ex. 9. Ifa straight line BC is divided harmonically at D and 
Е and if DE subtends a right angle at any point A outside BC, 
then AD and AE are the internal and external bisectors of the 
angle between АВ and AC. [ of. Н. 8.60] 


Р Let the straight line BC 
be divided internally at D 
i and externally at E in the 
G ' game ratio m:n and let DE 
subtend a right angle DAE 

é Dc è at a point A. 
To prove that AD and 
Fig. 29 AE ате respectively the 

internal and external bisectors of ZBAC. 

Construction: From C, draw CG || EA and CF ll DA, and 
106 CG and CF cut ВА and BA produced at G and Е 


respectively. 
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Proof: `7 in ABCF, DA I| CF, .. BA: AF=BD:CD, 
Again, in ДАВОС, ` АЕ П GC, .. BE: СЕ=ВА : GA ; 
but BD :DC=BE:CE( hyp. ), 
ВАЁ ВА 


.. AF-AG. 
AF AG 


Now, '.' figure AC is a parallelogram and ZDAE is a right 
angle, .. GCF is a right angle. 

In the right-angled AGCF, A is the mid point of the 
hypotenuse GF, .. GA=AF=AC. 

^ ZAGC= ZACG=alternate Z CAE. 

Again, '" COGI EA, г. ZFAE=corresponding AGC. 

/. ZFAE-ZCAE.  .. АЕ is the bisector of ZCAF, 

i6, AE is the external bisector of Z BAC. 

Again, Z GAD = ZAFC= ZACF (^ AC—AF)-alt. ZCAD ; 

AD is the internal bisector of Z ВАС. 

Hence AD and AE are respectively the internal and the 

external bisectors of / ВАС. 
Exercise 8 


1. Apply theorem 5 to trisect a given straight line. 

2. The external bisectors of two angles and the internal 
bisector of the third angle of a triangle are concurrent. 

8. Prove that the base of a triangle is divided harmo- 
nically by the internal and external bisectors of the vertical 
angle, 


4. Тһе diagonals of a cyclic quadrilateral ABCD intersect at 
O ; if BC=CD, show that BA: AD—BO : DO, 

5. X is the middle point of the side BC of the AABC and 
the angles AXB, AXC are bisected externally by the lines XE, XF 
which meet AB and AC produced at E and F respectively. Prove 
that EF [| BC. (C.U. '39] 


6. Ifiis the in-centre of the ДАВС and А! produced meets 
BC in D, then Al: ID=AB+-AC : BC. 
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7. The two bisectors of the ZA of the ДАВС cut BC in P 
and а. If X is the mid pt. of BC, then xc? =PX.Qx. 

8. In an isosceles AABC of which each of the base angles 
Band C is double of the Z A, the biseotor of the angle C meets 
AB at D. Prove that AB, BC and BD are three proportionals. 

9. If a straight line AB is divided internally at C and 
externally at О in the same ratio m : п, and if Q be any point on 
the circle on CD as diameter, then ОА: QB=m:n 


Similar triangles and polygons 


62. Two triangles (or two polygons ) are said to be 
equiangular to one another, if the angles of the one are equal to 
the angles of the other, when taken in the same order. 

It is evident that two triangles will be equiangular, when two 
angles of the one are known to be equal to two angles of the 
other, for their third angles must then be equal. 

63. Two triangles ( or two polygons ) are said to be similar, 
when they are equiangular and their corresponding sides are 


proportional. 
Now, two sides of two similar triangles ( or polygons ) are 
taken to be corresponding sides, if they are opposite to two of 


their equal angles. 
Theorem 7 


It two triangles are equiangular, their corresponding sides 
are proportional. [ С.Т. '38, '41, 43, 47, 48, 51; 


G. 0. 48, 50, 52; D. B. '40, "41, 43, 45, 50 61] 


Le& ABC and DEF be ^ 
two triangles, in which © 
ZA=ZD, ZB= ДЕ and 
LC=ZF. x Y 
To prove that 
8 C € Е 
AB Ac Be Fig. 30 


DE DF EF 


234 A TEXT BOOK OF Н. 8. ELEOTIVE MATHEMATIOS 


Construction: From АВ and AC cut off AX and AY equal 
to DE and DF respectively. Join XY. 

Proof: In A*AXY and DEF, AX=DE, AY=DF, and the 
included ZA=the included ZD, ~. the triangles are congruent, 

Т ZAXY= ZDEF= ДАВС [ Бур.], ;. XY IBC. 
. AB AC . АВ AC 

E) 4 65 =—, 
AX AY DE DF 


Similarly by cutting off lengths from BA and BC equal to ED 


i | AB_BC 
and EF respectively, it can be proved that БЕ EE 
B 
Hence AB АС ВС 
DE DF EF 


Theorem 8 


( Converse s Theorem 7 ) 


f If two triangles have their sides proportional, when taken 
in order, they are equiangular. т 

[ 0. 0. '42, 45; D. B, '39, '45] 
Let ABC and DEF be two 


triangles, in which А 
PEER AC x ү ^ 
DE EF DF' IN 
To prove that EE CE F 
&А= /0,4В= LẸ and C= ZF. -. Fig. 01 


Construction: From AB and AC cut off AX and AY equal 
to DE and DF respectively. Join XY. 


Proof: ‘г АВАС ур), АВАС xy Bc. 


Z B = corresponding Z AXY and Z C = corresponding Z AYX, 
/. ДАВС, AXY are equiangular, 


. AB. BC AB_ AB BC 

s —=—, bub —= AX=DE)= 2 (hyp. 
АХ ХҮ? АХ DE ) ЕЕ (Вур), 
в 

an BC BC 7. ХУ=ЕР. 


24. 
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Now, in the A*AXY and DEF, °” AX=DE, AY=DF and 
XY=EF, .. the triangles are congruent, so that 
ZAXY= LE and ZAYX= ZF. 
A ZB=ZAXY= ZE and ZC— ZAYX= ZF. 
the A*ABC and DEF are equiangular. 


Miscellaneous Solutions (4) 


Ех. 1. The line joining the middle points of any two 
sides of a triangle is parallel to the third side and is half of it. 


[ Draw а figure] Let ABC be a triangle in which D, E 
are the middle points of AB, AC respectively. Join DE. 


To prove that DE l| BC and DE = }вс. 
Proof: ‘’ D and E are the mid points of AB and AC, 


9 ыа -. DE || BC (proved). 


Again. '" DE A BC,- .. ZADE=ZB and ZAED= ZC. 
5. ЛАРЕ and ДАВС are equiangular. 
Ec ('* AD-1AB) г. БЕ=ЗВС. 


Ех. 2. In the trapezium ABCD, AB is parallel to DC and 
the diagonals intersect at O ; show that OA: OC— ОВ: OD = 


AB : DC. [0. U. ^46] 
Proof: `` AB I| DC, A B 
« | ZBAO-alt. ZOCD and 

ZABO=alt. Z ODC, PAN 
г. AAOB and ADOC are equiangular. О с 
’. АО: ОС=ОВ : Ор = АВ : DC. Fig. 32 


Ex. 8. If through any point X within a circle two 
chords AB, CD are drawn and AC, BD are joined, show that 
АХ : DX=CX : ВХ. [D. B. 40] 

[ Draw the figure and state what is given ]. 
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[ Hints: ZA=ZD being angles at the circumference on 


the same arc, / АХС = тегі. opp. Z DXB, зо AACX and ADBX 
are equiangular. Г. AX: DX=CX: BX, ] 


Ex. 4. Two circles touch one another externally at. A 
and a straight line through A cuts them at P and О. Prove 
that their diameters are as AP : AQ. 


Let two circles touch exter- 


nally at A and the st. line PAQ, А ^ 
drawn through A, cut the circles at g e 
P and Q. Let AB and AC be the 
diameters of the circles, г 

"То prove that AB : АС=АР : AQ, Fig. 33 


'Proof: Join BP and CO. ',' the circles touch at A, 


+. their two centres and the pt. A lie on the same straight line. 
*. АВ and AC are in the same st, line, 


Now{ the angles P and a being in a semi-circle are each 
a right angle, and the ZBAP=vertically opp. / ОАС. 


"^ ДАРВ, AQC are equiangular, 


Ex. 5. Provo that the perimeters of any two similar 
triangles are in the ratio of any two corresponding sides. 


4 AB:AC=AP: AQ, 


Let ABC, DEF be two similar triangles in which AB and 
DE, AC and DF, BC and EF are corresponding sides, 


To prove that the perimeter of ДАВС _ AB = AC вс. 
the perimeter of ADEF DE DF EF 


Proof: ° the A “АВС, DEF are similar, 


. АВ AC, BC 
Do esL D e 
DE DF ЕЕ By addendo we hav 


^B. AC. BC. AB-LAC-LBC = the perimeter of ДАВС 
DE DF EF DE-+DF-+EF the perimeter of ADEF' 
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Ex. 6. Two parallel straight lines meet the straight lines 
OP, OQ, OR at P,Q, Rand P', а, в! respectively ; 9 pon that 


PQ: QR=P'Q' : аР’. [O. U. "4l; E.B.S.B. '51 ; G. U. '50] 
[ State what is given ] o 
Proof: `7 PQ’ I Pa, 

-. ДОР'О'= ДР and ZOQ'P'= Zoap. Ы E 

-.  AOP'Q' and ДОРА are equiangular, AERE FER, 

Р'а’_ oa’ Р Q R 
LOO Fig. 34 
ав’... р үс 

Similarly, oe s ('.` AoQ'R' and AOQR are equiangular.) 

xr. Ро ок RO pes by alternendo шош Ра 
'" Ра aR’ ав’ QR 


Ex. 7. Any straight line drawn parallel to the base of 
a triangle is bisected by the line drawn from the vertex to 
the middle point of the base. [0. U. ^14] 


[See the above fig. ] Let OQ be a median of AOPR and 
let Р'В” be drawn parallel to PR, cutting OP, ОО and OR 
at P', Q’, R' respectively. То prove that Р’О’= Q' Р. 

Proof: [First prove as in Ex, 6 above that £ Ic Q’_ Pa 

ав’ QR' 

Now, " PQ=QR(hyp.), г. P‘Q'=0'rR',] 

Ех. 8. ABCD is а cyclic quadrilateral; AB, DC are 
produced intersecting at Р outside the circle. Prove that 


РВ : PD—PC : РА. [С. U. 11, '48 ; Е, В. S. B. '48] 
[Hints: Since the side AB of the A 
cyclic quadrilateral ABCD is produced, 
J^. the ext. ZPBC=the int. opp. ZD. a 
Now, in A*BPC and APD, © £ A 
ZPBC= ZD and ZP is common to both. 
So their third angles are equal. Fig. 35 
.. the triangles are equiangular,  .'. ВЕ ЕС 
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[ №. B. The corresponding sides of two  equiangular 
triangles are proportional, Here ZPBC=ZD, ,', their 


opposite sides PC and AP are corresponding sides. As 
ZBCP= ZA, PB and PD are corresponding sides, ] 


Ex.9. ABCD isa parallelogram. From D a straight line 
is drawn to спб AB аб Е and CB produced at Е. Show that 
DA: AE=BF : BE=FC: CD, [C. U. '38] 


Proof: ZAED- vertically opp. / BEF 


and ZA=alt, ZEBF; so the remaining 
angles are equal. 


/. ДАРЕ and ABEF are equiangular 
and hence similar, 


Fig. 36 
S AD AE, VD. - BE (‘by alternendo ), 
BF BE AE ВЕ 


Again, ABEF and AFDC are equiangular, 
(7. ФҒЕВ= сог. ZFDC and ZEBF=cor. ИС ), 


‚ FB. BE ВЫ ЕС . AD BF Ес 
LE ^ "Peso E a) Role c = а 
ЕС ОС ВЕ СО АЕ BE СО 


Ex. 10. Prove that any chord of а circle їз а mean 
proportional between its diameter and the perpendicular 
from either extremity of the chord upon the tangent at the 
other, [O. U. ^20] 

Let AC be any chord of a circle and 
PC be a tangent to the circle at C. A 
AP is drawn perpendicular to CP and E 
AB is a diameter of the circle, 

To prove that АВ : AC=AC: АР © 

(or, АС?=АВ.АР). Join BC. Fig. 37 


Proof: ZACB being in a semi-circle is a right angle 
and ДР is also в right angle. 
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*"* PC is a tangent and СА is a chord through the point of 
contact, .. ДАСР= ZB in the alternate segment. 


= c AB A 
"ДАВС, APC are equiangular. ~. АВАС. 


Ex. 11, A, B, C and D are four points lying in order on a 
Find a point X on it such that ХА: XB=XC: XD. 


straight line. ; 
[O. 0. 42 ; Е. B. S. B. '50] 


Fig. 38 


Let A, B, C and D be four points on the same st, line, 
To find a point X on the st. line so that XA ; ХВ=ХС : XD, 


Construction: On AC draw any ДАЕС. From B and D 
draw st. lines parallel respectively to AE and СЕ and let them 
meet at Е. Join EF and produce it to meet AD produced at X, 
Then X is the point required, 


; Z ТАХЩЕХ 
roof: ЕВЕ I AE, 3, === 
А 1 BX FX 
Again, "7 „БЕШ ОЕ, aa СХЕЕХ . AX. cx 
DX FX BX DX 


Ex. 12. A common tangent to two circles cuts the line 
joining their centres, internally or externally, in the ratio of 
their radii. | 

Let P, @ be the centres of the circles and let their common 
tangent TR cut РО, the line of centres, internally ( in the first 
fig. ) or externally (in the second fig.) at X. 
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[ М. B. The corresponding sides of two  equiangular 
triangles are proportional. Here ZPBC= ZD, С 


2. their 
opposite sides PC and AP are corresponding sides. As 


ZBCP= ZA, PB and PD are corresponding sides. ] 


Ех. 9. ABCD isa parallelogram. From D a straight line 
is drawn to cub AB at Е and CB produced at F, 


Show that 

DA: AE=BF : BE=FC: CD. [O. U. '38] 

Proof: / АЕР = vertically opp. Z BEF А Li 

is 

and ZA=alt. ZEBF; so the remaining B 
angles are equal. 

/. AADE and ABEF are equiangular o © 
and hence similar, Fig. 36 

. AD. AE ‚ AD. BF 


SQ == ( lternendo ), 
BF ВЕ” AE ge (78 emendo) 
Again, ABEF and AFDC are equiangular, 


(7. ZFEB-cor. ZFDC and ZEBF=cor. ИС), 
. FB_ BE ВЕ ЧЕС . AD BF FC 

HE et EC oy ala ere 

FC DC BE CD AE BE CD 


Ex. 10. Prove that any chord 


of a circle is a mean 
Proportional between its 


diameter and the perpendicular 

from either extremity of the chord upon the tangent at the 

other. [C. U. ^20] 
Let AC be any chord of a circle and 

PC be a tangent to the circle at Ci $ A 

AP is drawn perpendicular to CP and B 

AB is а diameter of the circle. 


P 
To prove that Ав: AC=AC: AP © 
(or, АС?=АВ.АР). Join BC. Fig. 37 
Proof : 


Z4 ^CB being in a semi-circle is a right angle 
and ZP is also a right angle, 
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7 PC is a tangent and CA is a chord through the point of 
ZACP= ZB in the alternate segment, 
a а AB_ AC 
р a APC are equiangular. ©. —=-~, 
AN! ABC, АР quiang REINE 


contact, .. 


Ex, 11. A, В, С and D are four points lying in order on a 
Find a point X on it such that ХА: XB=XC: XD. 


straight line. 
[O. 0. 42; E. B. S. B. '50] 


£s 
Р 

a B C D x 
Fig. 38 


Let A, B, C and D be four points on the same st. line, 
To find a point X on the st. line so that XA ; ХВ=ХС ; XD, 


Construction: On АС draw any AAEC. From B and D 
draw st. lines parallel respectively to AE and CE and let them 
meet at Е. Join EF and produce it to meet AD produced at X, 
Then X is the point required, 


Proof: 7 БЕЛ АЕ, у AX EX 
BX FX 

Again, °° DFilce, ,*, СХЕЕХ . AX, cx 
DX FX BX DX 


Ex. 12. A common tangent to two circles cuts the line 
joining their centres, internally or externally, in the ratio of 
their radii. 

Let P, Q be the centres of the circles and let their common 
tangent TR cut РО, the line of centres, internally (in the first 
fig. ) or externally (in the second fig.) at X. 


240 A TEXT BOOK OF H. 8. ELECTIVE MATHEMATICS 


To prove that PX : QX=PT: QR, Join PT and QR, 


as R 
à 
7 © 
Fig. 39 
Proof: As RT isa tangent, ZT= ZQRX (being rt. 45) 
and ZPXT=vert. opp ZRXQ, .. ДРХТ and AQXR are 
equiangular. .. PX: QX=PT: QR. 


Ex, 18. If two circles touch externally their common 
tangent is a mean proportional between their diameters. 


Let two circles touch externally at T and leb PQ be their 
common tangent. 


To prove that PQ is the mean Р Q 
proportional between the diameters 
of the two circles. 

Construction: Join PT and 
produce if to meet the circumference [2] 
at В. Join QT and produce it to ^ 
meet the circumference at A, Fig. 40 
Join PA, ОВ. 


Proof: '' the circles touch at T, .. they have » 
common tangent at T. Let TR be the common tangent at Т, 
meeting РО at R. 


Now, '" the tangents PR, RT are equal, ^. ZRTP= ZRPT- 
Again, °° RT=ROQ (being tangents), Г. ZRTQ= RAT. 
-.' the whole ZPTQ= ZTPQ+ ДРОТ=$ of 2 rt. angles 


=1 rt. angle. 
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Ao ZPTA=1 xt. angle, .'. ib is an angle in the semi-circle. 
7. PAis a diameter of the circle. Similarly, /ОТВ is a 
right angle, and so Ов ig a diameter of the other circle, 

++ ӘР is а tangent and PT isa chord through the point of 
Zapt=ZAin the alt. segment. 


contact, 
Similarly, Z рат = ZB in the alt. segment. 
Now in А "РАС and PBQ, ZAQP= ZPBO and 


Their third angles are equal. 


Е . AP_PQ 
8 ular, ^ == i 3 
the A® are equiang SONG! that is, PQ is the 


ZPAQ= 4 BPO. .. 


mean proportional between the diameters AP and BQ. 


Theorem 9 


If two triangles have one angle of the one equal to one angle 
of the other and the sides about the equal angles proportional, 
ө similar. 


the triangles ari 
(0. U. 744,746, "48, '50 ; D. B. '37, 43, 48 5 G. 0. 48] 


АВС and DEF be two triangles, in which ZA= ZD Hd 


Let 
AB: DE=AC: DF. 

То prove that the Д? ABC A 
and DEF are similar. 

Construction : From AB 7 Yy [>] 
and AC cub off AX and AY 6 LN 
equal to DE and DF respec- СТЕ |: 

Fig. 42 


tively. Join ХҮ. 
Proof: In ДАХҮ and DEF, AX=DE, AY=DF and 
the included ZA=the included 2D. 
c. The triangles are congruent. 
ZAXY = ZDEF, and ZAYX= ДОРЕ. 


кее ABIEAC Diet АКЫ 
gain, " сє DF ACERO ЖО C. 


CZ NXY = the corresponding Z ABC, SO ZE= 4B; 
Ele. M. (IX)—16 
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Similarly ZF— ZC. .. the А АВС, DEF are equiangular 
and so their corresponding sides are proportional, 
Hence the Д "ABC, DEF are similar. 


Miscellaneous Solutions (5) 


Ex. 1. In equiangular triangles the medians make equal 
angles with the corresponding sides. (cf. W. В. S. Е, 59] 

Let АВС and DEF be two triangles in which ZA= ZD, 
Z8—ZE, c= ДЕ, and les AP and DQ be the medians of 
the AABC and ADEF respectively. 

To prove that ZAPB— Z DOE. 


Proof: ' A *АВС, DEF are similar, 
, АВ Вс_ 98P BP 
" DE EF 9EQ EQ 

Now, in A*ABP and DEQ,Z8— ZE and AB: DE =BP ; EQ. 

the triangles are similar. ~. ZAPB= ZDQE, 

+. The medians make equal angles with the corresponding 
sides. This is true for other corresponding medians also. 

Ex. 2. In a triangle ABC, AD is drawn perpendicular to the 
base. ItBD: DA=DA: DC, prove that the triangle ABC is a 
right-angled triangle, 

[ First give the statement ] 


Proof: In A?ABD and ADC, ^ 

we have /АРВ= ХАОС ( being 

tight angles) and BD : DA—DA : ос 

(hypothesis). e 2 cene 
<. the triangles are similar. Fig. 49 


* ZB=ZDAC and ZC= ZDAB. 

Г. The whole ВАС = ZDAB+ ZDAC- (В+ ДС, 
+. ZBAC=} of 2 rt. angles— 1 rt, angle, 

. AABCisa right-angled triangle, 


Ex. 3. The altitudes of two similar triangles are proportional 
to their Corresponding sides. 
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[Draw the figure] Let AABC and ADEF be similar 
and les AMLBC and DNLEF. То prove that АМ _ВС, 
DN EF 
Proof: In AABM and ADEN, ZB= ZE (hyp.) 
ZAMB= ДОМЕ (`7 they are right angles ), 
AM _ AB. BC, 


-. The triangles are equiangular, ~. 
DN РЕ ЕБ 


Ех, 4, ОАВ із а straight line, from А, В parallels АХ and 
BY are drawn in the same sense so that OA: OB=AX: BY. 
Show that О, X and Y are collinear. 

Let OAB be a st. line and let 
AX and BY be drawn parallel to each 
other so that OA : OB =AX : BY. 


To prove that О, X and Y are 


collinear. 
Join OX and OY. Fig. 43 
Proof: .' AXI BY, /. 4 OAX- corresponding ZOBY. 


Again, '.' OA: OB—AX:BY (hyp.), 1 A*OAX, OBY 
are similar. ZXOA= ZYOB, `. OX and OY coincide. 

2. OX, OY are in the same st. line. ., О, X and Y are 
collinear. 

Ex. 5. The circum-radii of two similar triangles are 
proportional to their corresponding sides. 

[ М.В. The point of intersection of the perpendicular 
bisectors of any two sides 
of a triangle is the circum- 
centre of the triangle. р О, 
So the distance between YS <\ 
this point and any vertex Ў А = 
of the triangle is the c E F 
radius (i.e. circum-radius) Fig. 44 
‘of the cireum-circle of the triangle.] 
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Let S and S' be the circum-centres of the two similar: 
triangles ABC and DEF. Join BS, CS and ЕЗ', Fs’, 
BS BC 


To prove that ES = E 


Proof: ° S is the centre of the circum-circlo of the 
ДАВС, -. BS—CS ( being radii ) Again, the ZBsc at the 
centre and the ZA at the circumference are on the same атс, 
“u ZBSC=2 ZA, 

Similarly, in ADEF, ES'—FS' and ZES'F=2/D, 

Since A?ABC, DEF are similar, .°, ZA= О, 

+ LZ8=Zs', Now, in A*Bsc, ES'F, sinco ZS-—4Zs' 


and ЗЕ gp: °° the "ЛВС, ES'F are similar. 


7. BS:ES'SBC:EF, 
Ex. 6, If the ratio of the tangents drawn from a given 
Point О to two given circles bo equal to the ratio of the 
radii of the Corresponding circles, show that the two circles 
will subtend equal angles at О. К [С. 0. 719] 
Let P and а № the 
centres of two given circles 
and let OA and ов be drawn 
tangents from the given pt. О 
to the circles, so that 
ОА : ОВ=АР : BQ. 


o 


To prove that the circles 
subtend equal angles at О. 


Construction : Draw 
two other tangents ОС and Fig, 45 
OD from О to the two circles, Join AP, PC, OP and 


ва, оо, оо. 
Proof: + 


AP, BQ are radii drawn to the points of 
contact, „°, 


each of the angles ОАР and Ово is a right 
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angle. In Д?ОАР and ОВО, 7 A= ZB and 
OA: ОВ=АР : Во (hyp.), .. the two triangles are similar. 
‚'.. ДАОР= BOQ. Similarly it can be shown that 

A*OPC, ООР are similar, +. ZCOP=ZDOQ. 
the whole ZAOC=the whole ZBOD, that is, the 

given circles subtend equal angles at O, S 


Exercise 4 


1. If one .of the parallel sides of a trapezium is double 
of the other, show that its GEE cut each other at the point 
of trisection. 

2. Any two medians of a triangle cut one another at a point 
of trisection. 

8. The bases BC and EF of two similar triangles ABC, 
DEF are divided in the same ratio at X and Y. Prove that 
АХ: DY BC : EF. [G. U. 48] 

4. ABCD is a parallelogram; E and F are points in a 
st. line parallel to АВ; AE and BF meet at P, and DE and CF 
meet at О. Prove that PQ || AD. $ [Н. S. Tech. '60] 

5. Find the locus of the middle point of a st. line 
parallel to the base of a triangle and terminated by the other 
two sides. 

6. If two chords of a circle cut one another, the 
rectangle contained by the segments of the one is equal to the 
rectangle contained by the segments of the other. 

[O. U. '51 ; 9. 0. '59] 

7. Prove that in two similar triangles the corresponding 
medians, altitudes, circum-radii and  in-radii are propor- 
tional. 

8. From a pt. P outside a circle, a tangent PT anda 
secant PAB are drawn, the latter cuts the circle at A and B, 
Prove that PT?—PA.PB. 

9. The bisector of the ZA of the ДАВС cuts BC in D 
and the circum-circle at Р. Show that AB.AC = AP.AD. 


10, Ina AABC, AD is perpendicular to BC and AB? —BC.BD ; 
show that the ZA is a right angle, 
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11. In ЛАВС, AD is perpendicular from A to BC. It BD, 
AD and CD be in continued proportion, then the angle BAC 
is a right angle. [C. U. 44] 

12. ABCD is a parallelogram; a st, line drawn from A 
cuts BD, BC, DC in P, Q, R respectively. Prove that 
AP2=PQ.PR. 

18. The bisector of the vertical angle A of the ДАВС meets 
the base at D and the circumference of the circum-circle аб E. 
If EC is joined, show that AB.AC=AE.AD, 


14. In two circles, if any two parallel radii are drawn 
one in each circle ), the st. line joining their extremities 
cuts the line of centres in one or other of two fixed points. 
[0. U. 717] 
[Hints: (Draw the fig.) Let A, B be the centres of 
two given circles in which AP and BQ are two parallel radii, 
Let PQ cut АВ internally at X and externally at У. Now, 
A? АРХ and ВОХ, and A* АРУ, BOY are equiangular, 
/. AX:BX=AP 2 ВО, and AY: ВУ=АР : ВО, * АР, ВО are 
fixed, and А and В are fixed points, being centres of two fixed 
circles, „. Xx and Y are two fixed points. | 
М. В. Hither of the points of section, in which the st. lino 
joining the centres of two given circles is divided internally and 


externally in the ratio of their radii, is called a centrs of 
similitude of the circles, 


Theorem 10 


In a right-angled triangle, if a perpendicular is drawn from 
the right angle to the hypotenuse, the triangles on each side of 
it are similar to the whole triangle and to one another, 

(С. U..'39 '43 45 ; W. B. S. В.?53; D. В, '39] 

Let ABC be a triangle having 3 
Z^ а right angle and let AD be 
drawn perpendicular from A to the 
hypotenuse BC, 

To prove that the A* ABD 


and ADC are similar and each is 
similar to A ABC, 
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Proof: In the A?ABD and ABC, 

the ZADB= ZBAC ( being right angles ), the ZB is common 
to both, and so the remaining angles BAD and ACB are equal. 

-. the triangles arc equiangular. 

.'. their corresponding sides are proportional. 

-. They are similar. 

Similarly, it can be proved that A*/DC, ABC are equiangular 
&nd hence similar. 

Again, ^ ДАВО and AADC ате each equiangular to ДАВС, 

they are equiangular to one another, and hence similar. 


Cor.: (1) The perpendicular is a mean proportional 


between the segments of the hypotenuse. 


To prove that AD is the mean proportional between BD 


and DC. 
Proof: In A'*ABD and ADC, ZADB= ZADC ( being rt. 
angles ), ZABD= ZCAD and ZBAD= ZACD, 


© во АР, С. AD is the mean proportional between BD 
AD СО 


and CD. х 
(2) '.' the Д?АВО, ABC are similar, ..  AB?—BC.BD, 
i.e., АВ is the mean proportional between BC and BD. 
(3) '.' А "Асо and ABC are similar, ~. АС? =ВС.СО, 


$.е., АС is the mean proportional between BC and CD. 


Problem 4 
"Ho find the mean proportional between two given straight 
lines. [C. 0, 746] 
Let a and b be two given 
atraight lines. D 


To find the mean propor- 


tional between a and b. A 
Construction: Take any e A Век 

straight line AX and from it cut 

off AB=a and BC— b. Fig. 47 
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On АС as diameter, draw a semi-circle, . 

Draw BDLAC and let BD cut the semi-circle at D. Then BD 
is the mean proportional between a and b. 7 

Proof: Join AD and DC. The ZADC isa right angle, 
being in a semi-circle. 

Thus ADC is a right-angled triangle in which DB is 
perpendicular to the hypotenuse from the right angle. 


. SN. 5, АВ BD . а BD 
+. A?*ABD, DBC are similar = = s 


3. 


Hence BD is the mean proportional between a and 5. 
CNB. г AC, AB be the given st. lines and they are placed 
one upon the other as in fig. 47, then AD is the mean proportional 


between АС and AB. Again, CD is the mean proportional 
between CA апа CB. ] 


Miscellaneous Solutions (6) 


Ех. 1. Tho altitude AD of a ДАВС, right-angled at A, cuts 
BC in D. Prove that BD : Ap Ap, ос. [C. U. '48] 

[Draw the fig, of Theorem 10, and prove that AABD and 
AADC are similar, . вр. AD=AD : ОС. ] 


Ех. 2. N is the foot of the perpendicular from a point 


upon a diameter AB, Prove that 
[C. U. °39] 


Р 


Let P be 2 point on the circumference 
of the circle drawn on AB ag diameter. 

Let PN be berpendicular to АВ. 

To prove that РВ? —AB.NB, ^ р 

Join АР and gp, 

Proof: “5 Ав 


ZAPB being in а semi-circle is a Fig. 48 
right angle, ~" PNIAB, „. A АРВ and APNB are similar. 


is а diameter, 


AB_ PB 
PB Ne’ ** PB2=AB.NB, 
PB NB МЧ 
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Ex. 3. Ifa perpendicular is drawn from the right angle of a 
right-angled triangle to the hypotenuse and if the sides of the 
right-angled triangle are in continued proportion, the greater 
segment of the hypotenuse is equal to the smaller side of the 
triangle. [С. U. '39] 

[Draw the fig. of Theorem 10] Let АВС be a triangle, 
right-angled at A-and AD be perperdicular to the hypotenuse BC. 
Let AB, AC, BC be in continued proportion, 

ie, AB? АС=АС : ВС. 
If AB be the smallest side of the triangle and CD>DB, then 


prove that CD —AB. 


Proof: ДАСО and ДАВС are similar, ~. ЕЕ 


But CHO hyp.) ~ me eee 
Ex. 4. Find geometrically the value of ^/5. 


[ See the fig. of Problem 4] Take a st. line AC=5 units of 


length and from it cub off AB=1 unit of length. 


Draw AD, the mean proportional between AB and АС. 


AB_AD o, ap2=AB.AC=5X1 or 5 units of 


geometrical value of. /5. 
[N.B. J15= „/5 х3, so the mean proportional between 


5 and 3 units is the value of /15. Similarly, /8&= J6:8x51 


Ар= J5 units of length. Then the length AD is the 


Exercise 5 


1. Find the mean proportional between 3 cms. and 4 cms. 
2, Find geometrically the values of A/35 and „/26. 
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3. In a right-angled triangle, if a perpendicular be drawn 
from the right angle to the hypotenuse, the segments of the 


hypotenuse are in the duplicate ratio of the sides containing the 
right angle. 


4. Two circles intersect at A and B ; and at A tangents are 


drawn, one to each circle, to meet the circumferences at P and Q. 
Show that AB? =вр.во. 


5. In AABC and ADEF, ZA=ZD; prove that 


ДАВС : ADEF —BA.AC : ED, DF. [C. U. 47] 


6. Two circles of radii 7, p respectively touch externally at 
A, and a common {ар 


gent touches them at P and О. Prove that 
PQ?- 4p;. й 


7. It two triangles have one angle of the one equal to one 
angle of the other, prove that their 


areas are proportional 
to the rectangles contained by the sides th 


at include the angle. 
[W. B. S. F. 53] 


Theorem 11 


The ratio of the areas of two 
equal to the ratio of their bases. 
Le АВС and DEF be two 


triangles of equal altitude is 


A^ D 
triangles on the bases BC 
and EF respectively, and let 
h be their altitude, 
To prove that Be Gane Т. 
ДАВС : ADEF—BC ; EF. Fig. 46 
‚ Proof: 


" Area of a triangle=4} base x altitude, 
ʻe. AABC=}BC.h and ADEF = ЗЕЕ,й. 
^ АВС _38C.h_BC 


1 
DEF 4jEF.h EF 


р 
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Тһеогеш 12 


The ratio of the areas of two similar triangles is equal to the: 


ratio of the squares on corresponding sides. 
[O.U. 45,47,48, 51; D.B. 39,40,45,46,48 ; G.U. 49,51] 


Or, Similar triangles are to one another in the duplicate 
ratio of their homologus sides. a 


Let ABC and DEF be 
two similar triangles in 
which ZA— ZD, ZB=ZE, d 


Zc= ZF and ВС, EF are 6 СЕ WE 


corresponding sides. Fig. 50 
To prove that ДАВС : ADEF —BC? : ЕЕ?. 


Construction: Draw AGLBC and DHLEF. 
Let AG — units of length and DH —7 units of length. 
Then № and р are the altitudes of the triangles. 


Proof. ‘’ Area ofa triangio=4 base X altitude, 
2. ЛАВС=ЗВС.Й and ADEF=3EF.p. 
AABC, iBC.h BC, № 
'" ЛОЕЕ 3EF.p EF P 
Now, in AABG and ADEH, ZB— ZE and 


4 AGB» Z DHE (being rt. angles), .'. The triangles are equiangular.. 


| ABC. BC h BC BO BCA 
.. im ed ‘EF EF? 


ADEF EF? EF 


[N. B. 2:6? is called the duplicate ratio of a:b. 


Homologus = corresponding. ] 
Areas of two similar polygons are to one another 


Corollary : 
ponding sides. [See Appendix ] 


as the squares on their corres 
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Miscellaneous Solutions (7) 


Ex. 1. Show that every quadrilateral is divided by its 
diagonals into four triangles whose areas are proportional. 
ў [ D. В. 4%] 
Let the diagonals AC, BD of the quadrilateral ABCD intersect 
at О. To prove that AAOB : A80c= AAOD : ACOD. 


Proof: ** ДАОВ and ABCC are of the same altitude, 


>. ДАОВ: ABOC=A0 : co, Similarly, AAOD : Дрос= 
АО: СО. , AAOB: ABOC=AAOD: ACOD. 


Ex, 2, Any triangle described on а diagonal of a square 
is double the similar triangle described on the side of the 
Square, 


[ Draw the fig, ] Let AEC-and АВЕ be two similar triangles 
drawn on the diagonal AC and the side AB respectively of the 
Square ABCD, 

To prove that AAEC=2A ABF. 


Proof, AAEC and AABF are similar, 


s. AAEC_Ac?_aB?+ec? 


ETS D АВС is a rt. angle ) 
AABF AB? АВ? ( А 


2 
a ЛАЕС=2ЛАВЕ, 


Ех. 3. ABC is a triangle right-angled at A and AD is 
drawn perpendicular to BC. Show that ДАВО: AACD= 


AB? : АС?, [ G. 0. 49] 
[ Draw fig. no. 46] In A*ABD, ACD, the ZADB= ZADC 


( being right angles ) (В= ZCAD and ZBAD= ZC, so that 
^B and AC are two corresponding sides. 


ʻe The two triangles are similar. 
Т AABD: AACD AB? ; AC?, 
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Ех. 4. Show that any given triangle is divided into 4 equal 
parts by the st. lines joining the middle points of its sides. 

ГО. U. 11, '40] 

[Draw а fig.] Let ABC be a triangle in which D, E and 

' F are the middle points of the sides AB, BC and AC respectively. 
Join DE, EF and FD. To prove that Д "АРЕ, SDE, ECF, DEF 
are equal in area. 

Proof: `` ОЕ ВС, -. ZADF=the corresponding ZB, 
and ZAFD=cor. ZC. .. ^A "ADF, ABC are equiangular and 
hence similar. 

. ЛАБЕ_АО?_ АО? AD? _ 
7 AABC AB? (2AD)' 4AD? 

Similarly, it can be proved that each of the triangles DBE and 
ECF is equal to lof AABC, hence the remaining 


ADEF=} of ДАВС. 
The AABC is divided into four equal parts. 


1 
do AADF=t of ДАВС. 


Ex. 5. Equilateral triangles are described on the sides of a 
right-angled triangle. Prove that the area of the triangle on the 


hypotenuse is equal to the sum of the areas of the other two 


triangles. 

Let the ZAofthe ДАВС bea 
rt. angle and let X, Y, Z be equilateral 
triangles on AB. AC, BC respectively. 
To prove that Z=X-+Y. 

Proof: ^ A* X, Y, Z are 
equilateral, .. each of their angles 
is 60°. .. they are equiangular and 
hence similar triangles, 


,X AB? Y АС? 
Р. ЖОЕ ВС? Z BC? 
С УЗНАВ ТАС 
аа » 
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X+Y .AB?-FAC? Bc? [v 
z Bc? Bc? j 
/. X+Y=Z. 


ZA=1 rt. Z ]=1, 


that is, 


Ex. 6. Draw an equilateral triangle equal to the sum of two 
given equilateral triangles. [ D. B. ^46 ] 


[ Hints: Let ABC and DEF be the two given equilateral 
‘triangles, Take a st. line РО=ВС. Draw PRLPQ, making 
PR=EF. Join QR. The equilateral triangle on aR is the 
‘triangle required. For proof, see solution of Ex. 5. above. ] 


Ex. 7. Draw an equilateral triangle equal to the difference 
of two given equilateral triangles. [ 0. U. 45] 


[ Hints: Let ABC and DEF be two equilateral triangles, 
ДАВС being greater than ADEF. Take a st. line KM=EF 
апі draw MPLKM. With centre K and with radius BC, 
‘draw an are of a circle, cutting MP at N. Then the 
-equilateral A MNR drawn on MN is the triangle required. 


Proof: '* The three triangles here are equilateral, 
"E ABC BC? ADEF EF? 
they are similar. ,', A с {лу = . 
A AMNR MN? AMNR MN? 
= е 2 2_ 2 
ДАВС — ADEF BC EF? KN?—KM 
AMNR MN? MN? 


Ex. 8. ABC is a triangle inscribed in a circle, If the 
“tangent at A meets Bc produced in D, proye that 
CD? BD=Ac? : Ag2. ГО. U. '28, 89, 61; G. 0, БТ ] 


Let ABC be a triangle inscribed 


in the circle АВС. Let AD be a N 

tangent at A meeting ВС preduced 

sat D. 

Te prove that, CD : BD —AC? ; Ag?, Е = - j 
Proof: In A*ACD and ABD, the Fig. 52 


-ZD is common and ZDAC= ДАВС in the alternate segment, 
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Then ZACD=ZBAD. .' The triangles are equiangular and 
hence similar. ~. AACD: AADB=AC? ; Ag?, 


Again, '.' AACD and ABD are of the same altitude, 
<- AACD: AABD—CD:B8D. „. ср : BD—AC? ; АВ?, 


Ex.9. Prove that the areas of similar triangles haye the 

same ratio as the squares on Corresponding medians. [D, В, '88] 

- [ Draw the fig.] Let AG and DH be the medians of the 
similar A* ABC, DEF respectively. 


To prove that ДАВС : ADEF—AG? : DH?, 


Proof: '' ДАВС and ADEF are similar, 
- АВ вс 


РЕ EF ЕН ЕН’ 
Now, in A* ABG and DEH, the Z8- ZE and RE EL) 
DE EH 
da - AG AB 
he A* are similar, г. 29 АВ. 
теа 7 DH DE 
2 2 
AABC. AB? _ АЗ 


Now, ADEF DE? pH? 


Ex.10. If two triangles are Similar, their areas 
proportional to the squares on their Corresponding altitudes, 


are 


[ Hints: Let hand p be the altitudes of the triangles, 
IE; вон даво | 
p EF “р EF? Aber’ 
Ех, 11. Prove that similar triangles are to one another 
as the squares on the radii of their in-circles. ГС. U.'40] 


Let ABC, DEF be two ^ 
similar triangles. In 
ДАВС, the bisectors of 
the angles B and C meet 
at P and PR is drawn 
perpendicular io ас. Fig. 53 


© 
Р 


РЕ НУС OF 
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Then P is the in-centre and PR the in-radius of the in-circle 
of the ДАВС. Similarly let а be the in-centre and ОХ the 
in-radius of the in-circle of the ADEF. f 

To prove that ДАВС : ADEF=PR? : ОХ?. ; 


Proof: ZPBC=4ZAB8C, and  ZQEF-iZDEF, but. 
ДАВС= ZDEF (^.' A? ABC, DEF are similar X 


oi ИРВС= ДОЕР. Similarly ДРСВ= ZQFE. 


z- AS РВС, QEF are equiangular, /. РВ: ОЕ=ВС ; ЕР. 
Again, in A BPR, EQX, the Z PBR= ZQEX and 


ZPRB= ZQXE (being rt. Zs), <. The two triangles are 
equiangular, .. PR:QX=BP:QE. ‚'‚ РР: QX=BC: ЕР. 


2 2 
ДАВС _8C?_PR 


ADEF ЕЕ? ax” 


Hence, 


Ex. 12. Prove that similar triangles are to one another 


as the squares on the radii of their circum-circles. 
[ C. U. '30, 386; D. B. 43] 


[See Ex, 5 of Miscellaneous Solutions (4). Accordingly, 


first shew that, 25 ees 
SE EF 
7 ДАВС: ADEF=BC? : EF?—SB? : S'E?. ] 
Ex. 13. If DE is drawn parallel to the base BC of a 
triangle ABC and if AD: DB=3:2, find the ratio of 
ДАРЕ : fig. DBCE. [ Draw a fig. ] 


‚. AD.8 . DB_2 . DB+AD_2+3 . AB_5 


=>, 5 = te ses . 
pg 9 AD 9 AD 3 AD 3 
Now, ~ DEIBO, г. ZADE-—4ZB, ZAED= ДС, 


-. А? ABC and DEF are equiangular and hence similar. 
; AABC_ AB? 5? 95 . AABC— AADE. 95-9 


AADE AD? 833 9g?" ДАБЕ 9 
. fig DBCE 16 . ". 
. AE Т ЛАРЕ : fig. DBCE —9 ; 16. 


TL MA оно аи баней аа 
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Ex. 14. Bisect a triangle by a straight line drawn 
parallel to the base. [ C. 0. 116, 82, 50 ; D. В. '46 ] 


Let ABC bə the given triangle. 
To bisect it by a straight line drawn 
parallel to BC. 


Construction: Bisect AB at D. 


From AB eut off AX equal to the mean 
proportional between AD and AB. Fig. 54 

Through X, draw XY 1 BC and let XY cut AC at Y. Then 
ДАВС is bisected by XY. 

Proof: ‘.’ АХ is the mean proportional between AD. 
and AB, .. AX?-—AD.AB. Again, ". XY I BC, 2. ZX= ZB, 
and ZY-— ИС. -. АЛ? AXY. ABC are equiangular and hence 
similar. 


Е =— =} [27 D is the mid pt. of AB.] 


Hence, AABC is bisected by XY. 


Exercise 6 


1. The area of Ње ДАВС is 196 sq. cm, and XY, drawn 
parallel to ВС, cuts AB in the ratio 4:3. Find the area of 
the AAXY. [ Ans. = 6'4 sq. em. ] 

2. Two equiangular triangles have areas in the ratio 
of 3:2and an altitude of the greater is 5'2 cm. What is the 
corresponding altitude of the other ў [ €. U.'35] 


3. If PQ is drawn parallel to BC, the base of the AABC, 
and if ДАРО: fig. PBCQ=4: 5, show that AP: BP=2: 1, 


4, Show how to draw a st. line ХҮ parallel to BC, the 
base of a triangle ABC, so that the area of the AAXY may 
be 2; of the ДАВС. LO. U. 26 ] 


Elo.M. (IX)—17 
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5. A trapezium ABCD has its sides AB, CD parallel and 
its diagonals intersect at P. If AB is double of CD, find the 
ratio of the AAPB to the APCD, 


6. ‘Triangles on the same base are to one another as the 
segments into which the join of their vertices is divided by 
the base. 


7. Two triangles stand on equal bases and between the 
same parallels and a straight line is drawn parallel to their 
bases, show that it cuts off equal areas from the two 
triangles, 

8. Prove that if similar triangles are drawn on the sides 
of a right-angled triangle, the area of the triangle described on 
the hypotenuse is equal to the sum of the areas of the other 
two triangles. [ C. 0, 745, 748 J 

9. The sides DA, CB of a cyclic quadrilateral ABCD are 


Produced to meet in O. If AB=4CD, then the quadrilateral is 
three times the triangle ОАВ. 


10. ADEF is the pedal triangle of the AABC. Prove 
that ДАВС : ДОВЕ=АВ? : вр?. [ W. В. S. Е. '63 ] 


li. Bisect a triangle by a straight line perpendicular to 
ons of the sides. 


TRIGONOMETRY 


1. ‘Trigonometry’ in its original sense signifies the 
measurement of triangles (4.e., the relation that exists between 
the sides, angles and areas of trianges). Now it has a much 
wider scope and is a subject that deals with measurement of 
any angle. 

2. Angles in Geometry and Trigonometry. 

In Geometry we have supposed that angles are formed by 
‘he intersection of two 
straight lines and hence are 
.сопбпей in magnitude 
between 0° and 360°. The 
angles іп geometry are 
always positive. 

In Trigonometry the idea 
of an angle is much winder 


and an angle is supposed fig. 1 
to be formed by a revolving straight line starting from an 
original position and revolying about one extremity. 

Suppose the st. line OB is revolying in the anti-clockwise 
direction about the point О, starting from its original position 
ОА. In course of its revolution when it occupies the position 
ОВ it forms an acute angle AOB, when it comes to the 
position OB, perpendicular to OA it traces out a right angle 
AOB, (90°). Revolving further it comes to the position OB, 
and forms an obtuse angle ^OBs. When OB is thus opposite 
to and in the same st. line with OA, it will produce the Straight 
angle (2 rt. angles) АОВ: (180°), Thus revolving further 
it will form the reflex angle АОВ.. When Ов makes a complete 
revolution it will coincide with OA and make an angle equal to 
four right angles (360°). 

‘Now, if after making one complete revolution it again 
zevolves in the same direction, it will evidently form an 
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angle greater than four right angles. Thus ОВ may make any 
number of complete revolutions through the original position 


OA before taking up its final position. Hence we find that in 


Trigonometry angles may be of any magnitude and are nob 
restricted as in Geometry. 


The point O is called the origin, OA the initial position. 


and OB is called the generating line or radius vector, 
3. Positive and Negatlve angles. 


The angles traced out by the radius vector rovolying in the 
anti-clockwise direction are considered to be positive. 


Tf OB revolves in the clockwise direction about О starting 


from OA, then the angles traced out by it are considered to be 
negative. 


Hence in Trigonometry the angles may be positive and 
negative, 


4. Measurement of angles. 


For measuring angles we must have some fixed unit. 
There are three different; systems of units for measurement of 
angles, viz., the (1) Sexagesimal unit, (2) Centesimal unit 
and (3) Cireular unit, 

5. Sexagesimal ( or English ) system. 


In this system the right angle, which is taken as tbo 


unit, is divided into 90 equal parts and each part is called 
a degree. A degree is divided into 60 equal parts and 
each part is called a sexagesimal minute, and a minute is 
again divided into 60 equal parts, each part being called a 
Sexagesimal second, 
Thus, 60" (sexagesimal seconds)=1' (minute) 
60' ( 5 minutes) — 1° (degree) 
90° ( degrees ) =1 right angle. 
6. Centesimal ( or French ) system : 


In this system also the right angle is the unit and it ia 
divided into 100 equal Darts, each part being called a grade. 
À grade is divided into 100 equal parts, each part being 
called a contesimal minute, and a minute is again divided into. 
100 equal parts and each part is called a centesimal second. 
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"Thus, 1 rt: angle=100° ( grades ) 
10 =100 K centesimal minutes ) 


1 — 100" ( centesimal seconds ) 


[N. B. Г indicates 1 sexagesimal minute, while 1 indicates 
1 centesimal minute, and 1" denotes 1 sexagesimal second, 


hile 1 denotes 1 centesimal second. 1 


7. The relation between the two systems of units. 
90°=1 right angle=100%, г. 1°= D^ and r=? 


Thus to pass from one system to the other, we have to 


express the given angle in terms of a right angle and then reduce 


it to the other system, 


Examples 1 
Ex, 1. Express 51036” in degrees, minutes and seconds. 
60 ) 51036” ( 850' 60 | 850’ ( 14° 
480 60 
303 250 
_300_ — 240 
867 2 10' ,'. 51036" = 14°10'36". 
Ex. 2. Express 1036 24" in seconds, 
10^36'24" 
60 
600' 
36' 
636' 
60 
38160" 
94" 
38184" г. 10°36'94"= 38184". 
Ex, 9, Express 24351" in grades, minutes and seconds. 
100 | 34357. 


100 943-57. 


99...43 .. 24357`=904551` 
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Ex. 4, Express 379 74^ in seconds. 

379 74^ 

100 

300, 


Л 809147 = 309747. 
Ex. 5. Express §6°90'24” in grades, minutes and seconds, 


56°90'94" = 56%, 255604 = 56° 204 = sett DER. =56'34° 
5634 


90° rt. angle = 626 rt. angle='626 x 100 grades. 
—62:6"— 69760. 


Ex. 6 Express 2045306" in centesimal system 


30°45’30'67 = 30° (454-306) =30°+ (45-51) 


=30°--45°51' = (во 380 Puy = (307585)° 


= 30°7585 
SAREE rt. angle 


7941761 rt. angle 
x100 


3417611 
х100__ 
17°61 [ from “1761x100 ] 

x10 
611" 


[ from *6i x 100 ] 
30°45'30.6"= 3471761], 
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Ex. 7. Express 1491736 in right angles. 
1471736 —14711:36 21417367 — 141786 rt. angle. 


[№ В. To reduce 36 into minutes we divide it by 100 
and get ‘36. Thus 1736 —17'36. Dividing it by 100 we 
have ‘1736 grades. Thus 1471736 =14'1736 grades. Again 
dividing it by 100 we have 141736 right angle. 


Thus centesimal seconds may be reduced to centesimal 
minutes by placing the decimal point to the left of two digits 
from the right. This again can be reduced to grades by shifting 
the decimal point to the left of two more digits and similarly the 
grades can be reduced to right angles. } 


Ex. 8. Express 4078 75 in sexagesimal system. 
409875 —'400875 rt. angle 
x90 | 
36°07875 

x 80 
41235 [пош 07875 x 60 ] 

x 60 
.. 40?875 =386°4'48°5" 435" [ from '725 x 60 ] 


8. Cireular or Radian Measure. 


In this system a Radian is considered as the unit measure 
ofangles. It is used in higher branches of Mathematics. 


Radian: In any circle the angle subtended at the centro 
by an are equal to its radius is called a Radian and it is written 
вв 1°. 

Thus 4° means an angle equal to 4 radians, A radian 
із а constant angie and is approximately equal to 57717 44:8", 
Before further discussion we shall have the knowlege of tho 
following theorem, 


9. Theorem: “Ín all circles the ratio of the circum- 
ference to its diameter is always constant", [ 0. U. 48 ] 
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Or, “Тһе circumferences of circles are to one another as 
their radii.” 


Or, “The length of the circumference of a circle bears a 
constant ratio to its diameter.” 

Let two concentric circles be 
drawn with centre O and any two 
radii R and r respectively, R being 
greater than 7, 

Let a regular polygon АВСР::: 


of n sides be inscribed in the first 
circle, 


Join OA, ов, OC:--cutting the 
smaller circle at п points a, b, с, de 


ATUS 


Fig. 9 
If ab, bo, са,.Ъе joined, a regular polygon of n sides will be 
inseribed in the second circle, 

Now, in AOAB and Aoab, U^ OA=0B and Oa- Ob, - 
+ O^. ов A m 

DIEI and also °° ZAOB= ZaOb, 


the two triangles are similar, 


Do 2880386 Similarly А8 8С. СЮЕ _ 
ab og , Similarly 


ab be cd ^ 


3/4 


s AB+BC+CD+- R 
ANTR 


або. p 


i.e., the perimeter of the polygon ABCD... ЖЕ 
the perimeter of the polygon abcd... т 


. radius of the circle ABCD --* 
radius of the circle abed- 


The above relation holds good whatever may he the 
number of sides in the polygons. Evidently the lengths of 
^B, BC, CD...... 


will decrease as n increases and gradually in the 


lmit (when п is infinitely increased ) the perimeter of 
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ABCD:--will coincide with the circumference of the circle and so 
the perimeter of the inner polygon will be the same as the 
circumference of the inner circle. 
circumference of © ABCD _R_2R 
circumference of © abcd: т 2r 
the diameter of © АВСО-** 
= Һе diameter of © abcd-:- 
circumference of © ABCD::: 
diameter of © ABCD--- 
circumference of © ара... 
~ diameter of © abcd... 
* The values of this constant ratio is denoted by the Greek 
letter x ( pronounced as Рі’). 
This л is an incommensurable number approximately equal 
to Эў and more accurately equal to 314159... 
[ Circumference of a circle— 277 (r being its radius ) and 


area of а circle = z7?. ] 


=a constant quantity 


=constant. 


10. Theorem: A radian is a constant angle. 
[ 0. U. 46; G. U. 48] 


[ Or, The angle subtended at the centre of a circle by an arc 
which is equal in length to the radius is constant. ] 

Let APC bea circle whose 
centre is O and let AP bean 


arc=radius ОА =r. P 
Then ZAOP=1° (one 


radian ), It is required to prove / 

that ZAOP is constant. с! 5 А 
Draw radius ОВ perpendi- \ j 

cular to OA, then are АВ = Ae VW 

i of the circumference. es hs 
Proof: The angles at the Fig. 8 


centre of a circle are propor- 
tional to the arcs which subtend them. 
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ZAOP arc AP.. radius OA i mess 
'"  ZAOB атс АВ 1 circumference яғ 


4 


3 


ZAOP 2 


lim emi l^ LAP = right angle, 
** 116. anglo x л 


Бо Jl тайап = 2 right angle = constant. 


Hence a radian is a constant angle. 


[N.B. 1-2, angle 1950 =57°17'44'8" (App); a*— 
л 


2 rt. angles = 180°; 1 rt. angle ; 1°='017453 radian (App.)] 


11, Theorem: The circular measure of an angle is equal 
tothe ratio of the arc of any circle subtending that angle at ite 
centre to the radius of the circle, 


Or, Prove that the radian measure of any angle at the centre 


SL - tending ато 
of 1 Виета 
a circle 13 expressed by the fraction ETE і 

[ C. U. 740, 747] 

Let MON be an angle whose 
circular measure ig to be determined. 
Draw a circle with centre O and with 


B 

any radius (7), £ & 
Let it cut OM and ON at A and SS Is 
B respectively, Let AP be an arc ГА 

cqual to the radius (+). Join ор. | 


| © АМ 
Then ZAOP=1 radian. \ p» 
"the angles at the centre of a N 
Circle are Proportional to the arcs See 
which subtend them, Fig. 4 


B ДАОВ _ are АВ _ arc АВ 
ZAOP атс AP т 


SS 
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у. 2 МОМ= [АОВ = ато торлесе ZAOP 
T 
arc AB 
= 


T T 
ГМ. B. If arc AB=s and ZAOB=6 radian , t.e., 0^, ther: 


X1 radian— radian. 


8-3, i.e., the circular measure of an angle = arc--radius, j 
T 


12. Conversion from one system to another. 
We have 90°=1 rt. angle ; 1007 =1 rt. angle ; 


a? 
— — ] rt. angle. 
atop ДЕ 


(1) ` 90°=1 rt. angle ; 
E 
I=} rt. oa radian= 25, 
7 -90°=100°; /. 1°= 20 grades. 
(2) -. 1007"—1rt. angle ; Л 10 = түу rt. angle 


л В 
== — radian= 7 


200 200° 
', 100° = 90°, Г. 17-5 degree. 
(8) `2 х°=9 rt. angles — 180^, .', 1° = 180 degrees = 180, 
л 
*' 2° =9 rt angles=200%, у. 1¢= 200", 
л 


Suppose the measurement of an angle is D^ in the sexagasimal 
measure, G^ in centesimal measure and В° in circular 
measure: 


Now, U^ 90°=1 rt. angle, c Dae rt. angle, 


“Again, ‘Г 1007 =116. anglo, ©. б°= 5. rt. angle, 
me а 2 
Again, КИ до 1 rt. angle, nne = = rt. angle. 


SOR 2R rt. angle, 
л 


DUOGA AR A PED, G В 


90 100 * 180 200 = 
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Examples 2 


Ex. 1, Express 20°, 36°, 407 and 6925 in radians. 


Gc Ev pig mere ex 
i) s 180-25 s ГЕ 5 ay л ХО ле. 
ELO) тво 180 79 
б t5 Ore ^ Deut Ыы X36. x^ 
Qu Ue 1 BIS 180 5' 


ac a*x40 лс 
ш) БО тр eel те 
СР Uo 0 T 300 р 
Gp) COE Е "6725 —69 т—=25°_ л” ND CO 
(v) 71 300 radian, Г. 6925 —6'95 200” 4 а 
2. Express (a) 152^ апа (b) #л° in sexagesimal system. 
(a) ts yeu180° .  5,,, 180*.5x 


Ex 


Paro go is ce. ase 
2 л 
aD 1800 . 9," 180. 9x 45x9 405° 
DS LE ah EM CO aes y =% 
(b) 1 НЕ = х S a degrees 9 


=2 rt. angles 22°30’. 


с 
Ex. 3. Express i in centesimal system. 


oe 0 ` `` 
{гез 157 xZ = 50 _ 166 = 19768684". 


„Ех. 4, Express in the three systems of angular measure- 


ment the magnitude of the interior angle of a regular 
pentagon, 2 


Тһе interior angles of а  polygon--4 rt. angles 


—bwice ag many rt. angles as the figure has sides, 
-. the sum of the 5 equal interior angles of a regular 
Pentagon+ 4 rt, angles = 10 rt, angles, 


the sum of the 5 equal interior angles=6 rt. angles, 
*. each interior angle = т. angles. 
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me 


But 1 rt. angle=90°=100°= op 


*. Each interior angle D x 90°=108° 


05 5 
_6 о а 
ог, —gX100 =120 
с 
ог, =fx Ti radians. 


Ex. 5. The difference between the two acute angles of а 
right-angled. triangle ВЕ radian; express the angles in 


degrees. 

Let ZAand ZB be two acute angles in the right-angled: 
ДАВС, then Z A+ ZB=90"---(1), 

and ZA— ZB=* radian (hyp)— 2X ТЫШ 30°...(9) 

6 (Se 
Adding (1) and (2) we have 2Z A=120°,  .. ZA=60°, 
1 г. ZB=90°—60°=30°. 
-. the angles are 60°, 30°, 90°. 


Ex. 6, The angles of a triangle are in A.P., and the greatest 
is double the least ; express the angles in radians. 

Let the least angle be 2 degrees, so that the greatest angle із Ё 
Qu degrees. 


. the three angles are in А. P., 


г. the third angle 5 (e+22) or 32 degrees, 


x ое 180", or, 77180 — radians 


. PLU. d 9л x 4x \ 
к= ras 7. the angles are 9° 8 and 9 radians 
respectively, 
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Miscellaneous Examples 3 
Ex. 1. Two angles are in the ratio of 7:4 and their 
difference is 30°. Find the angles. 

Let the angles be 75° and 42°. 

Then 727—472 —980, .°, 32=30, г. х=10, 

one angle = 72° — 70^ and the other = 42? = 40°, 

Ex. 2. The sum of two angles is 80 grades and their 
difference is 18°. Find the angles in degrees as well as in 
grades. 

80 grades —80 X 3°; degrees = 727. Let A and B be the angles. 

Then, А+В = 79° 

and A-~B=18° 

р дА =9\, ‚', A=45° Then B=79°—45°=97°, 

Again, 45°=45 X 9 grades = 50°, and 27^ — 97 x 29 grades = 309. 


Hence the two angles are 45° and 27°, or 509 and 307. 


Ex. 8. The sum of two angles is 135° and their difference is 
400°. Find the angles in radians. 16. U. '50] 
Let the two angles be z and y degrees. 
Now, 100° —90*, «~. from the given conditions 
243-y—135* 
and #—у= 90° 
Pom =225° 
oe s= =112}° and y=135°— 112)? - 22] 


+. one angle = 


225° 995. x ; DX WE 
Хх = 
2 a ^180 rdians 8 radians, 
and the other angle= 45' 45 Sede) 


л 
dian = - $ 
E 2 X 180 radian 8 radian. 
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Ex. 4. Express in degrees the angle whose circular measure 
je 17309. Assume л=3`1416. ГС. 0. 48] 


xt = 180°, = Tey, 


л 


180x1'309 


-. 1309 radians= 31418 


degrees = 75°. 


Ex. 5. Two angles of a triangle are 55/19/36" and 
64°47'24". Find the third angle in centesimal measure. 

[C. U. '50] 

Sum of the given angles = 551236" 4- 644794" = 100°, 

but the sum of the three angles of a triagle— 180°, 

-. the reqd. third angle = 180° — 120°=60°=60 x 2,9 grades 

=290 grades = 66'0 grades = 66768 666 . 

Ex. 6, Express in degrees and minutes and also in grades 
all the angles of an isosceles triangle in which each of the 
angles at the base is twelve times the vertical angle. 

ГО. U. 46 ] 

Let the vertical angle Бе z^, then each base angle— 19z^, 
2°-+191°--19:°= 180° or, 25”°=180°, 
а=} degrees=7°12'. г. the vertical angle = 1°19', 
and each base angle=7°12' X 12=86°94’, 

Again, the vertical angle = $$ x 20 grades = 82 
and each base angle=8° x 19 =967, 


Ex. 7, Taking 2.531881, show that a radian contains 
206265 seconds approximately. [G. 0. 48] 
* o x*z1804 & 19-180? Xx 1= 180° х `31831 


=180х S X 60X 60 seconds 
= 206264'88 sec. = 206965 зес. (арр.). 
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Ex. 8. The sum of two anglesis 114°, If the number of 
grades in one is equal to the number of degrees in the other, find 
the circular measure of the angles. [ C. U. 43] 

Let one angle be z^, then the other angle =g = =. 


Now, e+e aie, or, SF 14, E z^ 4X10 60. 


б me xe 
.. oneangle=60° EX 
and the other angle 607—60 x а 
X200 10 
Ех. 9. The angles of a triangle are in the ratio of 2:5: 3. 
Find the circular measure of the greatest angle. [C. U. '49] 


Let ABC be the triangle, then Z A+ Ив ZC- 180^ 
and ZA: ZB: £C=2:5: 3, 


E = 5 
-. the greatest Z B= 33543 Xsum of the angles 


e 
= 10180 =907= 7. 
Ex. 10. One angle of a triangle is 60° and the second is 


ARES 
д ааш. Express the third angle in centesimal measure. 


[0.0.47] 
Horo, the first angle=60°, the second angle == = m. =45°; 


but the sum of the three angles of a triangle = 180°, 
-. the third angle— 180* —(60^--45*)2 75^ =75 X12 grades 
= 831 grades =83733 333 . 

Ex. 11. The angles of a triangle are in arithmetical 
progression, If the number of degrees in the greatest angle 
be same as the number of grades in the least one, find the 
angles in degrees, [0. 0. 14] 

Here the angles are in A. P, 


TRIGONOMETRY 273 


Let them be (a — d), a, (+d) degrees respectively. 
*' the sum of the 3 angles of a triangle=180°, 

5. (a-d)+a+(a+d)=180°----- (1) 

Again, here the least angle is (2 – @) degrees and the 
greatest one is (a+d) degrees. 

Now, (a — d) degrees = 10 (a — d) grades. 

-. From the given condition ad- d — 1? (а—@) (2) 

Now from (1) we have 34180", /. a=60°. 

From (2) we have 60--4=2 (60 — à), 

or, 540-94=600- 10d, or, 19460, `. 2=19. 

Hence the angles are (60— $9), 60 and (60--$9) degrees 
respectively, i.e., 5619. 60 and 6315 degrees. 


Ex. 12. The radius of a circle is 6", find the angle subtended 
at the centre by an arc 9" in length. 


We know are (5) =79%, here arc (s)=9",r=6". Let 0 be 
the circular measure of the angle at the centre, .. 9-60, 


Eon 80 3x180x7 
<. 0=% or dians = =X —— d a ENS 
9 or $ radians 2 egrees TED 


= 85112 degrees. 


degrees 


[*N.B. In the formula s=rð, 0 must always be in 
ciroular measure. | 

Ex. 13. Find the length of on are which subtends one 
minute at the centre of the earth, supposed to be a sphere of 
diameter 7920 miles. (х=). [ 0. 0. 48 ] 


Are (s)=70. Here у= radius = 2920 miles, 


and 0 —angle at the centre 1'— ny degreo= d; X A radian. 


,, the length of the aro— r0— 2922 x 35 Ху miles 


=13} Ve = 1,45; miles. 


Ele, M. (IX)—18 
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Ex. 14. An arc of l7 yds. 1 ít. 3 in. subtends at the 


centre of a circle an angle of 1'9 radians. Find the radius 
of the circle in inches, [ C. 0. '49 ] 


Arc (s)— 70 ; here arc 17 yds. 1 ft. 3 in. =627 inches, 
and @=angle at the centre— 1'9 radians. .. 627 in=rx 19, 
4 697. _ 6270. 


++ 7=——in.=—— jn.=330 in. .. the radius = 330 inches. 
19 19 
Ex. 15. Ifthe diameter of the earth is 


the measure of a Nautical mile. [1231416] 


The length of the arc of the longitude that subtends 


an angle of 1 minute at the centre of the earth is called a 
Nautical mile, 


8000 miles, find 


We know arc=r9 ; here r7 #900 miles = 4000 miles, 


T л 
and Ө=1'=— а = 
Gy degree 


60x 180 "*dian 


“+ a nautical mile; = X ет 
autical mile = r0 = 4000 80x 180 


_ 4000х 31416 mi, = 10472 |. 
60х 180 Y 9 А 


miles 


7116 miles (app.). 
Ex. 16. A horse Tunning along a circular track of radius 
27 ft. passes over in 


3 seconds an aro which subtends 70° at 

the centre, Find the distance the horse travels in half a 

minute, (л=22), [ C. U. 51] 
Áro-—ró ; hero т=97 ft., 919 7 0X x radians 


180 


= Yd X 3? radians = МА. radians 
7. aro— 70797 X 1i f= 33 tt. 
In 3 seconds the horse goes 33 ft, 


In 5 minute or 30 seconds the horse goes 330 ft. 
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Ex. 17. A man running on a circular track at the rate of 
10 miles an hour traverses an arc which subtends 56° at the 
entre in 86 seconds. Find the diameter of the circle. Given 


maa, [C. U. 746) 
In 1 hour or 3600 secs. he runs 10 miles or 17600 yds. 
Je in 36 р » 176 yds. 
-. the length of the атс= 176 yds. 
The angle subtended at the centre 
=56°= 27 X56 AS radian = radian. 
Now, ` arc=70, ~. 116=7Х45, .. r= 1ih%45— 180. 


.. tho required diameter = 27 = 180 yds. X @= 860 yds. 

Ex. 18. If ај, а, аз be the circular measures of the 
angles subtended by the ares of lengths 1, 75, lg at the centres 
of circles whose radii are 7], о, 73 respectively, show that the 
-angle subtended at the centre by the arc of length 1 +l +l; of 


-a circle whose radius is > (airy -Faara +азтз) will be n radians. 
[C. U. 40] 


UO aro—70, 7. Иена, В Ета», ВЕ заз, 
2 7l =ar; Ката +азтз. 
Now, if 1, +lə +l; be the length of the arc 


and l (air, азға азиз) be the radius, then the angle 


-subtended at the centre by this arc = E (^ ra= 5] 
ius 
АНЬ m radians 


E (airi аэто +asrs) 


= (вл taora Назв). radi rad. = л radians. 


lani ато азиз) п 
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Ex. 19. If D and C be respectively the number of degrees» 
ЕЯ DEC 
and the number of radians in an angle, show that SONS 


[С. 0. 47 ; D. В. 50] 
Here the measure of the angle is D degrees or С radians. 


/. D degrees = C radians. Г. D degrees 2. right angles and 


А 9c . ирас ШО END 
С тайїапв = right angles, ~. 90 л’ - 180 
Ex. 20. The number of degrees, grades and radians in am: 
22 
le i 0 CLA. 
angle are respectively v, у and z. Show that 90 100 x 


[0. 0. "41, 45 ; G. U. '61] 


- the same angle measures z^, y? or z^, „2. 22-17 —2^. 


Now, z^ = 90% angle, y? Ho тб. angle and z^ =ч, angle» 


Sy 2: 
90 100 x` 
БОС Find the area of a circle whose radius is 1 ft.. 
The area of the circle 27? —3:1416 X (1)? sq. ft. 
— 31416 X '01 sq, f6.— 031416 sq. ft. 


1 Ex. 22. A mill sail, 98 feet long, makes 10 revolutions per” 
minute. What distance does its end traverse in an hour? 


(х=зг), 


у Here radius r=28 ft, ^. circumference — 217 — 2X 25. x 98 ft. 


—116 ft. 
the sail traverses 176 ft. in 1 revolution, 
-. in 1 minute it traverses 176 ft. X 10 or 1760 ft, 
1760 X60 


;. in 1 hour it traverses 
31760 


mi. or 20 miles. 
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Ех. 23. The large hand of a clock is 2 ft. 4 inches long ; 
Show many inches does its extremity move in 20 minutes ? 
(х= 31416). [O. U. '48] 


The circumference of the dial of the clock = 2zr 
—9x 31416 X 2 ft. 4 in.=2 X 31416 X 98 inches. 


The minute-hand moves once round the dial in 60 


"minutes, х 
It moves i of the circumference of the clock in 90 
sminutes. 
x3" ! ү B 
„’. The read. distance 2X9 1416 X98 — 5876432 inches. 


Ex. 24. Find the times between 4 and B o'clock when the 
angle between the minute-hand and the hour-hand is 


1) 72° and (ii) a radians. 

The whole circumference of a clock subtends 360° at its 
centre. Again, the circumference of the clock is equal to 50 
minute divisions. 


(1) Now, 360°=angle at the centre subtended by an aro 
equal to 60 min. divisions, 
72°=angle at the centre subtended by an arc equal to 12 
min. divisions, 
г. The distance between the two hands will be 12 minute 
divisions. 

Now, at 4 o'clock the minute-hand was 20 minute divisions 
behind the hour-hand. So, if the minute-hand gains either 
(20 — 19), i. e., 8 minute divisions or gains (20-19), i.e., 39 min, 
divisions over the hour-hand, then the angle between the two 
hands will be 72°. 

The minute-hand gains 55 min. divisions in 60 minutes, 
60x8 96 


108 
55 or 11 ог m minutes. 


60x32 duse 
55 SEM minutes, 


Again ,, M" » 32 ШП „ 
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- Phe angle between the two hands will pe 72° at 8S or 


minutes past 4 and at 3419 minutes past 4 o'clock. 


Gi) = radians = 5" xt =96. `5 
тї the angle be 360°, the arc measures 60 min. divisions, 
M 


. o 60 ; T 
So bey» OE eee » 360095 or 16 min. divs. 
[ The remaining portion as before] Ans. 4i, minutes past- 
4 and 39-2; minutes past 4 o'clock. y 


Ex. 25. If the radius (4000 miles) of the earth subtends an 
angle of 8'6" at any point in the surface of the sun, what is the 
distance of the earth from the sun ? [0.0.1 


Let S be а point оп the surface of the sun and E be the 
centre of the earth. Then ES is the distance of the earth from y 
the sun, 


The angle ESP subtended by EP, the radius of the earth at- 
the point S is 8'6", 

Now, suppose a circle to be drawn with centro S and radius 
SE. Then the arc cut off by the radius EP from this circle 


ш roughly equal to ЕР, as Z ESP is extremely small and ES іё 
infinitely large. 


Hence, '. arc=70, Г. are _ 0, 
т 
MERDA. .„_ __ 8OX™ i 
НЕЕ 9 = circular measure of 8'6" = 60x60 X180 radian 
. 4000. 86хл . 86x 22 
ES  60x60x180 60x60»180x7 
. 4000 х60х60х 180 X 7 ni 


^, ES or the твай. distance = 
86х92 


=95898521 miles ( App. ) 
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Ex. 26. Express in circular measure the angle between 
the two hands of a clock at 9-30 A. M. [ 0. U. 48 ] 
At 9 o'clock the two hands are at right angles, ‘i. e. 
15 min.-divisions apart, the hour-hand being at 19. At 
9-30 the minute-hand having moved 30 min.-divisions is at 
the mark 6 and by this time the hour-hand has moved $% or 
2% min.-divisions. 
at 9-30 A. M. the distance between the hands is 
(15-- 23) or 175 min.-divisions 
Now, if the hands are 15 min.-divisions apart, the included 
angle — 90^, : 
If the hands are 173 min.-divisions apart, 


90 X173. gps. 105x* 7: 


the included angle= 180 12 


Exercise 1 


1. Express in degrees, minutes and seconds :— 
(i) 13914" (ii) 5075’ (iii) '94 rt. angle. 
2. Express the following in grades, minutes and seconds : 
(i) 46935“ (ii) 7032 (iii) 10`7905° (iv) "08946 rt. angle. 
3. Express the following angles in terms of a right 
angle :— 
(i) 30° (ii) 60^45' (iii) 135? (iv) 360°20'48" (v) 5073524" 
в 
(vi) F (vii) 10л°. 
4. Express the following angles in centesimal system :— 
G) 3019/36" (ii) 63*14/51" Gii) 60645" (iv) a (v) my 
5. Reduce the following angles to sexagesimal measure : 
G) 4073594" (ii) 60725" (iii) 40?4536^ (iv) 2° (y) 5ле 


(vi) Dos 


3 
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6. Express the following angles in radians :— 

(i) 30°. (ii) 75/30 (iii) 45"25'36" (iv) 1904 (v) 709407 
(vi) 32592579“. 

7. The sum of two angles is 60 grades and their difference 
is 16° ; find the angles in degrees and grades. 

8. The sum of two angles is 140° and their difference ig 
90°, find the angles in degrees and radians, 

9. Two angles are in the ratio of 5:3 and their difference 
is (i) 40°, (ii) 1007, (iii) 192°, find the angles, 


10. Two angles of a triangle are 48'47'98" and 71°19'39". 
Find the thira angle in centesimal measure. 
11, 


The sum of two angles is 152°, If the number of 
degrees in one is equal to. the number of grades in the other, 
find the circular measure of the angles, 

11, (a) The sum of three angles in G. Р, is 171° and the 
number of grades in the greatest angle is to the 
units in the least as 450 is to m, 

12. Divide a right angle 
number of degrees in the one and 
be in the ratio of 3 : 10. 


number of circular 
Find the angles in grades, 

into two parts such that the 
that of grades in the other may 


18. The angles of a trian 


gle are in the ratio of 4:3: 5, find 
the circular measure of the le 


ast angle, 
в 
14. One angle ofa triangle is ps and another is 709. 


Express the third angle in degrees, ГО. U.] 


15. Divide 88°16’ into two parts such that the number of 
Sexagesimal Seconds in one part may be the same as the number 
of Centesimal seconds in the other, 

16. The four angles of a 
greatest angle is twice 
measure of the least angle, 

17. 
find v. 


quadrilateral are in A, P.; the 
the least angle. Find tha circular 
[ B. U. 1897 ] 


The angles of a quadrilateral are 2”, 60°, 60" and бл 5 


[ B. 0. ] 
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18. Find the circular measure of an interior angle of a 


vegular n-gon. [0.01] 
19. Тһе difference of two angles is 1° and the sum of their 
circular measures is 1. Find the angles in degrees. [M. U.] 


90. Show that the number of degrees in an angle ofa 
regular dudecagon is equal to the number of grades in an angle 
of a regular octagon. [M. U.] 


21. The angles of a pontagen are in A. P. and its 
greatest angle is thrice the least. Find the angles in degrees and 


radians. [8:0 

99. The circumference of a circle is 176 yds.; find its 
radius. (л= 37). 

23. The radius of а circle is 7”, find the angle subtended 
at the centre by an arc 11" in length. 

24. Find the length of an arc which subtends 293? at the 
«entre, the radius being 17'6". (x23). 

95. Find the circumference of a coin whose diameter is 
опе inch. (x25). 

26. An arc of a circle, measuring 2618 ft., subtends an 
angle of 60° at the centre. Find the radius of the circls. 
(x=8'1416), [C. U.] 

27. If an arc of 5 yds. 1ft.6 in. subtends an angle of 
1°8° at the centre, find the radius of the circle in inches. 

28. Assuming the distance of the sun from the earth to 
be 92,000,000 miles and the angle subtended by the diameter 
of the sun at the earth to be 32’, find the diameter of the sun. 
(x= %). 

29. Ап are of a circle, whose radius is 48 ft., subtends an 
angle 66°15’ at the centre. Find the length of the arc. 

(Given circumference : diameter : : 333 : 106). [C. U.] 

30. An arc of a circle, whose radius is 4000 miles, gubtends 


at its centre an angle of 5". Find the length of the are 
in miles, [ 0. U. 1877 ] 
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31. Assuming the radius of the earth to be 4000 miles, 
find the difference in latitude of two places, one of which is 100: 
miles north of the other, (x= 3:14159--.] 


32. Find, correct to a foot, the 
Earth's equator, which subtends an a 


centre of the Harth, supposing the radius 
to be 4000-miles and %=3°14159, 


length of an are of the 
Dgle of 1 minute at the 
of the Earth's equator- 


33. If the circumference of a circle be divided into five 


the least, find in radians the 


angles subtended by the parts at the 
centre, 


[B. U.] 
34, Calculate, correct to 3 places of decimals, the area of a 
circle of radius 6:98 ft. (r—314159) [Е. В. 8. В. '59] 


35. A horse Tunning along a Circular path at the rate of 


5 miles an hour traverses ап are which subtends 63° at the: 
Centre in 30 seconds. Find the diameter of the circle, 
7=32), 

36. The minute-hand 


of a clock is 9 ft. 6 in, long, how’ 
many inches does its extrem: 


ity move in 30 minutes ? 
(==3'1416) 


Same as the number of gardes in that of the second. 
mber of sides of each polygon. 
39. Tho angles of a trian 


glo are in A. P., and the greatest is. 
double the least ; express the \ 


angles in radians, (С. U. °51] 
40. Show that the num 

regular decagon is to th 

regular pentagon as 6 : 5, 


ber of degrees in an angle of a 
9 number of grades in anangle of a 
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41. Find the time between 1 P. M. and 2P.M. when the- 
angle between the hands of a clock is 1863 grades. [ O. U. '51] 


49. A man 5} ft. high is seen from the distance of 
half-a-mile ; what is the angle that he subtends ? [W. B.S. F. '59] 


43. Find the ratio of the radii of two circles at the centres 
of which two arcs of the same length subtend angles of 60° and 
75°. [ W. В. 5. Е. '53] 


ne с "IE 
[ Hints. `7 180°=х°, -. 60° and =. Tt. the 


radii of the two circles be r and В, then the arc of the first. 


circle =? and that of the second eirolo Р.В. 


Again, *. the ares are equal ( hyp. ), 


а 28 z сб Е. 
3. 7=т5 № A. r:R-15:8g-75:4] 


44. Express in circular measure an angle of a regular 
polygon of 10 sides. [ U. U. '50 ] 


Trigonometrical Ratios 


12. Definitions? Let the Z АОВ be Ө in magnitude, From 
any pt. P in OB, PM is drawn perpendicular to OA. Now 
with respect to the acute angle @ in the 
right-angled APOM, PM is the perpen- 
dicular, OM the base and OP the 
hypotenuse. Again, with respect to the 
acute angle OPM, OM is the perpendi- 
cular, PM is the base and OP is the 
hypotenuse, 


Now, the trigonometrical ratios of the angle POM, те, 
Ө will be as follows $ 
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Ем 1.е., pore.) is called the Sine of the angle 6. 
ур 


ОР . 

I » ee) п Сове „| 

о . 

EM Ds » » Tangent, „ » 

OM/ . base 

Eu ies а) »  Cotangent , „ 

ey 5e BR) » »  Cosecant  , , 

PM perp. 

ЕЗ Seca oer, cs 
азе 


The ratios are briefly written as sin 0, cos 6, tan 0, cot 6, 
Cosec 0, sec д respectively. 


Besides these, 1 
<0-уегз 0, 


18. The tri 
the sume angle, 


From any other Point Ру on the arm ОВ of ZAOB draw 
PIM] perpendicular to OA. It will be 
shown that the trigonometrica| 
angle 0 obtained from the Ap 
be the same as those obtai 
from APOM, 

In the A*Poy and P 
common, Z M= (М, 
во the remaining angles 


— cos 0 is called vers 0 and 1—sin ө is called 


Sonometrical ratios are always the same for 


1 ratios of 
10M, will 
ned before 


19M; ZO ів 
(being rt. Ив x 


P and P, are equal, 
the triangles are equiangular. 


PM PM, OM oM, PM. PM, AE 
Of) ОР: ОРЛОВ УСА OM US er 


Thus it is proved that with respe 


ct to any position of Р on 
‘OB, the trigonometrical ratios of Z 


AOB are the same, 
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Similary, if P4 be any point on OA and Р.М. be drawn 
perpendicular to OB, then the trigonometrical ratios of angle 6 
obtained from the ДРэОМ. will be the same as before, for 
the corresponding angles of the APOM and ДРОМ being 
equal their corresponding sides must be proportional. 


14, Relation between the trigonometrical ratios, 


It is evident from the definitions of the ratios that sine 
is the reciprocal of cosecant, cosine is the reciprocal of secant 
and tangent is the reciprocal of cotangent. 


T it 
Thus, (i) sin Ө RU and cosec 8 ERE 


2. sin @Xcosec 0—1. 


(i) сов ө= and sec Ga. 4. cos OX sec 0— T. 


cos Ө 
1 1 
T = а = м = 
(iii) tan 6 ED cot ‘ano ee tan 6Xcot 0— 1. 
а 8ш Ө — сов Ө 
(iv) tan 6 Sor and cot 0 CIR: 


[N. B. (i) The trigonometrical ratios are all numbers. 
and hence the first four rules of arithmetic are applicable to- 
them ; (ii) sin Ө signifies a number (if does not mean sin x 6) ; 
(iii) the sum of sin 0 and cos Ө is sin 0-Fcos Ө, just as the 
sum of the numbers a and b is a+b. . Similary their 
difference is sin 9—cos Ө, their produch is sin Ө cos 0 and 


р i . віп Ө E ` А 
their quotient is ^ g' So sin ӨХвїп Ө= (віп 0)? written as 


gin?0,and sin@X2=2sin Ө. It is to be noticed that (sin 9)? 
ig written as 51170 but not as sin6? which has a different 
meaning. Again 2 sin Ө and sin 20 are not the same, the onc 
denotes twice the number sin @ and the other denotes sine of 
twice the angle Ө. ] 
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15. The following formulas are very important. 
sin Ө 
cos Ө’ 


(1) tan ọ= (i) sin?-Feos? g—1, 


Gii) sec?9—1-Ftan? Ө, (iv) совее? 9—1--cot? o, 
(i) Proof :—[Draw the figure no. 5] 


um. M P 
© PMLOM, лові ө= PM, cos 9 - 9M and tàn 9— M 


oP ОР om’ 
PM 
Now, tan вые (dividing the numerator and 
OP the denominator by OP) 
sno 
cos Ө 
(ii) Prove that sin29+cos29= 1. [ E. В. S. В. 730] 
Ünfg.no.5] * ZM is art, angle, Г. PM?-FoM?-0P?; 


. РМ? ом? ОР? 
Сора тор 5з ( dividing both sides by ОР?) 


PM\2 , jom\2 PM OM 
or, — AM , с m ЗА Е 
, (5) Qr о) =1 ; but sin as and cos Ө ae | 


-. sin?@+cos29=1, 
(iii) Prove that sec?0—1--tan?0. (020. '49 ; E,B.S.B.49] 
Пп fig.no.5] 7 ZMisa right angle, | 


“+ see ө= 25, tan ө=РМ, and оОР2=РМ?+ом?. 


Р? 2 2 2 2 
АЛКО. TAM 49M rst oF) „(м +1 
OM? OM?‘ ом? ом ом 


=. sec?0=tan?0 +1. 
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(iv) In fig. no. 5, OP? =PM2+0M2, 
OM 


ОР 
and соѕес Q— ——, cot 5 
OF eM Шит 


; do . OP? PM?,o0w? 
p2—pM2 2 ^ 
Now, ^ О PM?-cOM?, .. 3 ats 5, 


oPY (9м\? . 29= 2 
or, (25) =1+(2м) >» -.  со5ес20= 1 4-cot?0. 


16. Some Identities 
Ex.1. Prove that sin*@—cos*9+1=2 sin?0. 


-sin*@ — cos*9+ 1 = (sin?8)? — (cos?8)? +1 
= (віп204-сов20)(віп20 — соз?0) 2-1 
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=1% (sin? -—6cos?9)-Fsin?9--cos?8 [  sin*6--cos?9—1] 


= gin?9 — cos?0 --sin?0-- cos?9 = 2 sin?0, 


‘Ex. 2. Prove that cos CT A sin A=sec A. [0, U. 50] 


L. H. S. аш А 
сов cos A 
cos? feats A 
у=ы— = = вес A, 
сов А сов А 
1 
"TO NEP hat —— — — — >si 4 
Ex. 3 roye that cot Attan a "A cos А.  [O.U.'46] 
1 1 1 
,H. б.= = = 
E Б соз A,sinA cos? A--sin? А 1 
sin A cos A sin A cos A sin A cos A 
=sin A cos A. 
Ех, 4. Prove that , /1—sin @_ t 
lain sec 0 — tan Ө. 
L E Bed =sin6)(1-sin@)_ /(1—sing)? 
(1--sin8)(1— sint) 1-sin?8 
= JU c sino? 1=вїпӨ_ 1 sing 
cos?6 cos Ө cos Ө cos8 


=sec 0 —tan Ө. 
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Ex. 5. Show that sec?A созес?А = tan2A+cot2A-+9, 


[ 0. 0. '46 } 
І. H. В.= (1--tan?A)(1--cot?A) i 
=1-+ tan?A-+cot?A+tan2A,cot2a 
— 1-Ftan? A+cot? A+tan2a x idus =1+tan?A+cot2 A -- 1 
—tan?A соб А 4-9, 
Ex. 6. Show that bon ZA =cosec A. [C. 0. ^47) 
oe совес A 


ith = 1460866? A — 1. 4 (созес A+1)(cosec A — 1) 
Eon 1--cosec A ist cosec A 4-1 


=1+cosec A — 1 = cosec A. 
Ex. 7. Show that (5600 – сов) (совесе — sing) (tang + оо0) 
=1. [0.1.751] 


TEENS 57% Mats at (йе ө соз Ө 
с Pio Sm cos CR 6 
—1- с0320 x1 Кей y 8in?6 -- сов? 
сов Ө sin Ө cos Ө sin Ө 


— 81120 cos? 1 = 81120 cos26 


боз Ө sin Ө' віп ө cos @ sing cos?g 1" 


Ех. 8; Prove that 1 Ire 1 Be 
sec 0-бап Ө сов Ө cos 0 вес 0 — tan 6 


4 [O. U. 44 ; G. U. '51] 


te 1 = Se¢ 0 — tan 9+sec 6+tan 0 
sec Ó-Ftan 6 ' sec 0— tan Ө вес20 — tan26 

2 

CU S gecko ЈАВЕ 1 


cos Ө соз ӨЧ 9 
Now by transposition we have 
L5 рле 1 
890 0--tan Ө cos 8 cog бес 0—tan 6° 
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n 1—tan?A : 
: АВА А. m 
Ex. 9. Prove that соз?А — sin А акад: [G. 0. '50] 
2 in? 
CcoS"A—sin"A pe. 2 : о 
Oe pana 5 008?A-Lsin?A 1 
1.8.8 cos*A+sin2a ( ) 
cos? A sin? A 
Gon ЛА СОЗ А, (dividing the numerator and the 
TORESPENDTERSENTA denominator by cos? A ) 
cos? A cos? A 
1—tan? A 
~1-Ftan? A' 


tan 8--seo 0 —1 sin 0+1 
Ex. 10. Show that Sin PT REN О = 


(tan 0-Е вес 6)-+(tan2@ — вес?0) 
LES. tan 9 — вес 6+1 


[^ sec?6=1+tan%9, © рап 89626] 


(tan 0-Е вес 0)(1--tan 9 — sec б) 
гр tan 0 — вес 0+1 


sind, 1 _віпө+-1 
сов 0 cos@ cos 0 


= ап 0--5ѕес 0 


11. И віп A-Fsin?A —1, prove that cos2a+ costa =1. 
[E.B.8.B. *51] 
Here, sin A--sin* A—1, .. sin A—1- gin? A=cos?A, 
.', sin?A=cos*A, Now, co87A-F-cos*A = cos 9A --gin2A =], 
« Ex. 12. Ifcos A--sin A= ,/9 cos A, prove that 
cos A—sin A= ,/2 sin A, 
"^ ооз A+sin A= 4/2 cos A:+-(1), 
“, соз? A-Fsin? A+2 cos AXsin А=9 cos? А ( squaring ) 


or, 008? А —віц?А =9 cos А sin A--(2) [by transposition] 


$ 3 2 A si К 
Now, from (2)+(1), cos А—вїп AR EAT ИЯ gin A, 


Ele, M, (IX)—19 
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Ех. 13. Simplify сов?А cos?B+sin? A sin?B 
5 +cos? A віп? B+ cos? B sin? A, [0. 0. 743] 
The given өхр.= (соз? А cos? B+cos? A sin? B)-- 
(sin? A віп?в + cos? В sin? A) 
° = сов? A (cos? B+sin? B)+sin? A(sin? B+cos? B) 
=(cos? B+sin? B)(cos? A+sin? A)=1X1=1, 


imul, (Sim A+cos A)(1—sin A cos A) 
Ex. 14. Simplify EASA 


The given fraction 
(sin A+cos A)(sin? A+cos2 A —sin А cos A) 
x ins 3 
Sin? А +-соз? A 
Sin? A--cos? A 
= 
Sin? A+ 0083 А 


=1. 


Ex. 15. Simplify cos?B cosec2A —sin2B cot2A 
— cos? В cot? A+sin? B cosec? A, [ 0. U. '45] 
The given exp. 
=c08? B(cosec? A — cot? A)-+sin? B(cosec? A — cot? A) 
= (созес?А — cot?A)(cos?B +sin?B)=1X1=1. 
Ex. 16. Simplify sect А — 2 sec? A tan? A+tan* A- 1 
Cosec* А —9 совес A cot? A-Fcot^ А 
(0. 0. °41] 


The fractione (8002 А — ап? a)?~ 4 _ (Отелде 
(cosec? А — cot? A) Q Бла: 


Ex,/17, Simplify — 12,4 7 1 5. 
У Tein? АЎ ое A 
The given exp, 


zelum 1 ‚= 1 de 1 
1+sin? A Ё 1+sin? A sin? A+1 
1+——— SEIS 
Sin? A віп? A 
m 1 sin? A „l+sin? A 
l-Fsin? A 1+sin? A 1+sin? A 


=1. 
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віп A— sin B , cos А — cos B 


. 18. Simplif = -— 
Boeh НИЯ сов A+cos В sin A+sinB 


[0. U. 49] 
sin? A —sin?B-l-cos?A — cos?B 
(cos А-соз B)(sin A+sin B) 
_ (sin? A-+cos? A) — (sin? B+cos? B) 
(cos A+cos B)(sin A+sin B) 


1—1 
= (соз A+cos B)(sin A+sin B) 


Ex. 19. 1 = sin?X--y cos°«=sin < cos x, and 
дж вїп 4—y cos «=0, then z?--y?—1. [0. О. '37;Р. U. 743) 


The given exp. = 


** gsin«-—y cos «=0, 2 віп X=y cos « 


2723 Гад . 
Y = = [; (suppose), .. c= a д 
^' cos < sin 4 (suppose) , ^. z—k cos <, у= sin «. 


Now, ' wsin®<+y cog?« —sin 4 cos 4 
-. Е сов < sin?«--k sin < cog?« =віп « cos ©, 
or, ksin < cos < (sin?« --cos?«) —sin < cos <, 
or, ksin < cos <=sin < cos < [^ sin?«--cos?« — 1] 
,. k=1, -. w=cos% and y=y=sin «. 
S0 w2-+y? =cos?4-+sin24=1, 
Exercise 2 
Prove the following :— 
1. cos*@—sin*@=2 00520 — 1, 
1 


PIU us A cot A. [E.B.S.B. '48] 
3. cos®A+sin®A+38 sin? A cos? А=1. 
1+cos 6_ X 
4. WI We 9-Е сов 0. ГО. U. '43] 


Б. tan2A cot A+cot? A tan A=sec A cosec A. 
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23. 
24, 


(sin Ө— cos Ө)?==1— 2 sin Ө cos Ө. [E.B.S.B. '50] 
sec*@ — sec? 0 = tan^0 4-бап?20. 
sec*A — 2 tan? A= 1 -+tantA. 


созес* 0 — cot*@ — 1=2 cot?9. 


sin?@(1-+ cot6) +-cos?6(1-+tan29)=9, [O.U. ^51] 
зес?А созес?А = tan2A -l-cot2A +2. [ 0. U. '40] 
ү EE ов @+cosec Ө. 

вес 0— 1 


4 tan?A--3—3 sec2A+tan2A. 
1.908 A, віп А z 
sec A coseca ~ 


f (a) l— tan? ө 


ldtünig 29970-1-1—-8sin?e, [G. U. '59] 


cosec?A cos?B — cot?A sin2B-+cosec2A sin?B 
—cot?A cos?B = 1. 
Авео? A— 1 =віп А вес A, 17. 1200+ cotA 
cotO-F-tanA 


860*0 — 9 вес? tan?9-L-tap* zd , 
cosec*@ — 9 созес?0 cot?8--cot*0 ~ TERVE 


= cot A tan 0 


АА 
—вїп A 

——— = 506 А — А. 
1+sin A за 


2 —1+sin A 
(tan А--вес A) Sr [0. ©.) 


1 1 
совес A+cot A совес A — cot A 


Aes 1 E 1 


2 cosec A, 


совес @-Fcot Ө sin sing cosee O-— cob e 
(1--tan? А)(1 - sin? A) — 1. {C. U.] 
(1--tan Ө — sec G)(1-I-cot 6-I-cosec 6)=2, 
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1 1 


1+cos?A EET ns 


25. 


2 
cot АТ, 1+tan А 27. 1+ tan?8 ES Nod 8: 


A coh A-1 1-tanA™ 1--sec 6 


cos A--cos В _вш A—sin B 


a9: sin A-+-sin В cos B—cos A` 
29, = Alysha Binh А — 9 sec A. 
l-Fsin A cos A 
30 cot 9-Е созес 6 — 1. 1-08 0 
* cob @—cosec 0-1 sind ` 


31, 9(gin90-l-cos98) — 3(sin*6 -- cos*9) -- 1— 0. 


cosec A cosec A 2 5 
сово у =o A. [W. В.В. Е, 
52: совес A—1 совес A+1 воо [ В. БЕ, 58] 


Simplify :— 
sin A „Cos A 1—tan 0 _1-+tan 
pu . 84, ———— - б 
35 cosec а АЫ cot 6-1 cob 0+1 
sect А— 9 вес2А tan2A+tan* A ò 
35; sint0 +2 sin?6 cos?0-Fcos*Q ` [G. U. 49] 
36 il 1 2 


соѕес A—cot A cosecA+cot A sinA 


sin A+sin В | cos A+cos В 
cos A—oo8 B sin A— вїпв` 
вес A—sec B , tan B— tan A 


37. 


i tan B--tan A sec A--sec B' 
39. If 7 sin?0 4-8 cos?0 = 4, show that tan 0= E 
[ C. 0. '38 ] 
40. Prove that sin 6(1++tan 0)--сово (1-- соб) 
= вес 0+ совес 8. [0. U. '35] 
41. If cos 0—sin 0— /9 sin 0, then cos 0-Fsin Ө 
= ,/2 cos 0. [B. H. U. '46] 


49. Show that the sum of 6 sin*8 —4 sin90 and 
5 00340 — 4 cog90 is the same for all values of 0, 


294 A TEXT BOOK OF Н. 8. ELEOTIVE MATHEMATICS 


17. То express the trigonometrical ratios in terms of any 
one of them. 
(1) Express all the trigonometrical ratios is terms of the 
sine. 
'7 sin?@+cos?9=1, ~.  cos?0— 1 — sin?0, 


7. cos 0— A/1— gin?8 ; 


HUP sin @_ sing ELE 6_ J1—sin20. 
О ЕЕ ЗОВ sind ' 


5000 = = = cosec = 

[Otherwise] In fig. no. 5, 1 ZAOP=0, OP=1 (unit) 
and PM —a units of length, 

1. -sin ome atmo. Uc OP2=Pm2+0m2, 

^  OM®=0P2—pM2=1-a2, ^. ом= A 1-— a3; 


Now, cos 0— 9M = м a? = 


ЕЕ 
ОР 1 М1 – sin 0; 
PM а вїп 0 
fan 0=— = = smy , 
M i-a? „віп? ae 


[М. В. The sides of tho triangle should be so taken that 
the value of the ratio in terms of which other ratios are to be 


expressed is а.) 


(2) Express all trigonometrical ratios in terms of the 
tangent. 


Draw fig. no. 5. Let РМ =а and OM=1 ; 80 tan o= =a. 


7. OP?-OM?-FPM?, у, op= Мом ЕРм2= ‚/1-Еа%. 
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Now, sin o= Me ——®——:= tan Q _ 
OP „1+0 wl-tan?8 

OM 1 1 1 
cos 0— = = ‚ cob 0— g 

OP /1+а% аа” tan 0” 

1 а 2 

sec 9=——__ = 2 o= Ji+tan? 0 9 

Тб A/1-Ftan28 ; 60860. "m = 


18. Conversion of trigonometrical ratios. 
Ex. 1. Ifsin A=}, find cos A, tan A and seo A. 


Here, sin A =P.: = І 
hyp. 


Draw fig по. 5. Let PM=1 unit of length and OP —3 units. 
omM2=o0P2—PM2=9-1=8, ^ OM= 4/829 9. 


_OM_2/2 PM_ d ix v2 _ v2 
Now, cos A= = , tar A= = 
= Op в А ома ай VAKNA E 
1 З 387079 
А=—— = SS 
and sec SATUS io 


Ex, 2. If cos 2-2, find tan т, sec х and совес д. [D.B. '48] 

In the fig, по. 5, let OM —2 units and OP—3 units of length. 

7. PM2=0P2-OM2=82—9?=9-4=5, /. PM= Мб, 
РМ JS БОР рд. 

Now, tan = TUS ; вес 2 ONES 


P 3 


d cosec g= = 
and сов ЕМЕТ 
Ex, 3. The tangent of an angle is $; find the other 


trigonometrical ratios. 


Here, tan в=Р = —3 Draw fig. no, 5 and le& РМ=З units 


and OM=4 units of length. 


a op? - PM? oM? - 8? = 95, “э, 
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ч PM 3 _OM 4 OM 4 
Now, sin ОЕ cos Ө GE 


OP 5 SOP a! 
sec 6 OMe and cosec 9 PM 3 
Ex. 4. If cos 0=3, where Ө is a positive acute angle, 
find cot ө, 


Here, cos 8— base 
hyp. 


and OP —5 unita oflength, ° PM?-FoM?—op3, 


PM*—OP?—oM?—52. 32.167 SO PM=4, 
“+ cot a= OM_3 


PM T 


-E Draw flg. no. 5, and let OM —3 units 


Ex. 5. Tf cosine of an acute angle is ,/1— 52 find itg sine 


ug 
and show that its cotangent is 1-а? 
а 
Let the angle be 9, then cos 8— ,/1—53 
7 gin? 04 сов? 61, 


or, sin? 9.1 -a?=1, 


(hypothesis), 
“+ sin? 0E ( J/1—52)2 =1, 
or, вт? 0=а?, s, sin 0=q, 
Again, cot 9= 28 6 аз 

sin 0 Gi hk 


Ex, 6. If the tangent of an acute angle is б, prove that its 
Sing — 9 — 


1222 [ 0. U. 42] 


зе 


Let the given angle be 9, then tan g=PerP. 
а, 


Draw fig. 5 and let PM 


=c units and OM —1 unit of length, 
Cero TMS d oM Ee орг, V1+0%, 


: PM c 
Now, sin Оаа гало 0 
P' 14-6? 
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[Otherwise] '.' tan@=c, ~. cot prs 
с 


2 
Now, созес? 9— 1-- cot? ө=ї+®=° гы; 


+» совес 0— 


Nito? + gj Е 
wen 06 д = —— = . 
"Arm sin coseo O /1-kc? 


Ex. 7. If tan Ө= „/3, show that sin o=. 


[ Зее Ex, 3. Let РМ = 4/3 units and OM=1 unit. ] 


Exercise 3 


1. Express all other trigonometrical ratios in terms of 
‘the cosine. 

2. Пір А = $, find tan A and sec А, 

3. If cos A=4%, find cot А and cosec A. 

4. If tan A=, find sin A and вес A. 
5 cosec? А — вес? A. 


If cot A= ,/7, find the value оѓ малак 
J7, find the value о НТА Eoo A 


> 


If seo se find tan A and cosec А. 
Va dt tan 6-75 prove that sin 9— —- ES 
8. 1 соз 0—$, show that tan is 

9. Ifsec A—$, show that cob A= — т 


10. If cot AT show that cosec A= меи, 


а а, b 
11. If cosec A= P show that tan A= Pare 


12, Sine of an acute angle is v. Prove that its cosine 


= Л =e? and its tangent = ers [C.U. 41 ; ЕВ.5.В. '51] 
; =a 
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13. 'The tangent of an angle is 


$, find other direct 
trigonometrical ratios. 


ГЕ. B. 8. В. %50 ] 
14. If cot A F совес A=3, find cos A, 


15. П tan А-зес A= En find sin A, 


16. IfsinA —$, cosB=12, where A and B are positivo 
tan A— tan B 
acute angles, find the value of ЕЕ: 
ГҮ. В. 8. Е. '58] 


19. Trigonometrical ratios of certain angles. 
(i) Trigonometrical ratios of 80°, 


Let ZAOB=30° ana PMLOA, 
Then Zopm =60°. Produce РМ 
to Q so that MQ=PM.- Join Qo. 
In APOM and AQOM, PM —MqQ, 
OM is common to both.and 
ZOMP= Дома (being rt. angles ) ; 
-. the As aro congruent. 
+ Z00M-3p, 


* ZPO0Q=60°, 
in ДОРО each of the Z Pand Z POQ is 60 
^ ДРоа із equilateral, 

8, PosPQeg9PM, ~ 


Fig. 7. 
^^ Z02600, 


++ PM—loP, 
Again, OM?= ОР? — pus. орз _ (0Р)?=ОР? — Jop2=3op2, 
du ом= op, “sin 30°=PM_30P_1 


OP op 23 


o 1 1 
Hence, с 3 == leg. 
ees aia apt $ 


Va 
Nop 
cos 80° OM_ 8 _ Jg ; 


ОР 2 
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о 1248 
and cot 30 tan 30° 
(2) Ratios of 60°. 
[In fig. 7] /ОРМ =60°; with respect to this angle, 
perp. =0M = ор, base= РМ =40P and hypotenuse = ОР. 


the 
J3 
~“oP 
5. віп вом — 58; 
ОР 2 
o il 1 2 
(pee ES 
So, cosec 6 ain 60° J3 J3 3 
2 
S PM. ФОР 1 Series, 
cos 60 ОРГ ОРУДУ. hence, sec 60° соз 60* 1 2. 
М8 
о OM 
tan Ge S =. = /8; hence cot 60°= 


ES 
[N.B. sin 30*—cos 60°, cos 30^ —sin 60°, tan 30° = cot 60°, 


РМ ЗОР 


cot 30° = tan 60°, cosec 30* = вес 60°, sec 30° = совес 60°. ] 


(8) Ratios of 45". 
Draw fig. no. 5 and let 4 AOB=45°; from P in OB 
Then ZOMP=90,  .. the remaining 


draw PMLAO. 
OM=PM. 


ZoPM=45 = ZAOB. = 
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Again, OP?=OM?+PM?=9PM2=9mo2, 


7. PM2=Jop2; ©. py = mF and ом=- ор, 
-. sin ipea О" =F ; hence, eosec as A/2. 
1 J2 
Cos 45° 2м. TEE ; hence, sec 45°= ,/9, 
tan и: ; hence cot 45^ — 1. 


(4) Ratios of 0°, 


Let ^/Aog be a very small р 
positive angle. Draw PMLOA 
from any pt. P in op, As Z AOB, 
le, / POM becomes less and leas, 
PM and op also become less and o М 
less, Thug when ZPOM becomes Fig. 8 
Smaller than any quantity we can 1 
assign, 5.6, when it becomes Zero, OP coincides with OM and 
then PM vanishes Cie., PM =0) and оР=ом, 


SA ES PM 0 90M. OM 
*.« gin (rude ш 4 m ex]. 
ОР op™0; cos 0 ОР om 15 


0 о ом 
; = = M 
s o 5 Cot 0° —the value of E where О 


is a finite quantity and PM ig infinitely small (i.e, 0) = co 
(an infinitely large Quantity). 7, cos 0°= œ (infinity), 


Similarly созес (ale =; °— ОР __OM 
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(5) Ratios of 90°. 


Let ZAOB be an acute angle and let PM be drawn  perpendi- 


cular to ОА from any point P on OB. x, B 
As this angle gradually increases, OM Р 
gradually decreases and OP comes nearer | 
to OX. Thus when OB is perpendicular 

to OA, 5. в., when OP actually describes a | 


right angle, then M coincides with O and 


OP and PM are equal, OQ M A 
"NOME Fig. 9 
4 РМ “ОР. o. OM 0 
90°=—_ = —=1; cos 902 — —— = 
Now, sin SARO $ CO! СВ БР 0. 
in 90°=РМ АЎ a finite quantity а 
OM an infinitely small quantity Ч 
cot go OM =0; sec 90 = OP La, 
and coseo 90°= OP S PM 
PM PM 


[N.B. In case of tan 90°, OM approaches 0 and in the 
a finite quantity _ a 


limitOM=0. .. tan 90°= 
zero 


Strictly speaking no finite quantity can be divided by zero. 
Hence the values of cot 0°, tan 90°, sec 90°, cosec 0° cannot be 
determined. So they are undefined. 


Now, if originally the ZAOB be obtuse and if it 
approaches 90°, then OM is negative and it will be zero in 
the limit. PM is positive. .. tan 90°=- œ, Hence we 
may write tan 90'— c. This applies to seo 90°, cob 0°, 


coseo 0° also. ] 
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20. The following table should. be committed to 
memory :— 


ТМ. В. If only sine and cosine of an angle are known, the 
other ratios can easily be reproduced. It may be noted that 
if only sine and cosine of the angles 0°, 30° and 45° be committed 
to memory, then the whole table may be reproduced. There 
isan artifice for remembering the sines. Write the numbers 


0, 1, 2, 8, 4 and divide each by 4 and then take the Square roots 
of the quotients. 


These square roots, i. e. vb MBs AP Us NS 


ате respectively the sines of angles 0°, 30°, 45° » 60° and 90°. ] 


Trigonometrical ratios of Complementary angles, 
In fig. 5, ZP is the complement of angle 0. 
5 OM 
hi P= — = 
We have sin Z op 9080 
sin (90°— Ө) = cos Ө, cos (90° —6)-sin ө, 


tan (90° — Ө) —cot Ө, cot (90^ — — 6) =tan 0, 
“sec (90° — 0) = совер Ө, cosec (90° — Ө) =вес Ө. 


a eS 


TRIGONOMETRY 303 


Some examples worked out 

Ex. 1. Verify that sin? 30°-+sin? 45°+-cos? 60°=1. 

(1) (Ay y 2 
ьн.в.=(%) «(4,) +6) rrtt 
Ex. 2. Show that cos 60°=1-2sin? 30°. — [E.B.S.B. 249] 
L.H.8.=cos 60°=$; 
Again, 1—9 sin? 3021-2x(i?21-2x1-1-1-1. 

cos 60°=1— 2 sin? 30°. 


9 tan 30° _ ; 
Ex. 3. Prove that "ESTCDENM NES [С. U. 40] 
it 2 2 
2x = — 
iy узш из пв S сз 
L.H.8. zn. mem a3 м 
( A8 з 8 
Ех. 4. Find the numerical value of tan? 30°+2 sin 60°-+ 
tan 45° — tan 60°-++cos? 30°. [G. 0. ^48] 


The givonios.=(43) +2x s341- уз+(УЗү 
=$+ /8+1— Joanne 148—935. 
Ex. 5. Find the numerical value of sin? 30°--4 cot? 45° 
— geo? 60°. [С. U. '50] 
The given exp. = (4)? +4. (1)? - (2)? =} +4- 4- 1. 


Ex. 6. Find the numerical value of 


tan? 45°. sin 60°. tan 30°. tan? 60°. [C. 0. '49] 
The given exp.=(1)?. 5 dt (83)? 2 1X х A3 Aen 8211. 


Ex. 7. Find the simplest value of 
3 tan? 45° — sin? 60°—4 cot? 30° +4 вес? 45°. — [O. 0. '51] 


- The given exp. —3.(1)? -(2y -1.( J3)? +4( 42)? 
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Ex. 8. If tan @=3, find the other trigonometrical ratios. 
Let ZA of the AAOB be a right angle and Z о=ө. 


‘tan 0=%, if prep. AB=3 units of length, then 
the base AO=4 units of length. 


-. OB? =32442=95 - og. ^/25=5. 


АВ ОА 
Now, sin o- Th cos ө=с^= à-$ cob 9-$-$, 
T 


Tub 
совес ө=2=5 anā sec л, 


Ех, 9. Prove that MERE TIT T sec 60°+tan 60°, 


[C. U. ^49] 


1+ a 
LHg&-4 | 9. /24+ 73 _ ен — 


=> 3- J3- (2- J3)(24- 8) 


Again, В, Н. S.=2+ /3, both the sides are equal, 


+ T л mer 5 1, 
Ех. 10. Show that sin g Cos g sin g tan т. 7008 Sg sin B 
Here the angles are in Circular measure, 
7? radians = 180°, 


^ L. H. S.—sin 60° соз 30?-- gin 30° tan 45° 


М8 М3 1 у 8 1 5 
7 х 7 а аа 
and Б.Н.8, = зїп 30° cos 60°+-sin Зее, 


*« both the sides are equal, 


1-2 sin 60° Cos 60° 1-9% о oi 

Ex, 11, Show that ОЙ sin 60° сов 60° : 
sin 60°F 08 60° Sin gah ge 
=% cos 30°, [0. U. °41] 
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шы V8 quae 30/9. Чр 98 
det ды СУОЛА NE g 5 
A Увы 5/9 УЗ 
та 9 3 2 g 
2--J3 8— J3 
“гд 2 9+ /3,2- 1/3 
8-1 J3-1-7 J8-1 J3-1 
D 2 


_(a+/8)( 48 -1)+(a- ./3Y 84-1) 
(/8+1)( V3 - 1) 


4,248-3—2— J8--2./8—3--2— J3 
3-1 


2/3 _ 
ВЕ 


В. H. 8.29 cos 80°=2X A. „/3. Г. both sides are equal. 


Ex. 12. Simplify :— 


Aton? 30" + (во 46° —cot?45°)—(sin?30°+sin?60°). [G.U. '50] 


1- 


n?30° 


142 
The given cgi guo C; ) -HCJ/2)? - (1) i-a )- 6) 


Nur 


ax 2X3 
= 3x9 =, 
Exercise 4 
1. Prove that :— 
(1) eos 60°=4 and tan 30°= = [C. U. 41] 
(2) tan 60°= ,/3 and cosec 80°=2 [0. U. '43, 45] 
(3) cot 30°= /3 and sin 9021 [0. U. '44] 
1 : o T 

(4) cos 18 (5) sin45 78 [G. 0. °51] 


Ele. M. (IX)—20 
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2. Find the value of cos 60°, seo 30° and cot 60°. [C.U. '47] 
9. Find the value of 4 sin? 45°+tan? 60°-+coseo? 30°, 


[O. 0. ^40] 
4. Find the numerical value of 00677 -F sin? gcos? T 
5. Find the simplest value of 4 віп230°--9 cos245° 
— 8 cos?60°. 


innt, 890245" — cot?45? | sin290° — cos260° 
ESOS, sin?60°-+cos230° 1 tan?30* 
Prove that tan 30°. sin 60°+tan 60°. cos 30°=9. 


sons 


- (a) Show that tan?7. sin F tan v бап? 21]. 


8. Prove that sin. T tan gi sin x cos 372 sin? 2. 
9. Show that ,, /Utsin 80° _ oU. . 
Show tha NEELLED sec 60° sin 60 


10, Prove that 
1+2 sin 60? cos 60° 
ESSENS O COS GQ 


1-2 sin 60° cos 60° 
sin 60°-+cos 60° 


sin 60°— сов 60° =2 cos 30°, 


[C. U. 41] 
ue of cot? 30* — 9 соз? 60° — 3 вес? 45° — 


[W.B.S.F. ’59] 


11. Find the val 
4 sin? 30*, 


12. Find the value of „tan 60° —tan 30° 


+tan 60° tan 30° 908 60° cos 80° 


+sin 60° sin 80°, [W.B S.F. 752] 


18. Find the value of 1 812230", с0в260°-+ 0052309 

+sin?45 cosec?90°— 05290? * 
(sin 60° tan 30°), [6.7.54] 
21, Elimination :— 


Ex, 1, 


Eliminate A from the equations 2 = д gin А and 
у= 0 cos A. 

da К (let Д mor ^ 
<- @=asin A, .. С sin А;апй ' y=) cos A, V. += оов A. 


OVER 2 
Now, as Күз ЗА --eos*A 1, EU mns 
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Ex. 2. Eliminate B from za sin B, y= 


seo B` 
к ире 
w=asinB, .. ae в. 
$ a 
Again, ^ y= 
? sec B 
A у = 005 В 

а вес В 


2 42 
z + i 
| Now, ort a rin" +0878 = 1, Л а?у? =а?, 


2 
Ех. 3. Ifz=asec Ө, y=b tan 6, prove that a = 
a 


[G. U. 511 


oe 


2 
` -—a sec 0, 57 вес ө, -. og seno ; 
2 
у= tan Ө, ~^ $ tan ОХИ ja tan?6, 
т? y? 2 2 
Now, паста 060 0 — ёап20=1 --бап?20 —$ап?Ө = 1. 


М a? y? D 


Ex. 4. Ifsin 0--cos 0—a and tan 6-+cot 0=b, show that 
bla? — 1)= 2. 


У A 4 
Sb sin Ө, cos 0... sin?0-kcos?0 _ 
tan Ө ооб 975,0 e ing йо: вїп Ө соз Ө 5 
or, 1 b, .'. sin Ө cos ө=ї--(1). 


эїш Ө созӨ 
Again, ^ sin Ө-Есоз 0=0, .'. sin2@+c0s26+2 віп Ө cos Ө=а?, 
or, 1+2 sin Ө cos Ө=а?, or, 2 sin Ө cos 9=а? — 1+: (2) 
/. From (1) and (2) we have 


axl=a?—1, or, dea? - 1, 2 Қа? — 1)22. 
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Ex. 5. Ifsin A+cos A=m, and sec А--соѕес A=n, prove 
that n(m? —1)=2m. [B.U.] 
n(m? — 1) = (вес A+cosec A){(sin A+cos A)? — 1} 


-( zu EL ) (sin? +oos2a +2 sin A cos A— 1) 
cos A sin A 


= (tin Atos А) (14-2 sin A cos A — 1) 
cos A Sin A 


Е 1 X2 вір А cos А = 2, 
віп А соз А 


Ех. 6. Iftan A-Fsin А =, and tan A-—sin А = 7, ргоув 
that m? — n?—4 ymn. [ Н. 8. 64 (Compl.) ; C. U. 14] 

Here m--n* tan A+sin A--tan A—sin A=Q2 tan A, 

and m-n=2 sin A. 

Again, тт = (tan A-Fsin A)(tan А – sin A) &tan?A — gin2A 


а ip 
НА —gin?A —gin?A (2% e 1)-sin?A cos A) 
сов^А cos*A cos2A _ 
in2 
; in“A : jam 
—sin?A ХЗ ^. gin?A бап?А, 7, Vmnesin A tan A, 
cos?A 


Now, m? - n? = (m--n)m —n) 
=2 tan A.9 віп A—4 tan A sin A=4 mm. 


Ex. 7. Ifsin A=m and tan A=n, prove that ет = 1-1. 
m? m 

Here — 231 and ыы 

sinA т tanA n 

са 

Sin?A m? ' tan?A n? 
m o utt 1 1 
'sinfA tan®A 43 p 5 cosec2A — cota = Tas 


or, i-cot?A—cot?A— tt у 1. 1,4 
m? n? Грус 5 
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Exercise 5 


Eliminate 0 from the following equations :— 


1. 
2. 


8. 


= а sin Ө and у =0 cos Ө. 

z=b cos Ө, y —b sin Ө. 

c —a(sec 0-- tan Ө), y=a(sec Ө — tan Ө). 
a-— b(cosec 9-Е сов Ө), c= b(cosec Ө — cot Ө). 
д=а tan 0, y —b cot Ө. 


If sin A= mre ype rae Io a that n сов A=m sin А. 

If cos 6 — p and cot 0=а, show that ы ERST 
р а 

It cos 9=2 


p*+q L 


chow that cosec 6+ cot 9 «2. 
q 


[ Hints eis the value of cos Ө in sin Ө= A/1— cos?8 


9. 
10. 


22. 


вїп Ө зто 
If sin 0 — cos n show that sin @+cos 07 +1. 


It sin 0= ntr 


, show that sec 0--tan Ө= 


m 2 


Solution of equations. 


Ex. 1. Solve 2 cos Ө =вес Ө. 


9 cos 9=вес Ө, or, 2 cos ЕЗ ‚ or, 9 cos?0— 1, 


or, 


os Ө 


cos2@=4, or, cos Ө= —_; but cos 45°= —- 


A s 


cos Ө= соз 45°, .’. 0=45°. 


[N. B. Magnitudes of trigonometrical ratios? In the 
relation sin?0--c05?0— 1, sin2@ and cos?0 are square numbers 
and hence neither sin20 nor cog?0 can be negative. Now, 
since the sum of gin2@ and cos?@ is 1, neither sin?@ nor 
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cos?0 can be greater than 1, as in that case one of them must 
be less than 1 (2.е., negative, which is impossible), Thus 
whatever may be the value of Ө, sin Ө and cos Ө can never be 
numerically greater than 1 (5.е., sin Ө and cos Ө can not have 
values like 2, — 2, --3'5). Thus sin Ө and cos Ө must lie 
between --1 and — 1. Consequently sec Ө and совес Ө which 
are reciprocals of cos Ө and sin Ө respectively can never be 
numerically less than 1. Тар Ө and cot Ө can have any value 
greater or less than 1 according to the value of 0. ] 

Ex. 2. If92 sin А= 9 – cos A, find sin A. 

2 gin А==2— соз A, 

ог, 2sinA—2=—cosA, ог, (2sinA—2)?—(-— соз A)?, 

or, 4 віц?А —8 sin A4-4— cos?A — 1 — sin?A, 

or, B sin?A—8 sin A+3=0, 

or Dsin?A- 5 sin A—8 sinA+3=0, 

or (sinA-1)(5bsinA—3)—0, .. sinA-1, or, 2. 

Ex. 3. If 25in?0—3 cos 0; find Ө, if it be.a positive 
acute angle. [ C. 0. '50 ] 

2 sin?0=3 cos Ө, or, 9(1— cos?20)-3 cos Ө, 

or, 2 cos?0+3 cos 9— 2—0, 

or, 2 cos?0--4 cos 0 — cos 0— 2—0, 

or, (2cos0—1)(c08 0--2)=0, :. совө=2 or -29j 

'^ cos Ө cann ob be numerically less than — 1, .. cos 024 - 9, 

4^ cosd=s=cos60.. .', 6-60 

Ex. 4. Solve sin 8 +cosec Ө= NUM 


2/3 if Ө be a positive 
acute angle, 


віп 0--cosec 0— ——-, ог, n6 1 pilin 
2 T ЖӨ. ө 2,/3' 


+ 7 sin 0 SI 
or, sin? URS ECT M [ multiplying by sin Ө ] 


or, 94/3 віп20-+2 4/3 =7 sin Ө, 
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or, 24/3 sin20 — 7 sin Ө+9./8=0, 

or 2/8 8120 —4 sin 9 — 3 sin 6+2,/3=0, 

or, 2 sin 6(./3 sin 0- 2)— J/3(./3 sin 9—2)-— 0, 
or, (2sin Ө— J3)(4/3 sin 0- 2)—0, 


sin d or E *"^ sin Ө cannot exceed +1, 
sin DANI Г. here sin ө= 8 sin 60°, ;. Ө= 60°. 


Ex. 5. Solve соз 19A = віп 6A. 


- The sine of an angle =the cosine of its complement, 
* We have cos 12A=sin бА = соз (90° — 6A) 
19A—90'—6A, or, 18A=90°, . A=5°. 

Ex. 6. If r cosO=2./3 and rsin@=2, where Ө is an 
acute angle find 7 and Ө. [O. U. '45; ©. 0. 749 ] 
* rco80—92 8: (1) and 7 sin 0=9...(9), 

т cos 0 _9,/3 cos 0 _ 
rsing 2 95 Sin Ө 48, 
or, cot Ө= /3=cot 30°. - 0-30. 
Now from (1) we have r cos 30°=2 5/3, or, r. 3—9 A/8. 


From (1)+(2) we have 


r= PINES 4. Hence, r=4 and 0= 30°, 
X8 
[ Ifin the sum т cos 0—2, v sin 0—2 МЗ as in G, 0. °59, 
then, 1224, 0= 60°, ] 


Ex. 7. If tan? 45° – соз? 60°=« sin 45° cos 45° tan 60°, 
find the value of 2. [С. 0. 49] 


From the given equation we have 


Feet /3 

о е1 еа Aor dea Sy 

9-09-26. do М8 on 14-6 
a. wat We si Ооз 3 
А тозу AN ROME NE 
CUP = 9348. 2 
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sin A--cos А 3+1 
Ex. 8. Solve ENTA NEST 


By componendo & dividendo we have 


2 sin A_2/3 sin A 
ЗсозА 9^ 5 cos Ann 


or, tan A= /3=tan 60°. +. A=60°, 


Ex. 9. If l-Fsin?A—8 sin A cos A, find tan A and deduce 
that one value of sin oe [ 0. 0. ^50] 


l-Fsin?A —3 sin A cos A, 
ог. cos?A-+sin?A-+sin2A=38 sin A cos A, 
Or, cos?A – З sin A cos A--2 sin2A —0, 
Or, cos?A —9 sin A cos A—sin A cos A+2 sin2A=0, 


or, (cos A— 2 sin A)(cos A—sin A)=0, 


From (1) we have cos A=2 sin A, 


or, p= ain 
' 9 oos 


(dividing by 2 cos A ), 4", tan Az. 


From (2) we have cos A=sin A, or, 14 55 tan A 


^ tan A=1, or, 1, 


Again, *'' cosA=sinA, .. A=45° [ '' sine and cosine 
1 


of 45° are equal], г. sin A=sin 45° = us 


[ "Otherwise: sin A=cos A=sin (90" А), 


^% A=90°—A, or, "dc uk . А=45°; 


“sin A=sin 45° == | 


/. either, сов A— 2 sin А=0---(1) or, cos A —sin А=0...(3), 
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Exercise 6 


Solve the following :— 


1. З tan 0—cot 0. . 4cos A=sec A. 


8. tan A+cot A= sin A+cos А=1, 


Е 
43 


5. sec Q-Fcos Ө=$. 2 sin 9—cosec Ө. 


cot 50 —tan 100. 


on t 


7. sin 0--cosec = 


9. sin 100 = cos 89. 

10. If tan A+cot A — 92-0, find sin A. 

11. If ~ tan 0— /3 and x cot 0=3 V3, find ~ and Ө, 
Ө being an acute angle. 

19. Ifpsin 0— /8 and pcos 0—1, where Ө is an acute 
angle, find p and Ө. 

13. If c sin 30° tan 60° cos 30° —sin? 60°— sec? 45°, find 
the value of т, 


; 27 : л mo. л л 
14. Given cot? 4. dm 30° cot Эва 208 T find a, 
DE 
15. Is there any value of Ө which can make cosec pale 
g? +y? 


wand y being two real and unequal numbers ? 


16. Given that 9(cos?0 —sin?9)—1 where Ө is a positive 
acute angle, prove that cot Ө= 4/3. ГС. 0. 51] 


sec O+tan 9... 9-- /3 
sec @-tan@ 3- /3 


18. Solve 2 вщ? 0-3 cos 0—3. [ Pat. U. 250 ] 
19. Solve sec A+tan A= ,/3, 


17. Solve 
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Practical applications of Trigonometry 
( Height and Distance ) 


28. One of the applications of Trigonometry is to ascertain 
the heights and distances of distant (or inaccessible) objects by 
observing the angles that are subtended by those objects at the 
eye of the observer. The instruments Theodolite and Sextant 
are used in such practical works. 


24. Angle of elevation and Angle of depression 


A straight line parallel to the surface of the earth is called a 
horizontal line and a straight line perpendicuiar to it is called a 
vertical line. ў 

If ох be а horizontal £ 
line drawn through O, the 
eyə of the observer, and 
A be a point above OX, 
then the angle which the 
st. line joining A and O o 
makes with OX (4.е., Z AOX) 
is called the angle of 
elevation of A as seen 


Horizontal line 
ложь m 


9 
а, 
(7 


from O. 
If the point be at B Fig. 9 


below the horizontal line OX, then ZXOB is called the angle 
of depression of В as seen from О. 


Ex. 1. From a point О, at a horizontal distance of 
100 yards from the bottom of the cliff 
PM, the angle of elevation of the top 
of the cliff is observed to be 30°. The A 
height of the cliff is to be determined. О юм 
Here PM is the height, Fig. 10 
OM=100 yds. and ZPOM=80° 
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.. In the right-angled ДРОМ, 


PM ва ZPOM=tan 30°= 1. 
OM 


J3 
PMA Sie 100 100x J/3 100 ,/3 

ot = ‚.. PMS yds. = ds, = yds 
100 J8 So S Ы 3 


=57'7 yds. (Арр.). 

Ex. 2. The angle of elevation of the top of a chimney 

at a distance of 200 ft. is 60°. Find the height of the chimney. 

[0. U. 1927] 
Let PM be the height of the 
vertical chimney and let the angle of 
elevation of P from the point O at a 
horizontal distance of 200 ft. from the 
chimney be 60° (i.e. the Z POM =60°). 


PM ° РМ 6 
Now, cumin 60, or, 200 ~ 3, О 2007-4 
.. PM=200 3 6. = 834064 ft. Fig. 11 


Ex. 8. A tree on the bank of a river is 50 ft. high and 
the angle of elevation of the top of the tree from a point on 
the opposite bank is observed to be 80°. Find the breadth 
of the river. 

[ Draw the fig. no. 11] Let PM be a tree, 50 ft. high, 
on the bank of a river and let the angle of elevation of P, 
observed from the pt. O on the other bank just opposite to 
the tree, be 30°. Then Z POM =30°. 

It is required to find OM, ive breadth of the river. 


| 1 

Here, $47! 30°= —=—, 4s = . 

ere, ст ian ai о, oM B OM —50 J3 ft 

Ex. 4. Find the length of the shadow of a pillar 60 ft. 
high on the horizontal plane through its foot, when the 
angle of eievation of the sun is 60°. 

[Draw the fig. по. 121 Let PM be a pillar 60 ft. high 
and the sun be at S. Let OM be the shadow of PM, the 
rays of the sun coming along SPO. The angle of elevation 
of the sun is 60° observed from the pt. О. 
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Р 
Now, eM cian 60°, or, E J3, or, OM J3=60, 


60 
ОМ =——=90,/3. 
TE м 


-. The length of the shadow = 20 „/8 ft.= 34°64 ft. 
Ex. 5. Find the angle of elevation of the sun when the 


shadow of a pole 9 ft. high is 34/3 ft. long. [C. U. '46] 
Let PM be the pole 9 ft, high and $ 

S be the position of the sun. Let the 

rays of the sun coming along the line P 

SPO cast the shadow OM of the pole PM. 
Here OM —8 ,/3 В. and Z POM is the g 

angle of elevation of the sun. 5 

Now, tan Ромма NER Fig. m 


but tan 60°= V3, г. ZPOM=60°, 

Ex. 6. A vertical chimney subtends angles of 30° and 
60° at pointy A and B whieh lie in а horizontai line through 
tho base of the chimney. Find its height if AB is 100 tt. 


ІО. U. 740] 
Let PM be the height of the chimney, ZPAM=80", and 


ZPBM=60° and AB — 100 ft. 
Now, aM =cot 30°= J8--.(1) 


BM elus ДИ): 
and с oot 60 J (2) 
.'. From (1) – (2) we have Fig. 13 
AM -BM ,1 8-1. 9 
= /3- = = 
PM М УЗ МУЗ BY 
100 2 


Ba tag 95 9PM=100,/3, .. РМ =50 „/3 ft. 
“. The height of the chimney = 50 „/8 ft. — 866 ft. 
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Ex. 7. The shadow of a chimney is found to diminish 50 ft. 
in length when the angles of elevation of the sun changes from 
30° to 60°. Find the height of the chimney. [С.0. '43] 

[Draw the fig. 13 ] Let AM be the shadow of the chimney 
PM and let ZPAM, the angle of elevation of the sun from 
А, be 30°. Again, let the ZPBM, the angle of elevation of the 
sun from B, be 60°, when BM is the shadow of PM. BM is less 
than AM by 50 ft., i.e., AB=50 ft. 

To find the height of the chimnny. 


AM o BM o 1 
= = dM cpu 
Now, БМ cot 30°= /8, an ery, cot 60 Jg 
QOQAM-BM _ 9 _ 1 
( subtracting ) TIEN „/3 Vs 
or, 50.3-1. 9. or, 9РМ=50 4/3, г. PM=25 8. 


PM NE} A3 
the required height of.the chimney = 95 4/3 feet, 


Ex. 8. The angular elevations of the top of a tower from 
two points in the same horizontal line with its foot are observed 
to be @and ¢ respectively. Find the distance between the two 
points of observation, if the height of the tower is h. (O. U. '49] 


The two points of observation A and B may be (i) on the 
game side of the tower, or (11) on the opposite sides of ib. 


Let h be the height of the tower and the angled of elevation of 


P from the points A and В in both cases be 0 and $ respectively, 
To find the distance AB, 


Р Р 
vi. 
ЕЧ 

( 
AA 
& в м А м г. 

Fig. 14 
AM 
In both the figures вм cot 0:-(1) and EM oot СЕО) 


In the first case, subtracting (9) from (1) we have AM —BM 
PM 


8 
= с0$ Ө — cob $, or, a= cot 0— cot $, .’. AB=h (cot Ө — cot $). 


318 A TEXT BOOK OF H. 8. ELEOTIVE MATHEMATIOS 


AM+BM 


PM 


In the second case, adding (1) and (2) we have 


=cot @-+cot Ф, or, АВ = cot 0--cot $, .. AB=h(cot @+cot $). 


Ex. 9. A post stands on the top of a pillar 40 ft. high. The 
elevations of the tops of the pillar and the post are respectively 
30° and 45° to an observer standing on the horizontal line from 
the foot of the pillar. Find the length of the post and the 
distance of the observer from the pillar. 


Suppose the post РО stands on the pillar PM, 40 ft. high. 


Let PAM and QAM, the angles of eleva- ` К 
tion of P and О from A, be 30” and 45° | 
respectively. То find PQ and AM. Р 
Now, 9M =tan 45 —1, Г. QM=AM. ud 
AM 
PM aed 40 1 ^ ым 
in —= О, or, — = — 
Again, у ten 80 7 0 AM 78 Fig. 15 


AM=40,/3, Г. PQ=QM—PM=AM-PM=40 A/8 - 40 
—40(/3— 1)—40(1732 — 1)- 29728 ft. 
7. the required distance— 40 y3 ft. —62/28 ft. and the 
length of the post = 29'28 ft. 


Ex. 10. A man, standing on the bank ofa river, observes 
that the angle subtended by a tower, just on the opposite bank 
is 60°, but when he retires 60 ft. from the bank he finds the 
angle to be 30° ; find the height of the tower and the breadth of 
the river. 


[Draw the fig. 13] In the figure let PM be the height of 
the tower and BM the breadth of the river. 


Then ZPBM=60°, The man retires 60 ft. behind from В 
to A and observes that Z PAM is 30°. 
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d. 
КЕ 
cire GE 
À/8 V? "РМ VƏ 
/. РМ =80,/3, .. the height of the tower = 30 4/3 ft. 
=30 X 1'732 f6.— 5196 ft. 


Now, AM Tool 30°= ,/3, and SM Scot 60°= 


„у AM—BM 1 
(Subtracting) А 


1 


вм s 1 
Again, PM va! a BM = 5X PM=— x 30 A/8 2:80. 


A 
/. the breadth of the river— 30 ft, 


Ex. 11. From an aeroplane vertically above a straight road 
the angles of depression of two consecutive mile-stones on the 
road are observed to be 45° and 30°. Find the height of &he 


aeroplane above the road. [0. 0. 41; G, U.? 49] 
© PID C P о 
с а 
CIR X M = м = 3 
Fig. 16 


Suppose, in the two figures, A and B are two consecutive mile 
posts and P is the position of the aeroplane, so that PM is its 
height. Here ФРАМ= 45°, ZPBM=30° and AB=1 mile. 
Let AM be v miles. Thon in the first fig. BM =(1+2) miles and 
in the second fig. BM —(1— z) mile. 


PM o PM x 
Im = — 2] „’. Рм= М 
Now, A tan 45°=1, or, a Я =g 
he first figure, РМ Stan 30 1. or emm Pu 
In the first figure, 5 Е J$ 


or #/3=1+2, or, 2/3 -2— 1, or, ®( 8 — 1)21, 


ecl add. 4/81 
48-1 8-1 3 


US 7137 (App.). 
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PM o 1 
In the second figure, EY 30 BN; or, ICT UP 
or, c /8-—1—2z, or, zJ/3-Fz—1, or, z( J84-1)2 1, 
т 1 — /3—1.--39 (App.). 


TELS а 
.'. The height of the aeroplane=1°37 miles, or, *37 mile. 
Ex.12. A vertical post 15 ft. high is broken at a certain 


height, and its upper part, nob completely separated, meets the 
ground at an angle of 30°. Find the height at which the post 


is broken. [ G. 0. 51 ] 
Let PM be the vertical post at м i 
which is broken at Q and let its upper ; 
part meet the ground at А. Then we have : 
PQ=AQ and ZQAM = 30". Н 
LI 
Les ОМ =2 ft., then AQ=PQ=(15— z) ft, р 
ом А a_l я 
Now, ла "sin 30°= 5, or, iy a 
or, 227210 —2, or, 32-105, .. c—5. 
Hence, the post is broken at a height . ^ M 


of 5 ft. from the ground. Fig. 17 


Ex. 18. А long upright pole broke at a certain height, one 
end of the broken portion was tied to the top of the unbroken 
part, the other end lying on the ground at a distance of 90 ft. 
from the pole. The angle of inclination of this transverse portion 
was measured and found to be 30°. How high was the pole 
originally ? [Е. B. S. B. 49] 

[Draw the fig. of Ex.19.] Let the pole PM standing 
on the ground at M be broken at Q and let its upper end 


P meet the ground at A. Then, by the problem, AM —20 ft. 
Z QAM = 30°, and PM=AQ+QM. 
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OM 1 
Now, 9M ач =tan 30° Tm or, on JF or, QM = Us = 
SAM 15/8 
Адаїп, Жа =соз 80° а ' 
20 .J8 — 40 _40/3 
or, 20 qo AQ ./3=40, ог, AQ= в 


The required height of the pole 
=ла+ам а), = 80 y» 


7:90 /8 ft.— 20 X 1'732 ft. = 34:64 ft. 


Ex.14. From the top of a cliff, 150 ft. high, the angles of 
depression of the top and bottom of a pillar are found to be 30° 
and 60° respectively ; find the height of the pillar, 


Let the cliff PM and the pillar AB be respectively 150 ft 
and = feet high. Draw РСП MA, Then we have Z CPB 2 30* 
and ZCPA=60°. Suppose AB produced 
meets PC at C, so that BC=AC—AB 
=PM AB-—150-z. 

Now, 2 РАМ = Z АРС= 60°, 


АМ аре! 
mi cot 60 ENT 


PM, 150,150 J/3 


AM= = / P 
V3 X8 3 NA 
BC BC ami 
== g= 
Again, КИРЕ tan 80 78 
150-2 = 1 Ay 
= x AM= ins 
O5 5008 yal 50 4/3 ], or, 150-«=50, 


z=100. .. Ње height of the pillar= 100 ft. 
Ele. M. (IX)—2i 
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Ех. 15. From the top and bottom ofa cliff the angles of 
depression and elevation of the top of a pillar 60 ft. high are 
observed to be 30° and 60° respectively. Find the height of 
the cliff. 


In the figure let h and 60 ft. be respeciively the heights of 
the cliff PM and the pillar QN. 


Let the angle of depression of the -o 
pt. Q from the pt. P be 30° and the angle ^ 
. of elevation of Q from M be 60°. 


Draw the horizontal line PO and 


QRLPM. Now, ZOPQ=30° and ый 
ZQMN=60°. `7 OP, QR and NM are P | 
perpendiculars on the ваше straight M y 
line PM, .. they are parallel. Then Fig. 19 


ZPOR=alt. ZOPQ=30°, and ZRam =alt. ZQMN=60°. 


Now, RM=QN=60', 


QN a sam 60 e 
MN tan 60°= ,/3, or, UNS J/8 


60 _ 60 /3 
5b N= ——s—**= 
M 3 3 20 „/3. 
PR PR _ 
in, “= 0° UM E is 
Again, 26 tan 3 J8 or, MA well RQ-MN |, 
MN, 20/3 


SVO РА= =—~—=20. ,', PM=PR+RM=20'+60'=0’, 
/8 ‚/8 +6 80 
.. The height of the cliff = 80 ft. 


Ex. 16. A man finds that at а point due south of a tower 
the angle of elevation of its top is 60°, he then walks 200 ft. due 
east on а horizontal plane and finds that the angle of elevation 
is 30° ; find the height of the tower. 
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In the diagram, N is a point due south of the tower PM. 
The angle of elevation of the top of 
the tower from N is 60°. From М 
the man walks 200 ft. to R due east 
of N and finds the angle of elevation 
of P to be 30°. 

So here ZMNP=60°", / МЕР = 30°, 
ZMNR—90, АРМА = 90, | 
ZPMN=90°. Now, from APMN, 


PM à Б _РМ 
РМ =tan 60°=./8, e MN——-. 
MN es i NE 
PM on ve 
PM otan 80°=— 
Again, MR an NEY EA 


4o MR=PM 4/3. 
Since, Z MNR is a right angle, ~. MR2=MN2-+4NR2, 


2 2 
ox, (ем 9? - (£2) «009, or, зем РМ" 4-90, 


2 
or, 8РМм2=3х 200%, or, вм? 222007. 
. J3x900, 100 /3_100 J6_ 50,/6 
EM nag J2 2 / 
=50 X 244949- —12247--- 
The height of the tower = 122'47 ft. (App.). 

Ex. 17. From the top of а tree 20 ft. high the angles of 
elovation and depression of the top and base ofa temple situated 
on the same horizontal plane are observed to be 45° and. 80° 
respectively. Find the height of the temple. [U.U. 51] 

[ Hints: (Vide fig. 19). Suppose ОМ is a tree 20 ft. high, 
PM a temple and from Q, the angle of elevation of P (4е., Z POR) 
is 45° and the angle of depression of M (5. е., ZRQM) is 30°. 

ом _ CM 
Then ARD 30 Ni or, MN 08. 
мм=90 4/3. ^ RQ=MN=20 J3, 
PR-MN-2043(7 ZPQR=45°= ZRPO). 

©. о PM=MR+PR=(20+20 »/3) ft. — (20--34'64) ft. 

=54'64 ft. (App.). 
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Exercise 7 


1. A tower subtends an angle of 30° at a distance of 300 ft. 
from its foot ; find its height. 

9. The angle of elevation of the top of a monument ata 
distance of 150 yds. is 60°. Find the height of the monument. 

3. The angle of elevation of the top of a chimney 60 ft, high 
seen from a distance in the same horizontal plane is 30°, find the 
distance, 

4. Find the length of the shadow of a vertical stick 6 ft. 


high on the horizontal plane through its foot, when the sun is at 
an altitude of 30°, [G. 0. 750] 


5. The shadow of а pole is 3 ,/3 ft. long when the angle of 
elevation of the sun is 60°. Find the height of the pole. 

6. A ladder 30 ft. long reaches the top of a wall and 
makes an angle of 45° with the ground ; find the height of the 
wall. 

7. What is the angle of elevation of the sun when the shadow 
of a post 24 ft. high is 94 „/3 ft. long ? 

8. Find the height of a chimney when it is found that on 
walking towards it 50 ft. in a horizontal line through its base 
the angular elevation changes from 30° to 45°, [O.U. 251] 

9. The angle of elevation of the top of a pillar is 30°, and 
on approaching 20 ft.. nearer it is 60°. Find the height of the 
pillar. [G. U. ^48] 

10. A tree on the bank of a river is 45 ft. high and the angle 
of elevation of the top of the tree from a point jus& on the 
opposite bank is found to be 60°. Find the breadth of tho river. 


11. In advancing 60 ft. towards a tower, the altitüde of its 
top is changed from 45° to 60°. Find the height of the tower. 


[E. В. S. B. 748] 
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19. The shadow of a tower standing on a level plane is 
found to be 40 ft. longer when the sun’s altitude is 45° than 
when it is 60°. Find the height of the tower. 

гс. U.’50; D. B. '51] 


13. The horizontal distance between two pillars is 60 ft. 
and the angular depression of the top of the first as seen from 
the top of the second, which is 200 ft. high, is 30^; find the 
height of the first. 


14. А vertical post 120 feet high is broken at а certain 
height, and its upper part, not completely separated, meets the 
ground at an angle of 30°, Find the height at which the post 
is broken. [ 0. U. 50] 

15. The upper part of a tree, broken at a certain height, 
makes an angle of 60° with the ground at a distance of 10 feet 
from its root. Find the original height of the treo. 


16. The angles of elevation of the top of a monument is 30° 
and 60° respectively when observed from two points P and Q 
lying on а horizontal line through the foot of the monument and 
on the same side of it. If pa=80 ft., find the height of the 
monument, [ C. 0. '45 ; G. 0. 52; E. B. S. В. '50] 

17. The angle of elevation of the top of ап unfinished pillar 
at в point 150 ft. from its base is 80°; how much higher must 
the pillar be raised so that its angle of elevation at the same 
point may be 45°? 

18. Find the angle of elevation of the sun when the length 
of the shadow of a post is to its height ав /3:1.> 


19. A man, standing on the bank ofa river, finds that the 
angle subtended by a post just on the opposite bank is 60°, but 
when he retires 60 ft. from the bank he finds the angle to be 30°. 
Find the height of the post and the breadth of the river. 
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20. From a cliff 300 ft. high the angles of depression of the 
top and foot of a tower are observed to be 30° and 60° respectively. 
Find the height of the tower. 


21. From an aeroplane vertically above a straight road the 
angles of depression of two consecutive mile-stones are observed. 
fo be 30° and 60° respectively. Find the height of the aeroplane 
&bove the road. 


22. A man stands at a point A on the bank AB of a straight 
river, and observes that the line joining A to a point С on the 
opposite bank makes with AB an angle of 30°, He then goes 
200 yards along the bank to B and finds that BC makes an angle 
of 60° with AB. Find the breadth of the river. [C. U. '44] 

28. Two posts of the same height stand on either side of a 
road which is 40 ft. wide. Ata point on the road between the 
posts the elevations of their tops are 60° and 30°. Find their 
height and the position of the point. 


24. From a point due east the angle of elevation of the top 
of a tower is 60° and from another point due north itis observed 
to be 45°. If the distance between the two points is 200 yds., 
fiind the height of the tower. 


25. The shadow of a tower standing on a level plane is 60 ft. 
longer when the altitude of the sun is 30° than when it is 45°, 
Find the height of the tower. [W. B. S. F. '59] 


26. From the top оѓ а tree the angle of depression of an 
object on the hrizontal ground is found to be 60 On 
descending 20 ft. from the top of the tree the angle of 
depression of the object is found to be 30° Find the height 
of the tree. [U. U. '52] 
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ANSWERS 
ALGEBRA 


Exercise 1 
i] s. 5710 
G) 3801819 (ii) т79921%у19' (ii) — for 
(iv) a5-r5a*b--10a?5? +10a7b>+5ab*+b5. 
a? -- 65 --15a*-2-90a? 4-15a? 4-6a.4-1. 
2 4-2 у-- 91x 5 y? --35z*y? 4-352? y* -912?y 5 - Toy? +y". 
1--8a4-24a? 4-32a? --16a*. 
aë — 10а* -400° — 80a? -- 80a — 39. 
@5 — 5z*y--10z?y? — 102?y? --5zy* — y^. 
29 — 625--15z* – 20x? --15z? — 6z--1. 
3945 — 80a*+80a® — 40a? +10a — 1. 
199 — 1458c-4- 1915c? — 540c? 4-135c* — 18c5 --с°. 
392а5--800*4-80а°° -- 40a? b? -- 10a5* 4-b^. 
3925 — 940z*y-- 72053? — 1080z?y? --810xy* — 243у°. 
24305 --810a*5-1-1080a? 5? 4-720? 5? 3-940a5* +320". 
a9 4-82" 4-98а° -- 56a 4-10a* +56a°+ 28a? --8a--1. 
2° — 9294-3627 — 8429 -- 19625 — 1962* --84z? — 362? 
+92 -1. 

att 4 6а1°--15а% -920а° +15a*+6a?-+1. 
19 --5z5 1-102? --10z*--5z? 4-1. 
a? — 4a9b? --6a*5* — 4a? b* +08. 
1- 6a? --15a* – 20a° --15а% – 6a*°+a7?, 
w — y3 +29 — За y - 30y? --82? 2-- Baz" — 3yz* --3y* z — Gays. 
a*-4a3b4- 6a? b? --4ab? -- b^ — 80° — 94a? b — 94ab* — 8b? + 

24a? +48ab+24b? — 39a — 894-16, 


64 22. 82. 23. 198. 24. 256, 
. (a).—1 (0) 0 25. 32. 26. 242. 27. 0. 
0. 29. 243. 30. 1. 31. 8. 
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32. 10z*y--20z?y?--9y^. 93. 19z--4059-L-1955, 
24. 2a" --49a5b? --'10a*5*--14ab*. 
35. | 1925a-1-40z?a? 4-19za^. 


Exercise 2 


1. (m*-Emn-kn?)(m? —mn-4-53) 
2 (++ аад) а 
4, (95:3 7r-6z 4-9)(952 E 624-9) b. 
6. (w*+-2a —9)(;2 -92z-9) 
8. (a--b c — dY(a — 5--c — q) 
9. (a--b-Fc(a--5 — o)(b-I-c — a)(c-+a =b) « 

10. (e-+y~4a)(z — y — 9a) 11. (e+d+a- b)(c-+d — a+b) 
12. (a-d--b-L-c)(a-I-q — b-o(b -c--a- дьо a+d) 

18. (025211 =c0+1)(a?b? —-ab--c4-1) 

14. (v-+3)(22 — 3z--9)(z – 3)(z2 T 3z--9) 

15. (&- у--9)(х%--шу —9ш-Ьу?% -4у--4) 

16. (2a+1)(a2 +a+1) 17. 3(a4-b)(b- c)(a--25 о) 

18. (2-3-2) (02 4-уз 4. зз "roy —x2+y2) 

19. (a+b = 2c)(a? +b? 4-4,2 -ab+2ac+2b0) 

20. (2a+b- 3)(4a* -- 53 +9 — 2ab--6a-1-3) 

21. (024-94 - 4)(a* — 953 +842 +8a+16) 

22. (z* -22--5)(z4 — оз -2* -10z4-95) 
28. (a —-a-4-92)Y(a*--53 —a* -2a4-4) 
24. 3(2 — 3y)(3y — 2)(2- 95) 25. 3(b--c)(c--aY(a-t-5) 

26. (32-11) (42-7) 27. (3z-4-Ty)(75 — 3y) 

28. (952 +5)(2a+3)(9¢ — 3) 29. (z--a--3)(z -а-1) 

30. (5a - 88)(153 — 18а) 31. (&+1)(s- bs — 2)2 

32. (a-1)(a2 -а-4) 33. (z--9) - 1 4-15) 

34, (2+2)(+-3) (24-4) 85. (aè +0%)(o2 уз) 

36. 3(a--c)(1--ay -‹) 37. (в- 1)(@+1)(2~ 8) 

38. (a- 5\(a+2)(q2 — 3a--19) 39. (a? -37- 5)(2° —35— 17) 
40. (z- 3)(2z-4-3)(9;* —-32--7) 41. (u?+524-3)(q2 +5247) 

42, (@-+u)(yte)(e-+n) 


43. (a-2)(b-c)(¢— a)(a+-b-+c) 
~(4-d)(6~c)(o~ a)(ab-+-be-+-ca) 


(22--424-8)(5* — 4=--8) 
(a? T-9224-3)(52 — 224-3) 
7. (20+2)(22 — 2y — г) 


2—5. 


1. 
2. 
6. 
16. 
17. 
21. 


1 


11. 
15. 


17. 
20. 
23. 


25. 


28. 
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(a+-b)(b+c)(c+a) 46. (z--5)(5x-4-1)(5z? +142+20) 
(a? +3a-2)(a?+3a-3) 48. (x?--1)z?--z-4-1) 
(a — b)(a — c)(b —c) 50. (3a —9b-L-c)(2a--b4-3c) 
(a? — ab4-b?)(a? — 4ab4-5?) 
(а-Е1)(х* — 3z--1)(z? + 62+1) 
—(®— у)(у —2)(2 — =) (Ну 2° d- zy J- yz 4-22) 
(z-Fy)(z* =a y z*y? — зу Рау - y5-- y?) 
— (v= ly — 2)(2 — 2) 6-0) (и +2)(e+2) 
5(а — b)(b — с)(с — a)(a? +b? +c? — ab — be — ca). 
Exercise 3 
(i) 20 (ii) -4 (ii) -90 (iv) 92n9—322-F-5n--6. 
G) 40 Gi) -81 (ii) -44 (v) 688 (v) -32. 
3 7. 174 9. 5 15. a? +a%ytoFy?t ут, 
It ptqtr+...+1-+m=0 
(p-p)»a-»a)-(a-a) 20. ар°--ър?--ср--4. 
m=2kn (k being a positive integer). 
Exercise 4 
The values of v, y, 2 are given in order: 
18,6; 2. 5,2; 3. 6,2; 4. -3,8,1; 5. (а) 4,10; 


B). 1,236. 8,1; 7. 0,2,4;8.5,1;9. -3,4; 10.3, -4; 


3,2; 12. 8,3,3; 18, 1,8,5; 14. 20,15,19; 
dps 
8a' 4a’ 
(TOSS 18. a,b,c; 19. be(b-c), ca(c — a), ab(a — b) ; 
4,8,5; 21. 1,4%; 22. 1$ 3; 
bc4-ab — са, ab--ca — бс, cad-bc - ab ; 24 +1, +2, t3; 


E ac—-b-bc atac—b 
26.153; 275. "LM, а 


+4, x6 ET; 16. >, 16() 9, -1,3; 


@ 0 br 
а" ahy 


а b c, z К г 
P 9 5: 29. 1,2,8; 30. 4,5,6; 31. 19,19,19; 
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2 2 2 
5; 33. -2,9,1; 34, ч А E 
8210: 205453 acb-c a-b+c bte-a 


35. ра--рт--ат, рат, p--q--m. 
Exercise 5 


1. Father's age 38 yrs., son's 14 yrs.; 2. 35,45; 3. 69; 
4. 1310,15; 5 38; 6 93: 7. 12; 8. 54; 
9. 32:5 mins, past 5 o'clock ; 10. 84 d. ; 11. 2 miles per hr. ; 
12. 2:3; 13. 291 tolas ; 14. 10 hrs, ; 15. 98; 
16. 2 miles and 4 miles per hr.; 17. 4 miles and 1m. per hr, ; 
18. 84; 19. 1800 A. D. ; 20. łd., 512; 

21. tea 2s., coffee 115.; 22. 193; 23. 180 miles ; 

24. 4; 25. 153 oranges, 192 apples ; 26. 210 miles ; 

27. 709; 98. оты; 30. 2; 31. Rs: 300, Rs. 180 ; 
32. 91 miles, 3m. p.h.; 33. Rs. 500; 34. 24, 5; 35. 45 mins, ; 


36. 20 m. and 10 miles per hr. ; 37. 4 mins, 5 mins, 
98. 162 mins, 39. .17 mins. 52 secs, 49. "3. 
Exercise 6 


EA) GS ay aree 1б 8, £L в, 
7. 5 8 c 9 $5 10. 1 44, (EF 


31 
1. -М 18. а79®1# 14 ab 15, Gite 15 3, 


5 3 1 1 E и Р 
17. Tas Wa) 459 18.0) а%—ь1-+%%—1-+о а 
dV. cd 1.9. ат Гра. ETT E 
and 1-02-22 +y 9-E55,-1.5,. 343 yy T, 
uL pU 
18. (ii) a+2b7-+ 30° 19. д?” — у-2т 20. q-5m.Lpan 


h-1 n 


Bp ar qas y? 5 077 


22, (+) = №), or, 6 = (аы) 
28. (a"--y"(am—y^) 24, ga 


1 


25. (at — pe) 


26. 


30. 
84. 


89. 


42. 


эм 


12. 


15. 
19. 
28. 


@ 
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a 3 -ь° 1 
2-1 91. gabe 98, (а) Pe mE 

(oe aah) 

1 31. 97 32. 1 32 (а) 1 38. l- 
: : 

gr 95:51. ЗВ 597. Ae уез = 
q e*-r1l 
1 40. 1 ' 4i. (9^ 42}. = 82013 
b з 

(1-2)? 


(a). 


= 18, 
1 1143. 1-19509.p- (о) 


Exercise 7 


13/85, 12/55 2. (i) V4, JE, /ш* (iii) V8, 8/27, Yee 


5/5 


(iii) 
(ii) 
(i) 
(i) 
(ii) 
(i) 
(iii) 
(у) 


( м5, VIZ, УЕ (ii) already arranged 
МВ, 4/9, N35. 5. „/20, 4/51, Vety 6. (i) 5/7 
8/7 (iii) 4043 (iv) 538 (v) 233 
8 (1) 125 (iii) 16 (iv) 65/719 
8/10 (ii) 28/2 (iii) 24/90 11. (i) 1°06 
931 (ii) 671 (iv) 315 (v) 5'83 
-1 (ii) 3+ + VIAF VJI 
24--8 J0--9 JIB+8 JID (iv) 6,/15—19 /2—15--9 V35 
aa-y (v) Ma*-rab-ba-Fb-a--b? (vii) 446/39 


(viii) @ Jat May -ay -y Jy 13. (i) 5-2/6 


(ii) 
(у) 
(5) 
(d) 


7-448 (i) 1444/6 (iv) 92-2 ZB 

5% – да Je? —a* (vi) 422-95 14. (а). 2/3 
6 J10--2 J5-4-3 J2--1 

ОЕ (с) 54-246 


a--24- Narts? 


VB 16.(a) 1691.0) T96 17. 9: 18. 4s Jai 
уп 2 S JE) 21. Jaro 92. в 


& 
s 


23 (a). 15 24. $(343--1) О E 
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Exercise 8 


[Only the positive 54. roots are given he: 


re. Students should give 
both the roots in each case, such as+(a+ 


b), (2 – 2ey-+-Ty? etc,] 
ЕВ 2. 27 — Any + Ty? 3. z?-F8a? – 454-9 
4. z*—az--9a? 5. Tr? = 5ay+ Gy? 6, 22 — За 

Ч. 022 —Bay+4y2 8, g? —az-rb? 9, a ?-Fg-1p-i x. А 


10. 2a7+1+8a72 11, 25 EP NEL 12. 224-3417 


а -3 
13. 952-1451 14. 32-28 927% 15, z*-&-] 


2 

I HEN ig v or 48 Z osi 

2 2 3 

19, 7-3-2 20. 2444 21. 22-141 

c У y 2 

2 1 ° 1 312,1 
22. 5 +382+= 98, 5 +382+1+> 94, д TTA 
g 2 $ п 

Шу _1 ? 

25. 2-2-0 26. 2-11 27. а+1-1 
28, 20-803 29, at-a 30. 2241-9 


31. 2? --T2--11 32. z? —11z--19 
94 уу) 85, 20 


как, 86. 3- /5 
37. J83- „/9 | 38. E+ Ji 39. 9,7. v5 
40. a- „Јат аз 4. Уз(,®- м) 


42. (i) YUA- уу) 


() У8(у8-1) 8. JET + vena 


44. 2/35 - Му 46. ==10 47. з=3 
о. 10" ба. а 
58. 1 54. p*—49 55. те 
58. 1+®-® у аад 60. © - 

28 


pibe 


11. 
15. 
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Exercise 9 
Е eU! By eee 
l+a+a? 7. 9az-3by 8. 5-30 9. 9+1 10. 85 


40° – 5y? 12. 9a--b-kc 13. 9424-43 14. $a- ib 
2-1-2 16. s-442 17. 9, 


b a 

Exercise 10 
+5 2. ЕТ 3. ENI 4. +2 
4, -& 6. 3,$ 7. 14,91 8. $, -$ 
7, áw 10. 917,-11 11. 53, 94 12. 3,93 


9, -% 14. 34/7 15. 56+,/17 16. c,c-2b 
b+ b? --4ac 


18. 6,4 19: 198 
2a 
-3,2 21. 3-4 2246,9. 23. 4, —9% 
3-8 25. 9,38 ^26. —@9 27, 5,$ 


0, -7 29. 0, 2 30. -2a, —3a 
SENIO a9 5-598. 0 арр, 34, „13-8 


J3+4 36, 7 37. 6 38. 8 39. 8 (extraneons root ё) 


3 
з+//61 gy alm-1)” 49 16 43 95 44 5 
EE Эт -1 
ab -64,27 48. 1-1 49 1 
95 46. quem 47. П ' 874 4 3 


8 51.5 52. 9,1 58. $ 54 1 55. 4 56 2,3 

0, -1 58 2,1: 59. -9,-2 60. +2 61. 2,3 

a=1,y=% 63. 2—1 64. 0,8 65. -4 

д=5, y=3 07.1 15859 68. 2=3,y=8 
2p 

tJ, БМ. 70. &-4 11. E 
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12. -31+ V7) 73. 43, -42 74, 98, -1 
T Ык 16. 185, —119. 


Exercise 11 
&or-lor —4 2. $$ 3. 5,70r-7,-5 
10,11 or-11, -10 5. тог – 6 6. 11,3, or —13, -11 


1 

4 

7. 121, 100 (in the second ease — 10 is taken ag ва. root ) 
8 

11 


6, 8, or — 8,- 6 9. 8", 15" 10. 


5”, 12" 
A 2hrs., ВЗ ыз. 12. 9а, 13. 20 14. 76 
15. 6 miles per hr. 16. 8” 17. 90’, 13' 
18. 4 miles por hr. 19. 19,20 20. 7" 
21. 8m., 19 m. 22. 324, 


Exercise 12 


1. (a) c=3, y=1 (b) 2=5, y=1 (c) c= -1 (4) ®=1 (e) «=7 
21. (5, 12), (12, 5) 22. (1,1) 2З. (0,0),(4,4) 


25. (-2, 1), (4, 4) 26. 14 27. (3,4), (4, 3) 

28. 2'3 29. (5,9) 30. 1 31. -1,2 

32. 1,15 84 3,-1 35. 6'7 units (арр.) 36. 1,3 
37. 94, —'4, 38. 75 units 89. 1 40. 3, Б 
41. -1,-9 48. 2,4 44. (0, 0), (1,1) 45, 4, - 
46. (i) 2; (ii) -1; (iii) м, -24 59, (-3,4) 53. 5 -i 
55. 10% 


annas, (2) 14; 56. Аёбр. m., at a distance of 35 mi 
57. (1) 50 mins. after Р starts, 25 miles from Ho 
58. 4 hrs. 12 mins. after A Starts, 13°2 miles from Starting place ; 
59. At 9-9 A.M., 96 miles away from Howrah ; 60. 80 miles 8 
61. 24 hrs. ; 62. (a) at 5-94 P.M., 24 m, from Р ; (b) 4 miles ; 
63. (i) Rs.80, (i) Rs, 240 рег month; ^ 64. 24.500 
65. 34 Kg., 154 Ib, 07. a=4, y=5, 0r з= – I'6, y= -6'2 
68. 4, -8 69. %=12,y=9; z= -4 y=~6 

70. 5—8,y—8; $—8,y—3; t= -9,y— -8; 
71. (9,38). 72. (5, 12), (-5, 19) 

а= ЕУ ae) Rey 75. (4, 6). 


wrah ; (2) 6 miles, 


s= -8, y= -3 
73. $—1,y—4 and 


TRIGONOMETRY 
Exercise 1 

1. (i) 8° 40' 14”, (ii) 8° 97' 30" (iii) 21° 36' 
2. 4762 35` (ii) 773333" (iii) 10° 79 g^ (iv) 3° 94 69^ 
3. (i) & (ii) 28 (ii) 1°35 (iv) farre (у) 503594 (vi) $ $ (vii) 20 
4. (i) 33° 56 66:6" (i) 70° 27° 50` (iii) 66°79" 166^ (iv) 1200 

(v) 16" 66 66:6“ А 
5. (i) 36 19' 1'776" (и) 54/81" (іі) 36° 24" 29'664" 

(iv) 114° 39' 43°68" (у) i (vi) 120° 
6.0) $G yy. disso Gne бу уша 

(vi) 1626286 7. 35°, 19°; 8809, 290, 


T TO , 281a*. 59x° 
8. 110°5°, 29°5 360° 360 


9. (i) 100°, 60° (ii) 2509, 150° ; (iii) 302°, 182? 10. 6660 
11, $Z бя 11 (a) 40°, 609,909 12. 994%, 678° 18. 7 


р 1 

14. 68° 15. 66°40', 21°36’ — 16. 5 17. 96° 
(m= 2) 90, 1}° (90 _1\° бы" 619° 
за. 827 ңө, (РН). 2] = a um 


21. 54°, 81°, 108°, 135", 162° ПТ E зя, Be, 4 
22, 98 yds. 28. 90°. 24. M n 25. 3iim. 
26. 95008. 27. 110in. 28. 856720 miles (App.) 
29. 551. 30. (Vp miles 31. 1°85’ 57" ( App.) 
4х Эл 14x 10” 94x 


32. 1 ші. 287 yds. 3 ft. (App.) 33. 85! 36° 85° 35’ on 


34. 193'899 ва. ft. 38. 200 ft. 36. 94i" (App.) 
37. At 5-12 P.M., or at 427r min. past 5 38. 49, 14 
6 Bey ЫЫ 41. ab 1-36 РМ. 49, 79-1" 
ears Si 
4х° 
43. 5:4 44, . 
Exercise 2 


88. 2 34 0 35% 1 36. 0 37. 0 538 0, 
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9o ES 


11, 
15. 
19, 
22. 
24. 
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Exercise 3 


sin 0= ‚/1—соз® б, tan g=Y1= 00870 gop 2089 
cos 6 М — cos?8 
1 
вес 0= ——, cosec ое HE 3. 30,32 
815 $ 6. 198 13. sin —£, соз =}, cot =$, 
sec =§, совос — 8 14. $ 14. Y 46, 39, 
Exercise 4 
137397 
Ps 35 3. 9 AUT 5. 11 
9 11 0 12. $8 18. 1 
Exercise 5 
g? y? 
a 2. а?у: = 3. zy=a? 
ac=b? 5. ху=аб. 
Exercise 6 
30° 2. 60° 3. 0=30° or 60° 4, 0° fi 
A Uia AE s 3 or 90 
: 1 
Б 10. à 11. 2=3, 0=30 12. p=2,0=60° 
5 A/3 e 
guisa а ge aes ses 
Exercise 7 
173'2 ft. or 100 „/3 ft, 2. 1503 
3 yds. у j 
103929. 5. 9f, 6. Чон, 7 p" TE 
68/3 ft. 9. 1739 ft. 10/35 узв 
^ . А D к, 
14196 №. 12. 9462, 13. 16536 (pp) 14. 40% 
Serra lO SUM SARITA уры LE e 
5196 tte, 80 ft. 20. 200. 21, “ggg mi or nis 
1732 yds. 23. height=17'39 ft, 10 tt, fro ee 
1753 зав - irom one post 


APPENDIX 
SOME ADDITIONAL THEOREMS 


Brahmagupta’s Theorem 


1. If from the vertex of a triangle а perpendicular is drawn 
to the base, the rectangle contained by the other two sides 
of the triangle is equal to the rectangle contained by the 
perpendicular and the diameter of the circum-circle, 


ГО. U. ?39 Sup. ] 
Let ABC be a triangle and AD be А 


perpendicular from А to the base BC ЖЕ | TN 
and let AE be a diameter of the circum- 5 c 


circle. 
To prove that АВ.АС = AD.AE. 
Join BE. E 
Proof: In A*ABE and ADC, fig. 1 


LE= ZC in the same segment, 

ZABE in the gemi-circle- 1 rt. angle— Z ADC, 

J. Л ?АВЕ, ADC are equiangular, /. ——=——› 
5. АВ.АС = АР.АЕ. 


Corollary : If а, Б, с denote the sides of а triangle and 
S itg area, then R, the circum-radius of the triangle is given 


abe 
by Е [0. 0. 39 Sup. ] 


Of the ДАВС, the area S=3BC,AD, /. 4S=28C.AD=2a.AD. 
from the above theorem, АЕ.АБ = АВ.АС, or, 2R.AD=c.b, 


bc _ abc * p= %0 — 466, 
2a.AD 4S 


вю. M.(IX)—22 
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Ptolemy's Theorem 


2. The rectangle contained by the diagonals of a cyclic 
quadrilateral is equal to the sum of the two rectangles contained 
by the pairs of opposite sides. 

(0. U. *36, °88, 43, 44 ; D. B.'81, 44,51; в. 0. 49, '51] 
Le& AC and BD be the diagonals of ^ 
the cyclic quadrilateral ABCD. JAN 


To prove that AC.BD —AB.CD --BC.AD, AIN 

Construction: Draw Z DAP= Z BAC, a NJ 9. 
and let AP cut BD in Р. Y 

Proof: '. ZBAC= ZPAD, 

+. adding ZPAC to both sides, fig, 9 
We have ZBAP= / САР ; and ZABD= ZACD in the same 
Segment. ~. ДАВР, ACD are equiangular, 

VO ӨЕ АВ 2 ВР.АС = AB.CD ---.- (1), 

CD AC 


Again, in A*APD and ABC, ZADP=/AcR 
Segment, and Z PAD = (ВАС ( by construction Jh 


*. the triangles are equiangular, 


OEC EA PDIAC ABROAD LET (9). 


in the same 


BC AC’ 
Now, adding (1) and (2) we have 
BP.AC+PD.AC=AB.CD+BC.AD, 
But BP.AC-+PD.AC=AC(BP+PD)=Ac,ap 


+» AC.BD=AB,CD-+BC.AD, 


2 


Ceva’s Theorem 


3. If three straight lines drawn {г 
triangle to meet the Opposite sides a 


Broduct of the three ratios of the segments ; 
iyi into wh 
divide the sides is equal to 1, which they 


om the vertices of a 
Té Concurrent, then the 
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Or, [If three concurrent st. lines are drawn from the 
angular points of a triangle to meet the opposite sides or these 
sides produced, the product of the three alternate segments 
taken in order is equal to the product of the other threa 


‘segments. ] [ 0. U.'40] 
^ Е 
Е 
Е Р 
ZK | 
в D c B © D 
Fig. 3 


In AABC, let the st. lines AD, BE, CF meet the opposite 
sides BC, AC, AB respectively at D, E, F and let them be 
concurrent at Р, 


BD CE AF 


To prove that Do AE ВЕС 


Proof: '.' ДАВР and ABPC stand on the same base BP, 


S, AABP_AE Similarly ABPC, BF 
ABPC CE ДАРС АЕ 
ДАРС CD 

а =. 

and ЛАВР BD 


“Multiplying these ratios we have, 


AE BF СО_ ЛАВР ABPC ДАРС _ | 
CE'AF'BD ДВРС' ДАРС' ЛАББ 


. ВО СЕ АЕ 
© КСЫ АЕ, ВЕ 
[ М. В. In answering О. 0, '40 question, we have to add 
^  BD.CE.AF =СО,АЕ,ВЕ. ] 
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Menelaus, Theorem 


4. If a transversal cuts the sides of а triangle, then the 
product of the three ratios of the segments into which it divides 
the sides is equal to 1. 


Or, [1 а straight line cuts tho sides or the sides produced 
of a triangle, the product of three alternate segments taken in 
order is equal to the product of the remaining segments. ] 


Let the transversal DEF cut the sides BC, CA and BA of the 
ДАВС in D, E and Е respectively, 


То prove that 20 CE AF, 
. DC AE BENE 


Fig. 4 


Construction: Draw AM, BN and cp perpendic 


86, line DEF. Let AM =p, BN= Ч and CP —; units of length, 


Proof: '7 СР and BN are berpendicular to DF, 
Т. СР | вм, 
Hence A?BND and CPD are equiangular, on BD d: 
CD r 
Similarly AcPE and AAME are equiangular, iA CE. r s. 
: АЕ р? 
and ДАМЕ and ABNF are equiangular, ;, AF =? 
BE ge 
Multiplying these tatios we have, 
BD СЕ AF. arp 
DC AE BF yl 


wars to thes 
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5. Perpendiculars drawn from the vertices of a triangle to 
the opposite sides are concurrent. 
[ С. U.'30. 37 ; D. B. 26, '49, '50] 
Or, The altitudes of a triangle are concurrent. 


Let AD and BE be perpendiculars to Ў 
ВС and AC respectively in AABC and let 
them intersect at O. Join Co and produce 
ib to meet AB at Е. 


To prove that CF is perp. to AB. 


Proof: Join DE. ^ /BEA and 
ZBDA are right angles, .. ABDEis а 5 
eyclic quadrilateral. Fig. 5 


<- £BAD= ВЕБ = ZOED ( in the samo segment ). 

Again, ZOEC and ZODC being rt. angles, ODCE is а 
cyclic quadrilateral. 

^ Д0Ер= 2000. ^ ZOAF=Zo0ED= oop, 

Now, £COD+ Z0CD=1 rt, angle(* ZODC is a rt, 2), 
and ZCOD= ZAOF, .. ДОАЕ- ИАОЕ= ZCOD+ ось 
=1 rb, angle, ,'. ДАРО іва тб, angle. ,', CFLAB, 


4. The perpendiculars are concurrent. 


ГМ. В, The point of intersection of the altitudes is called 
the ortho-centre of the triangle. It is denoted by о. ] 

6. In an acute-angled triangle, the perpendiculars drawn 
from the vertices to the opposite sides bisect tho angles of the 
pedal triangle, [0. 0. '49] 

[N.B. The triangle formed by joining the feet of the 
altitudes of a triangle is called the pedal triangle with respect 
to the original triangle. ] 

Let the perpendiculars AD, BE and 
CF on the sides of ДАВС be concurrent at 
O, and let DEF be the pedal triangle formed, 

To prove that ZD, ZE and ZF of the 
ADEF are bisected by AD, BE and CF 
respectively. 

Proof: `7 ZOFDand ZODB are Fig. 6 
right angles, .. BDOF is a cyclic quadrilateral. 
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^ 2ZODF= ZOBF in the same segment. Again, '"^ ZCFB 
and ZBEC are right angles, .'. BCEF is a cyclic quad., 
1. ZEBF= / ЕСЕ, ie, ZOBF= ZOCE, .. ZODF= ZOCE. 


Now, ‘7 ODCE ів а cyclic quadrilateral ( ZODC, ДОЕС 
being rt. angles ), 


ГЈ.  ZOCE- ZODE in the same segment. 


7 ZODF=ZODE, .. AD bisects the ZFDE, Similarly it: 
can be proved that BE bisects Z FED and CF bisects Z DFE, 


т. The distance of the circum-centre from any side of a 
triangle is half the distance of the ortho-centre from the opposite 


vertex. [ of. O, U. 10 ] 

Let the altitudes AD, BE and CF of AABC meet at O, 
Then O is the ortho-centre. Let S 
be the circum-centre of the triangle 
and P, Q, R be respectively the mid 
points of BC, CA, AB. Then SP, SQ, 
SR are perpendicular to BC, AC, AB 
respectively. 

To prove that SP=3A0, 
SQ=}80 and SR = ico. 

Let X and Y be the mid points 
of AO and BO respootively. 


Join XY and PQ. 


Proof: '' X, Y are the mid points of AO, BO 
' 


-. XY is parallel to and half of AB, Again, Panda 
mid points of BC and AC, ,', PQig parallel to an кеше 


d half of AB, 
‚'. РО and XY are equal and parallel, 


Now, `2 SP and AD are perp. to B 
Xs : SOIT 55 SD 

Similarly за BE or YO. the Zspq i а оз 
PQ= ZYXO between XO and YX 9n SP and 


» and similarly 7 PSQ= Z XOY 
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г.  APSQ and AXOY are congruent. ., SP =xo=4ao, 
Similarly 16 can be proved that SQ=480 and sR = C0, 


8, The feet of the perpendiculars drawn to the three sides of 
a triangle from any point of its cireum-circle are collinear. 

Г H.S. '61 (Compl.) ; O.U. °36, '39, '41, '50 ; б. 0. 50,52] 

Let P be any point on the circum-circle of ДАВС, and let 
PD, PE and PF be perpendicular to 


n 
AB, BC and CA respectively. NS 5 
To prove that D, E and Е are Nk 
collinear. Join DE, DF, PA, P8. 77 р 
Proof: `` ZPDAand ZPFA 9 q i 
are rt. angles, .. quad. PDAF is c 


cyclic. .. ZPDF= ZPAF in the 
same segment= Z РВС ( '" quad. Fig. 8 
APBC is cyclic ). 

Again, '. ДРОВ and ZPEB are right angles, 

7. quad. PDEB is cyclic. ^. ZPBE-- ZPDE =9 right angles, 
But Z PDF = ZPBE (proved). Г. ZPDF--ZPDE-2 rt, angles. 
-. DE and DF aro in tho same st. line. 


". D, E and F are collinear. 


[N. B. The st. line on which tho feet of the above. 
perpendiculars lie is called Pedal line or Simson line of the 
point P with respect to the AABC, ] 

9. Inany triangle the middle points of the sides, the feet 
of the perpendiculars from the vertices to the opposite sides, and 
the middle points of the joins of the ortho-centre to the vertices 
are concyclic, 

[C. U. '26, '40, 44, '50 ; W. B. S. Е. 59; G. U. '49, 59] 

Let D, E, Е be the fect of the perpendiculars AD, BE 
and CF on the sides of the AABC, and let P, Q, R be 


344 А TEXT BOOK ОЕ H. 8. ELEOTIVE MATHEMATIOS 


the mid points of BC, AC, AB respectively and X, Y, 2 
be respectively the mid points of 
AO, BO, and CO, O being the 
ortho-centre. 

To prove that D, E, F, P, Q, R, 
X, Y, Z are concyclic. 

Join PX, RX, RP, QX and Pa. 


Proof: In AABO, R and X are 
the mid points of AB and AO, 


s. RX 1 BO or BE. 


Again, '' R and P are the 


mid points of AB and BC respectively, ,', RP || Ac, 


^. the ZPRX between PR and RX-Fthe ZAEB between 
AE and BE —2 rt. angles, but Z AEB is a rt, angle, 


.. ZPRX=1 rt. angle. It can be similarly shown that 
&РаХ is a rb, angle. ~. PX subtends right angles at the pts. 
R,Q,D. ,'. the circle drawn on PX as diameter will pass 
through the points Р, Х, R,D, О. Similarly it can be Proved 
that the circle passes through the pts. Е, F, Ү,2, Hence the 
nine points D, E, F, P, Q, R, X, Y, Z are concyclic, 


[N. B. (i) The circle that passes through thoge 
is called the Nine-point Circle of the ДАВС ; (ii) 
of this circle is called the Nine-point Centre, 
this circle, join the middle point of the distance between the 
ortho-centre and any vertex and the middle Point of the opposit - 
Side, and then the circle drawn on this joining gt "x = 
diameter is the nine-point circle, ] Фф ыы 


nine points 
the centre 
(11) То draw 


Miscellaneous Solutions 


Ex. 1. Prove that the circum 
з “centre, the c i 
Ortho-centre of a triangle are collinear, : гоа quM 


[O. U. '27, '51] 


= 
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Let S be the circum-centre and O the ortho-centre of the 
ЛАВС and let D be the middle ^ 
point of BC. Join SD, SO and AD. 
Let the median AD cut SO аб G. 
To prove that G is the centroid 
of the triangle. sé 
Proof: °. SD and AP are perp, [а 
to the same st. line ВС, .. $50 ПАО. В D P c 
/. ZGSD-alt. ZAOG and 
ZsGD=vert. opp. ZAGO; 
г. A GSD, AGO are equiangular, 
5 GD. SD..1 [ ee 
m AG AO 9 . 
1 


Fig. 10 


the distance of the circum-centre 


from any side=} tho distance of the ortho-centre from the 


opposite vertex, ], .. GD-3AG. 
G is the point of trisection of the median AD, 
;/. а іѕ the centroid of the triangle. 


/. The circum-contre S, the ortho-centre О and tho centroid 
G of the triangle are collinear. 

Ex. 2. The centre of the nine-poin& circle is the middle 
point of the straight lino which joins the ortho-centre to the 
circum-contre. 

Let S be the circum-centre and О the ortho-contre of 
AABC. To prove that the centre 
of the nine-point circle is the middle 
point of SO. A 

Construction: Join SO. Let 
P and X be the middle points of BC 
and AO. Join PX, which cuts 
SO in №. Join SP. Join AO and 
produce it to meet BC in D. 

Proof: '' S is the circum- 
centre and P the middle pt. of BC, 
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^ SPLBC, * SP, AD are perp. to BC, .. SP IAD, 
Again, 5Р=1А0= 0х, Now, in A*SPN ang XON, SP— ox, 
ZPSN=alt. Z XON and ZSNP= 


vert. opp. ZXNO ; 
‚', SN=ON and PN=NX, .. Nig the middle point of SO 
and PX. '' PX is the diameter 


-. its mid pt. N is the centre 
4. the centre of the nine-point circle i 


Ex. 8. Prove that tho radius of the nine-point circle is 
half the radius of the circum-circle, [0. U. 40 3G. 0.250] 


[ Hints: (seo fig. 11) SP =ЗАО — AX and SP Il AD or AX, 
ПЕРЕСА AIO equal and Parallel, т. ASPX ig а 
parallellogram, ~. Px=ga, ^ $PX-lsa, Since Px is the 
diameter of the nine-point circ] 
the circum-circle, -. the radius 


half the radius of tho circum-circle, ]| 


Ex. 4, Prove that tho circum-centre, 
the centroid and the nine-point 
collinear, 


the ortho-centre, 
centre of a triangle ато 


[0. U. '34] 


[ Hints: Draw fig. 10 and Prove as in Ex. 1 above, that 


S G, O (ie, circum-centre, centroid and ortho-centre ) are 
in the same st. lino, Now, join xp, X and. pb being the mid 
Points of AO and BC. Let XD cut SO at N, Now show, ag 
in Ex. 9 above, that N is tho centre of the nine-point circle, 
Since N lies on SO, the points S, O, G and N are collinear, ] 


Locus 


Ex. 1. Given the base an 
find the locus of its ortho-centre, 
[ Draw a fig. ] Let ABC be any triangle 
is equal to the given base and vertical ZA is equal to the 


given angle, From B and c draw BD and CE Perpendiculars 
to the opposite sides. Let BD, CE meet at о. 


d the vertical angle of a triangle 
> 


^ Whose base вс 
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To find the locus of the ortho-centre О. 

* ZD and ZE of the quadrilateral AEOD are right 
angle, г. ZDOE+ ZA=2ré. angles ; but as ZA is fixed 
or constant, .. ZBOC= ZDOE=constant. 

.. BC subtends a constant angle at O. 

.. the arc BOC of the circle passing through B, О, C 
(ie, of the segment of a circle on BC containing (ВОС) is 
the locus of О. 

Ex. 2. Given the base and the vertical angle of a triangle, 
find the locus of its in-centre. [C. U. 719] 

[ Hints: Let the bisectors of ZB and ZC ofthe AABC 
meet at 1, which is the in-centre. To find the locus of |. 

In ABIC, ZBIC-- ZIBC-- /1©в= 180°, i.e., 

Zpict+s 28+} 20=180"-(1). In ДАВС, $ ДАЧУ 484 
%/с=90°--(2). Subtracting (2) from (1), /в!с—$//А=90°, 
2. 4в!с=90°-Е% ZA=constant (^ ZA is а fixed angle ). 

-. BC which is constant, subtends a constant angle at |, 
J. the arc BIC of the segment of a circle on BC containing 
ZBIC is the locus of the in-centre |. 

Ex. 3. Given the base and the vertical angle of a triangle, 
find the locus of its centroid. 

Let ABC be any triangle whose base BC is equal to the 
given base and vertical angle A is equal to the given angle. 
Let the medians BE and CF meet at G, A 
To find the locus of the centroid О, 

Draw GP AB and GK I| AC and let 
GP, GK meet BC in P, K respeetively. 

*' GP l| AB, ©. Z GPK — сог. Z АВС, and 

-* Өк IAC, «. ZGKPeeor ZAcB, 8 PF К € 

2. ZPGK-— ZA=constant. fig. 12 

Again. ‘. the medians of a triangle meet at a point of 
trisection, .. FG=}CF and EG—jBE. 
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Now, since GP || FB, 
. BP Fa 1 


D 
re ss =5 


вс Fog’ | BP=48C. Similarly кс=1вс. ~". рк=двс. 


"7 BC is fixed, PK is of fixed length and it subtents 


a constant angle at G. Hence the are PGK of the segment 
of a circle on PK, containing Z A, is the locus of G, 


Ex. 4. Given the base and 


the vertical angle of a triangle, 
find the locus of the nine 


“point centre, 

Let ABC be any triangle whose base вс 
are fixed ог constant, 
nine-point circle, 


and vertical ZA 


and let N be the centre of its 
To find the locus of N. 


Let D be the mid point of BC. Join ON, then DN is the 
radius of the nine-point circle, 
circle is half the radius of the circum-cir 
Б 0) 


radius of the nine-point 
cle, 

N=% the circum-radius of ДАВС. Again, 
base BC and tho vertical ZA of the triangle ABC a 


constant its circum-circle is also fixed, .. DN is constant, 


- BC is fixed, .. its mid point D is also fixed, Thus the 
distance of the Moving point N from the fi 
always constant, being equal to DN. 
of the circle drawn with centre D and я 
the eircum-radius ) is the locus of М. 


since the 
re fixed or 


Xed point D ig 
Hence the circumference 
ith radius DN (i.e. halt 


Mazima and Minima 


Ex. 1. AandB are two points on the в 
unlimited st. line, Find a point P on the st, ling such that 
the sum of the distances of the point from A and B ig а 
minimum, IC. U. ; D. p, "ag, °50] 
side of 


ame side. of an 


Let A and B be two points on the same 


an unlimited 
Straight line EF. 
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To find a pt. P on EF so that the sum ofits distances 
from A and В is а minimum. 

Construction: Draw AOLEF 
and produce AO to C, making 
CO=AO. Join CB, cutting EF at 
P. Then P is the required point. 

Proof: Take any other point 
р on EF. Join AP, AD, CD, BD. 

** PandD аге оп the perpen- Fig. 18 
dicular bisector of AC, ~. AP=CP and AD=CD, 


Now, AP+BP=CP+BP=BC ; but вс<вр +ор, 

©. BC<BD+AD. .. АР+ВР<АР +В0, and this is true- 
for any position of D on EF... Р is the required point. 

[N. B. AP--BP'is the least, when AP and BP make 
equal angles with EF. ] 


Ех. 2. Of all triangles standing on the same base and having 
the same vertical angle, prove that the isosceles triangle has. 
(i) the greatest area, (ii) the greatest perimeter. 

[ Е. В. S. B. 50; O. U. 41] 

Let ABC be an isosceles triangle and ABD he any other 
triangle standing on the base AB and having equal vortical angles. 
ACB and ADB. 

To prove that (i) AABC>AABD, 
and (ii) the perimeter of ДАВС> the 
perimeter of AABD. 

(i) Draw CP.LAB and DNLAB, 


Proof: ‘. AB subtonds equal angles 
at Сапа D, .. А, В, D, C are concyolic. 
Draw CE tangent to the circle ABDC at Fig. 14 
C. Let ND produced meet CE in E. Now, sinee CP is 
perp. to the base AB from the vertex C of the isosceles. 
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ДАВС, .. СР bisects AB. .. СР passes through the 
centre of the circle. .. The tangent СЕ is perpendicular 
to СР, .. СЕПАВ. Again, '* CPI EN, ,, CPNE isa 
rectangle. .. CP=EN. *' CP>DN. ~, the height of 
AABC--the height of ДАВО, ‘ AABC> ЛАВР. 


(ii) Теб CP produced meet the circumforence in О. Join 
AQ, BQ, DQ. 
Proof: '’ Qis onthe perp. bisector of AB, 


- the chord СО passes through the c 
a diameter. .. CQ>the chord DQ. 


* AQ-8BQ. 
entre .. CQ is 


Now, '' АСВО іва cyclic quadrilateral, 
+. BQAC+AQ,BC= AB.CQ, 


or, AQ(AC+BC)=AB.cQ [> ла=ва ]...(1) 
Again, BQ.AD +AQ.BD = DQ.AB, 
or, AQ(AD--BD)-DQ.AB--.(2) 
G AQ(AC--BC) AB.CQ 
Ste n 1) and (2 have = 23:00 
rom (1) (2), we hay AQ(AD BD) NEG 


Be PUO CQ. but са>ро, 


AD+BD ро 

/. AC+BC+AB>AD +В0 +АВ, 

Ex. 3. Of the st. lines through а Point of inte 
«сігсІө8 and terminated by the circumferences, 
-that which is parallel to the line of centres, 

Let P and Q be the centres 
of the circles intersecting at 
A and B. Through A draw 
‘CD [ PQ, во that CD cuts the 
circles аб C and D. Draw 
any other st. line EF through 
A cutting the circles at Е 
and F, 

To prove that CD>EF, 


or, >> AC+BC>AD+BD 


rsection of two 
the maximum ig 
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Construction: Draw РМ and ом perp. to CD and draw | 
PR and ОХ perp. to EF, Draw РҮ1ОХ, 

Proof: `2 РМ1АС, .. АМ=СМ .. AM =ЗАС, ` 

" QNLAD. ,'. AN 24AD, ~. MN=3CD, Similarly ЕХ =ЗЕЕ, 

Now, PQ=MN=iCD and PY=RX=4EF, 

7"  ZPYQisartangle, .. PQ>PY, v, 3CD>4JEF, 

о ВЕЧЕ 


Ex. 4. То find а point within а triangle such that the sum 
of its distances from the vertices is a minimum, 

Let ABC be a triangle. On AS and АС draw two segments 
of circles each containing an angle of 120°, 
intersect at O. Then O is the required point. 


Let the segments 


Proof: Join AO, BO, CO. Through O draw PQ perp. to 
AO, cutting AB at P and AC at О. ** AOLPQ, .. AO ig 
the least distance from A to PQ. Again, ZBOP= Z COQ =30°. 

" ВО and CO make equal angles with PQ at о, 

the sum of the distances (BO --CO) of the pt. О on PQ 

from В and C is the least. Г. the sum of the distances of the 


pt. О from the vertices A, B, C is a minimum. 2 
Some Problems 


Ех. 1. Draw an equilateral triangle equal in area to а 
given triangle. [С. 0. '39 Sup. ; '50 (High)] 

Let ABC be a triangle. To draw 
an equilateral triangle equal in area 
to AABC. 

Construction: On BC draw 
an equilateral triangle DBC. Draw 
АЕ 1 СВ and let AE cub BD at E. 
From BD cut off BF equal to the 
mean proportional between BE and Fig. 16 
8D. Draw FH parallel to DC, cutting BC in H. 

Thon ВЕН is the required triangle. ^ 
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Proof: '.' FHI DC, .. ZBFH- ZD, ZBHES Z DCB, 

-. ДАВЕН and ADBC are equiangular, 
e. ABFH is equilateral. 

ABFH. BF? BEBD (> 


= eL BF is the mean propor- 
Now, EDO ED? BD? . tional between BE and BD ) 
= ВЕ, 
BD 


Again, joining EC we haye, ЕС BE, EA nom ee 
>. ABFH=ABCE; but ABCE= AABC (being on the 
fame base and between the same parallels ), 

/. ДВЕН = ДАВС, 

Ex. 2. Construct an equilatera 
given square, 

Let ABCD, be the given square, 
Produce AB to E во that BE =АВ, 
On AE draw an equilateral trlangle 
AEF and let AF cut DC in H, From 
AF cut off AP equal to the mean 
Proportional between AH and AF, 
Draw PQ parallel to FE, cutting 
AE in Q., 

Then АРО is the required triangle, 


Proof: '. Pa |i FE, ^. AAPQ and 


*- ДАРО is equilateral, 
. ДАРА AP? _АН.АЕ 


1 triangle equal іц areg to a 


АР is the mean Propor- 


tional )= ^H Joining HE we haye ДАНЕ ан à 
AF AAFE Ap) 
© ЛАБ ДАНЕ . 
ААРЕ Aare? ** AAPO=Aane, 
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Again, AAHE and square ABCD are between the same 
parallels and the base of the triangle is twice the base of the 


square. . the equilateral AAPQ= AAHE=square ABCD 


Ex. 3. To construct a triangle similar to a given triangle 
and equal in area to another given triangle, 


To draw a triangle equal to the given AABC and similar to 
the given ADEF. 

Construction: Draw 
ZCBX and ZBCX equal 
respectively to ZE and 
ZF, and let BX and CX 
cut at X. Draw AR il BC, 
cutting CX at R. From 
CR cut off CP equal to 
the mean proportional 
between CX and CR. Draw PQ | XB, PQ meeting CB in Q. 
Then PCQ ів the required triangle. 


Fig. 18 


Proof: Join BR. '' ВХІРО, .. AsBcx and APCQ 
are equiangular and hence similar. 


Apca_ cP? _CX.CR_CR 
ABCX Sex? cx? Cx 


ABCR CR , .. — 
Again, AGE ext their heights are equal ), 


. Apca_ ABCR 
"  ABCX двох" 


'‚ APCQ= ABCR— ДАВС ("^ AR I| BC), 


Again, *" BX Il PQ, 
ZPpac= ZxBC= ДЕ and ZPCQ= ZF., 
* APCQ and ADEF are similar, 


*. АРСО is equal to AASC and similar to ADEF, 
Ele, М, (IX)—23 


Miscellaneous Exercise 
[ Algebra ] 
Vetit Ма V9e+3+ V233 
Ма+1=— /а—1 \/9л+3— Jon—3 


2 Ја+1 2 22-3 | 
= [ by comp. & diy, 
2/1 243-8 pok ds] 


1. Solve 


Jo+1_ ^/ 9z--8 


or —— 229 oy, 2+1: 2r--8 [ > 
' Ма-1 М?9шт—3 z—1 92-3 | Sduaring ] 
or, 9z?-kg -8—9z2^—- 5-9, or, 95=0, ; „ш 


Ма+1- Ve-1_1 
2. Solvo —7—— TI TSS, 
эй NEE (B. UJ [Ans а=] 
29:03485 11 
3. Solve а а [ Ans. = 19 ] 
1 1 1 
4. Sol =-, = = 2 
olve y+z AE 2+0 z [G. U 49] 
[ Hints: From the equations we have vy - az 1. 
yetoy=1---(2) and zz--yz—1-:-(3). Adding (2), 


them we h 
2(æy +yz+zr)=3, or, у-у tes 8.04) ae 


From (4) — (1) we have yz—-l +... (5) 


» (4) (2) „ Du 22=} Rees Coo (6) 
» (4)-(8) „ уф  - (T) s. 
Ans, и 
5,8 z a 
. Solve: g(2s+3y+4z)=58 © ... (1) 
y(2s+3y +42)=87 " (2) 


a(Qe+-3yt+4z)=116 ... ... (3) 


алны л = ж з M — Ou» 
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Multiplying (1), (2) and (3) by 2, 3 and 4 respectively 
(ie,, by the coefficients of 2, y, 2 of the expression within 
brackets) and adding the products, we have 


(82 +3y +42)? =116 +261 +464 =841=(29)3, 
2. 9z--8y 422 2929. (4) 
Now, dividing (1), (2) and (3) by (4) we have 


= +9, y=+3, 2= 64, 


6. Solve z" =y” (1), v? 2 z^. (2). [O. U. °58] 
v z RJ 
From (1), 27 —y* y and from (2), у= 
у b 
па = Be, T= =, or, Ta 
z 


Putting % for y in (2) we have 
b 
(sy =2°, or, Gy Xx*=2, or, (y LU =g? 
a a a 


a a 


xo ete omo 


sopore 


7. Solve 27-3517 апа 27+? — 3v*1 5, [С. U. 57] 
[ Ans. 223,y-—2] 

8. Solve 2771 +3%-1=4 and 3.2%72-4+2.3"73=9}, 

[ Аюв. 2=1, y=2] [0. U. °58 (О)] 

9. Show that the numerical sum of the coefficients of 
the terms in the expansion of (0+ 5)? is 256. 

We know that any power of 1181. .. if we puta=1, 
b=1in the expansion of (a+b), each term in the expansion 
will evidently be equal to its coefficient, 

.. Ње sum of the coefficients =(1+1)8 2:98 — 956, 
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10. Find the value of (2+3 /.— 5) +(2-3 М5) 


(Ans. +3 2] (Pat. '55] 


т? = тр and 2? —m?q. 


Supqose, ma? — Зла? --3pa — q = (za — y)? 


= ga? — За? ya? + 3zy2a – уз. 
hero m-—z?, п= 12у, p=ay?, q=y? 


[ Trigonometry ] 
Prove that :— 


е tene 0... /1=sin ө 
1—вїп Ө 1+sin Ө 


L.H. 8. Она 0) Ө)? + SEU азах ө)? 


= 9 seo Ө. 


1— віп? ө 1- віп? 6 
=, (әр ө)“ (tein ө)". в 0) 6)? 
cos? Ө cos? Ө 
_ 1-Е п 9,1 —sin 0. 1-Fsin 6--1- sin ө 
сов Ө сов Ө сов Ө 
tan Ө cos 0 , sin? 
2. cos Sr sing uos : =1+sec Ө. 


sin A+sec A 


cos А +-совес TS es 


2 2 p, 8in?A — sin? В 
4, tan? A—tan? B CEU ES 


LH g,—sin? A sin? B — 3112 A соз? BES 


S0 n?=gty? =g? cy? = mp and n? eg6y3 =m? 


cos Ө ө 


A2 


11, If таз - Зла? -Зра-а be a perfect cube, show that 


а. 


= 2 вес ©. 


[B. U.] 


ГВ. H, U, 451 


[ C. U. °36 ] 


Sin? 2A 
cos? А cos? B сов? A cos? р В cos 


А) 


=8in? A (1~sin? B) 
cos? A cos? B 
— 811? A ~ gin? B 
cos? A cos? В 


=sin? B (1~sin2 
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" 2 
l--tan? 0 [1- tan 5) [W. B. S. F. '56] 


I+cot2 Ө \1—cot 0 


= 2—1 cos Ө, , 
6. (cosec @—cot Ө) locos [B. H. U. '40] 

cot Ө cos Ө 

Mock m = =2 tan 6. 
2 совесӨ-1 1+sing eme 
sin? « cos? « E " 

CLE TA o х " . п. U. 
Вк Toba 1ана P 008 « [B. H. U. 44] 
9. sec? > tan $+2 sec $ cosec $+cosec? $ cot ф 

=вес3 ф cosec® $. ІВ. H. U. 48 ] 
L. H. 8.= 1 sin ¢ 2 1 cos $ 


cos? $ `созф соз Фвїпф sin? ф ' sin ф 


Bint ¢+2 sin? $ cos? ¢-+cos* $ _ (sin? ¢+ cos? 4)? 


10. 


11. 


12. 


[ Hints: L.H.B.— 


cos? $ sin? Фф cos? ф sin? $ 
ВН а 
оов? $ sin? $ 
cot 0 — tan 0 1 _ 9 gin? 9, 
cot 0--tan Ө 


sin A, sin B 


7800? ф совес3$, 


cos A+sin В cos B- sin В 


< sin A sinB — 
cos À—sin В cos B+sin A 
1--sec? A cot? B_ _1+(tan A cos В)? 
1+sec? О cot? B 1+(tan О cos В)? 
1+(1+tan? A) cot? B 
1+(1+tan? О) cot? B 
—1+cot? B+tan® A cot? B 
1+ cot? B+ tan? O cot? B 


Now change tan and cot into ~~ and 908 , ] 


13. 


cos sin 


Itg— 1820 ow that Le. 17 sin Ө, 
cos Ө t$ 0080 
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14. If4 seo? 4—7 tan? 4 — 3, prove that sin <= 4-1. 


(B. H. 0. '40] 
Here, 4 sec? 4—7 tan? « —3, 


or, 4(1+tan? «)— 7 tan? «==8, or, 4— 3 tan? «—3, 
or, 8tan?«—], .. tan?«X—1, 


Жо E 
sin^« 1 sin? « 1 ; 

=, ОР, ————.."4 07, 41? <=1 
сов? « EH !1-sin?« 3 Ч ? 


or, sin? <=}, Г. він <= +, 


15. Given вес 0+tan Ө = и, express tan Ө in terms of u. 


С у= 
[ Ans. tan 9151] [Р. 9. м9] 


16. If tanA+sinA=a, and tanA-sinA=b, then 
a?—5?-4 Jab. ` [ B. н. 0. °39 ] 


я A sin Ө — сов ө 
USA sin 9+ cos Ө’. 


show that ,/9 sin A=sin 0 — cos Ө. 
18. Ifc sin < —у cos <= 2, then x cos 4+y sin < 


Zo. g 
=+ Vo? y2— 22, 


[ Hints: Squaring both sides of zx. sin x-y cos X-£, add 
— 02 — y? to both sides. ] 


. 19. Iftan? A— 14-2 tan? B, 
proye that 2 sin? A=1+sin? B, 


20. If cos 0--sec 0— 2, find the value of c08"0-|-seg^ g 
Here, cos 9- вес 9=2, 


1 
or, воз 9-k |=; ог, cos? 0+1=8 cos 6, 


or, вов?Ө— 9 cos Ө-Е1==0, or, (cos Ө— 1)2=0, ; oter 


li ^ 
BOSS Rare: 1. Now. cos” Ө--вес" 9=(1)* + (1) 9. 
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21. If cosec «+ т 4=2, show that sin*« 4- cosec?« = 2. 
[W. В. S. Е. 60} 


asin A—y cos А 
2 sin A+y cos A 


29, If y tan A=a, find the value of 2 


7 ytanA=2, Г. шу tan A=? (multiplying by z) 


2 
г. cian AL. 
"Т5, 


т sin А — у 603 А _ © tan А-у 
z Sin A+ycosA vtan Aty 


Now, 


[dividing the numerator and denominator by cos A] 


ЫЕ 

E 22у? 
2 2 2 
ty z?-ry 


28, If tan @-+cot Ө=9, find sin Ө, Ө being a positive 
[w. B. 8. F. '55] [ Ans. d 


acute angle. Ја 
21. П вп 0=9 sin 0, where Ө is а positive acute angle, 
find cot 0. [W. В. S. Е. '57] | Ans. Ed 


22, Given tan?0—1 - 0°, show that sec 0-Ftan?0 cosec Ө 


=- [W. B. S. Е. 59] 
^*  goo20— 1--ían?0— 1-+1—e?=2—6?, 
s. sec O=(2- 22)? 
sec 0-Ltan? Ө cosec Ө=вес O+tan? Ө. эп wr 


=sec 0--tan?0 sec Ө= зев Ө (1--tan?0) 


1 
= 2 
вес O+tan® Ө, EF 


= geç? o=((a = г} = (2 = Pi 
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26. Find < and f in degrees, ( < and В being positive acute 
angles ) if sin (2« — £) =1, and cos (« 4-8). 


[W. B. 8. Е. '59] [Ans. «=50°, В=10°] 
27. If cos?6—sin?9@=tan2«, 


prove that cos?« —gin2<=tan29, ГУ. В. 8. Е. '60] 


20 302 2%  gin?« 
2m д n sin 
- 00820 — віп?0= бап? «, ~, COS 0 — sin". tan?« _ 


сов20 +sin?0 1 cos?« 
['.' cos?6+sin*6—1 ] 
A 2 cos?0 _ sin?<-++cos?« 
By comp. & diy. Е ЕЕ. 
У ы go Baye К = Qsin29 sin?« — cos?« 
2 2 
or, 008 (e H cos? d 


Е ао О 
—вїп®Ө sin? — сов? 9 біп? cos2a— віц2< 


:49 T 
or, cos?X— віц2< — SIN 0 _ tan29, 
сов?Ө 


28. If 6 sin? 0 — 11 sin 6+4=0, where @ is a positive acute 
angle, find 0 in degrees. [Ans. 30°] 


29. Ifsin?0-Fsin*0— 1, prove that tan*0— tan? —1, 


ГУ. В. 5. Е. '69 (0)] 


30. ‘If 5 tan A=4, find the value of 5 sin А-З cos A. 
sin А--9 cos A 


[W. B. 8. Е. '60] [Ans. 


тї] 
31. Solve for 6, when Ө is an acute angle : 


1-tan 6_ J/38-1 

1-Мап ө уз’ 
By comp. & div. we haye анада; 
—21tang -9 


or, 


1 TES. TOR Уа 
mE dz /8, or, tan tastes eos S0 eo 6-30, 

92. Solve tan 4+ 4/3 cot <= „3+1, where < is an acute 
angle, 


(Ans. «—80* or 45°] 
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88. The angles of a triangle are in A. P. and the number of 
degrees in the least is to the number of radians in the greatest as 
80 to x. Find the angles in degrees. 

[ W. B. 8. Е. '60; Ans. 30°, 60°, 907] 

34. Assuming the earth to bea sphere of radius 4000 miles, 
determine approximately the difference in latitude (to be 
expressed in the sexagesimal system ) of two places, one of which 
lies 200 miles due north of the other. 


(ł=31831.) ГҮ. B. S. 561 


[ Hints: arc=70; here атс = 200 miles, r=4000 miles. To 
find Ө from the formula arc —70, where Ө is in radian measure, 
200 Та 


5 . т 1 
К хө=900, .. == =— 
000 x 6 —20 ө 4000 radian 50% = 


=9°x 1=9°x'31831=2°61'53'244"] 


35. An aro of 507 in one circle equals one of 60° in another ; 
find the radian measure of an angle subtended at the centre of 
the first circle by an arc equal to the radius of the second. 

[ W. В. 8. Е. 56] 


zo Doo, M 
o= =. 
50 4 апа 60 3 
Let В and r be respectively the radii of the two circles, 
Then, in the first circle, aro — 7B, and in the second, 
л . = . 
атс = gr. oe 3" 1% m R T 


Now, the radian measure of the angle subtended at the centra 
of the first circle by an are equal to r 


Я ТЕ " 
= aro radian = — radian=3 radian. 
radius В 
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86. The height of a house subtends a right angle at an 
opposite window, the top of the house being 60° above a horizontal 
line through the window ; find the ‘height of the house, taking the 
breadth of the street to be 30 ft. 

(W. В. S. F. '59) (Ans. 40 „/3 ft.] 


37. Two pillars are respectively 180 and 60 feet high. If 
the angle of elevation of the top of the first from the foot of the 
second be 60°, what will be the angle of elevation of the top of the 
second from the foot of the first ? (W: B. В. F. '60) [Ans. 30°] 

38. Show that :— 

(а) 1+tan Ааа? A-Ftan? pees UA, 

cos” А 


(0) — 1-Feot A --cot? А соьз A Sin A-Fcos A = 
Sin? A 

(©) вове 0 — tan? 9— 1.3 sec? 6 tan? 0. 

(4) cosee® 9 — соб Ө=1-Е3 coseo? Ө cot? ө. 


39. Tf tan 0-- сев 0= 2, show that tan? 6+cot? 929. 
40. If p sin 0+9 cos Ө —r, and p ces 0—q sin 6—5, 
2 2.2 2 =7-9 cos 
then р2 +42=72 5° and tan Ө "EDEN 
[ Geometry ] 
1. 


PORS is a parallelogram $ A and B are two points outside 
16 and are such that AB is parallel to РО; AP and BQ when 
Produced meet at С and AS and BR when produced meet at р B 
show that CD is parallel to PS. [Applied Math. (Tech), 1960] 


2. O is the in-centre of the ДАВС and AO produced meets 
BC at D. Show that AO : OD-(AB-FAC):BC. [Tech, (1960)] 
3. In the quadrilateral ABCD, BC=2AD and O is a point on 
the diagonal AC such that CO —9A0. 


Tf BO=2D0, prove that 
ABCD is a trapezium and О lies on the 


diagonal BD, (G, U. '58] 
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4. The adjacent sides of a rectangular land are 20 ft. and 
8 ft. respectively ; calculate geometrically the side of the square 
whose area will be equal to that of the rectangular plot. 
i [Tech. 1960] 
5. Two circles intersect at А and B. Prove that of the 
similar triangles having a straight line drawn through A and 
intercepted by the circumferences as their base and B аз their 
vertex, the area of the triangle whose base is perpendicular to AB 
is the maximum, 


[Hints : (Draw a fig.). Let PBO, XBY be two such similar 
triangles, Let PQLAB and draw BR.LXY ; then AB>BR and AB 
BR are respectively the altitudes of A °РВО, XBY. 

"' The triangles are similar, .. the ratio of their areas 
—AB?:BR?, ;. ДРВа> ДХВУ.-.] 


6. DEF is the pedal triangle of the AABC; prove that 
ДАВС : ACDE —BC? : СЕ?. 

7. Bisect a triangle by ast. line drawn parallel to a straight 
line given in position. 

8. Areas of similar polygons are proportional to the squares 
of the corresponding sides. 

Let ABCDE and РОРЗТ D 

be two similar polygons in 
which angles A, B, C, D af c 
and E are respectively 
equal to angles P, Q, R, S 
and T and AB, PQ are 
corresponding sides. 


lygon ABCDE _ АВ? 
ve that DO удо шы . 
Торо polygon PORST PQ? 


Join AC, AD and PR, PS. 
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Proof. '^ the polygons are similar, 
<. ¿B= ZQ, and АВ: РО=ВС : QR, 
Г. ДАВС and ДРОВ are similar. 
AC BC DC 
S ACB= РЕС and —. ———~ 
sg А PR QR RS 
"^ ZBCD= ZQRS and Z ACB— Z PRQ, .'. Z ACD— ZPRS 


(^ Polygons are similar) 


Now, in A? ACD and PRS, ZACD= ZPRS and the sides 
about them are proportional,  .. the triangles are similar, 
Similarly AAED and APST are similar, 


ДАВС АС? AADC and AADC AD? ДАБЕ 
.. = = q == = E 
ДРОВ PR?” APRS ° APRS Ps? APst 


г. ДАВС _ ДАОС AADE AABCHAADCHAADE 
APOR APRS APST APOR+APRS+APST 


— Polygon ABCDE 

туле eee 

polygon PORST 
+ Polygon ABCDE ДАВС AB? 
| SABC ABE 
Polygon PORST APOR РО? 


QUESTIONS 
SET IN HIGHER SECONDARY (W. BENGAL) 
EXAMINATIONS WITH ANSWERS 
[ Pretaining to Syllabus for class IX only ] 
HIGHER SECONDARY EXAMINATION—1960 
FIRST PAPER 
GROUP Fk 
1. (a) Itz— Jl, V3- 


МЗ—1' 197 НЕЕ 1 fnd the value of 
z 2^ teyty" [Аш as 
2% – путу? 
(b) Simplify : [vixz вх УБ Td [Ans. 1] 
(с) Find the square root of 28-6 v3.  [Ans. +(3./3-1)] 
2, (b) Solve: 3z-F4y-—5zy [Ans. w=y=z=0; 
2y +82 =Qyz ог, 2=9, y —8, 2-9] 
Dz--9z = 622 


Group B—Trigonometry 

9. (a) Prove that the radian is a constant angle. Find its 
value in degrees, minutes, etc. [х= [Ans. 571744'8"] 

(b) The angles of a triangle are in A. P. and the number of 
degrees in the least is to the number of radians in the greatest 
ав 60 is to л. Find the angles in degrees, [Ans. 30°, 60°, 90°] 

13. Two vortical pillars the height of one of which is double 
that of the other are at a distance of 150 ft. from each other. At 
а point between the pillars and on the line joining their feet the 
angular elevations of the tops of the taller and the shorter pillar 
are found to be 60° and 30° respectively. Find the heights of the 
pillars and the position of the point. 

[Ans. Heights=60,/3 ft., 30 J/8 ft., distance= 60 ft. from the 
taller tower.] 2 
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SECOND PAPER 


1. Answer either (a) and (5), or (c) and (а). 

(a) Prove that in any triangle, the square on the side 
opposite $0 an acute angle is equal to the sum of the squares on 
the sides containing the acute angle, diminished by twice the 
rectangle contained by one of these sides and the projection on it 
of the other side, 

(b) Prove that three times the su 
sides of a triangle is equal to four time 
on the medians. 


m of the squares on the 
8 the sum of the Squares 


(c) Prove that the internal bisecto 
divides the opposite side internally j 
containing the angle, 

(b) A straight line AB is divided i 
ай C and externally at D. If P be & poi 
right angle, prove that PC bisects the a 


т of an angle of a triangle 
n the ratio of the sides 


па given ratio internally 


nt where CD Subtends a 
ngle APB, 


— 


HIGHER SECONDARY EXAMINATION 
Compartmental— 1960 
FIRST PAPER 
GROUP A—Algebra 


1. (a) Given J2=1'414, find to three d 
1+ J8 
3 


ecimal places, the 

value of 3-25 (Ans. 14:070] 
1 1 рй 

7 A A 6* АЖ. 

(5) Simplify : Idi хаа x (37) И [Ans. 6] 


(c) Find the Square root of 171-19 ,/9, [Ans, X(3--2,/9)] 


H. S. QUESTIONS—1960 (coMPL.) 367 


GROUP B—Trigonometry 
8. (a) The difference between the two acute angles of a 


right-angled triangle pe radians; express these angles in 


degrees. [Ans 81°, 9°] 


(b If s is the length of the are of а circle whose radius is 7 
and 0 is the radian measure of the angle at the centre, standing 
on the are, prove that @¢=*, 
T 


9. (0) If sin А=? ond cos B—1$ where А and В are acute 


5 


3 16 
angles, find tan 4 -tan BB [ Ans. | 
ngles, find the value of IGGG ARD 53 


12. The upper part of a straight tree broken over by the 
wind but not completely separated, makes an angle of 30° with 
the ground, and the distance from the root to the point where 
the top of the tree touches the ground is 50 feet. What was the 
height of the tree ? [Ans. 50 8 ft.] 


SECOND PAPER 


1. Answer either (a) and (b), or (c) and (а). 

(a) If two triangles are equiangular, prove that their corres- 
ponding sides aro proportional. 

(b) Prove that the line drawn parallel to the parallel sides 
of a trapezium through the point of intersection of the diagonals 
is bisected at the point. 

(c) Prove that in a triangle the sum of the squares on any 
two sides is equal to twice the square on half the third side 
together with twice the square on the median that bisects the 
third side, 

(d) Show that the sum of the squares on the sides of a 
parallelogram s equal to the sum of the squares on the 
diagonals, 


HIGHER SECONDARY EXAMINATION—1961 


FIRST PAPER 
Group A—Algebra 
Man 3+ J6 
1. (a) Simplify : 848-3418 J883 ЗЕ JN 
[Ans. /3 ог, 1739] 
ын: FU т" тат 
(GE Simplify: JE xy ox Vm [Ans, 1] 


(c) Find the sq. root of 33—4,/35,  [Ans. +(9,/7- /5)1 
Group B—Trigonometry 


8. (a) The radius of a circle is 10 cm., find the angle in 
degrees and minutes, subtended at its centre by an arc 6 em. in 
length, [z—37 [Ans. 34°91°8'] 

(b) The angles of a triangle are in A.P. If the number of 
degrees in the greatest angle is the same as the number of grades 
in the least, find the angles in degrees, [Ans. 63°35, 60°, 5519 

12. On a straight coast there are three objects 4, B and C 
such that AB=BC=4 miles. A steamer approches B in a line 
perpendicular to the coast and at a certain point AQ is found to 
subtend an angle 60"; after sailing in the same direction for ten 
minutes, AC is found to subtend an angle of 120°; find tho rate 
at which the steamer is going. [Ans. 16 V3 miles per hr.]. 


SECOND PAPER 


1. (a) If two triangles have one angle of the one equal to one 
angle of the other and the sides about these equal angles 
proportional, prove that the triangles are similar. 

(b) If two triangles are similar, prove that their areas are 
proportional to the squares on their corresponding medians, 

(c) Prove that the ratio of the areas of Similar triangles is 
equal to the ratio of the squares on their Corresponding sides, 


H. S. Exam. (Compartmental)—1961 
FIRST PAPER 
Group A—Algebra 
1. (a) Simplify :— 


3 _ 4/3 J6 
3+ J6 Jer J8 ^ J84 JÀ [ Am. 0] 


(b) Find the square root of 37 — 20 ./3. [Ans. (5-92 „/8)} 
Group B—Trigonometry 


8. (a) Define a radian, Taking л=3`1416, show that a 
radian contains 206265 seconds apprpximately. 


(b) One angle of а triangle is йл grades and another is a 


degrees, whils& the third is "E radians ; express them all im 
degrees, [Ans. 24°, 60°, 96°], 
7. Find the value of 


9 tan? 30° Чи о 
re siis (sec? 45" — cot?45°) — (cos? 60" --sin^ 120 ). 
: [Ans. 1] 


12. Two vertical poles are 120 feet apart and the height of 
one is double that of the other. From the middle point of the 
line joining their foet, an observer finds the angular elevations of 
their tops to be complementary. Find their heights. 

[Ans. 30/2 ft., 60 A/À ft.) 
SECOND PAPER 

1; Answer either (a) and (b), or (c) and (d) :— 

j (а) Prove that the bisector of the exterior angle of a triangle 
divides the opposite side externally in tho ratio of the other two: 
sides. 

(5) Ina quadrilateral, if the bisectors of one pair of opposite: 
angles meet on one diagonal, prove that the bisectors of the other 
pair of opposite angles will meet on the other diagonal. 


Ele, M. (IX)- 24 
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(c) Ifa perpendicular is drawn from the tight angle of a 
right-angled triangle to the hypotenuse, prove that the triangles 
on each side of the perpendicular are similar to one another 
Hence deduce that the perpendicular is a mean proportional 
between the segments of the hypotenuse. 

(d) Ina right-angled triangle, if a perpendicular is drawn 
from the right angle to the hypotenuse, show that the segments 
of the hypotenuse have the same ratio ns tho squaros on the sides 
containing the right angle. 


HIGHER SECONDARY EXAMINATION, 1962 
FIRST PAPER—Group A—Algebra 
A3 


1. (a) Given Dg find the value of 
М1+2- Ji-z [A 1 
АЕ ns, — ] 
V1+2+ J1-g A3 

(b) Find the square root of 17-19 A/À; [Ans, (3-249) 

2 

(с) Simplify: (8z*--97a-*)* x (6455 974-2)-8, ОК 

, Group B—Trigonometry 

8. (а) The circular measures of two ап 
and}. Find the number of degrees and 
angle. [52 radians —2 right angles]. 

(b) The diameter of a graduated circle is 6 ft. and the 
graduation on its rim are 15’ apart ; find the distance (in inches 
correct to two places of decimals) from one graduation to another 
next toit, [л=22 


тз; 4 (Ans. ‘16 in.] 
12. The angle of elevation of the top of a tower ig observed 


to be 60° from a point in the horizontal plane through the foot of 
the tower ; at the point 40 ft. vertically aboye the first Point of 
observation, the elevation is found to be 45°, Find the height o 
the tower and its horizontal m the points of 


observation, [Ans. һ=94°6 ft., d=54'6 ft. J 


gles of a triangle are 
minutes in the third 
[Ans. 139*16^36] 


=. 


distance fro: 


н. 8. QUESTIONS—1962 871 


SECOND PAPER 
Group A—Plane Geometry 


1. (a) Prove that in an obtuse-angled triangle, the square 
on the side subtending the obtuse angle is equal to the sum of 
the suuares on the sides containing the obtuse angle, together 
with twice the rectangle contained by one of these sides and the 
projection of the other side on it. 

(b) Same Q. 1 (а) of H. S. 1960 (Compl.). 

3. (a) Same as Q. 1(a) of H. S. 1960 (Compl.). 

(b) Inthe trapezium ABCD, AB is parallel to DC and the 
diagonals intersect at О. Show that OA: OC=OB: OD. 

4. (a) Same ав Q. 1 (c) of H. 8. 1960. 

(0) 4D isa median of the triangle ABC, and the angles 
ADB, ADC aro bisected by lines which meet AB, AC at E and F 
respectively. Show that EF is parallel to BC. 


Н. S. Exam. ( Compartmental )—1962 
FIRST PAPER 
Group A—Algebra 
i a SuSE Bae WO Е 
(а) Simplify 8./18 - ОЕ ДЕ [Ans. $] 
(b) Find the square root of 8+ /60. [Ans. +( 5+ V8)] 


(c) Simplity : (5 ee x(E jx (es. [Ans. 1] 


Group B—Trigonometry 
8. (а) Same as Q. 9(a) of Н. В. 1960. 
(b) Find the ratio of the radii of two circles, at the centres of 
which, two arcs of the same length subtend angles of 60° and 15°. 
[Ans. 5:4] 
12. Tho upper part of a tree broken over by the wind makes 
an angle of 30° with the ground and the distance from the root 
to the point where the top of the tree touches the ground is 50 
feet. What was the height of the treo ? [Ans. 50/3 ft. ] 
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SECOND PAPER 
Group A—Plane Geometry 
1. (a) Same as ©, 1(a) of Н. S, 1960 


(b) ABC is an isosceles triangle in which AB=AC ; and ВЕ 
is drawn perpendicular to AC. Shew that BC* -940.0E, 

3. (a) Same as Q. 1(c) of H. S. 1961. 

(b) A trapezium ABCD has its sides AB, CD parallel and itg 
diagonals intersect at О. If AB is double of CD, find the ratio of 
the areas of the triangles АОВ and COD. [Ans, 4:1] 


4. (a) Same as Q. 1(c) of H. 8, 1961 (Compl.), 
———— 


H. S. Examination—1963 
FIRST PAPER 
Group A—Algebra 
1. (a) Simplify :— 
(/18 = JB) J34- A2). a 
/'ЗЛ#-®Г/з+ qa) J8i [Ans /6 9] 
(b) Ifa*=m, а = п and а? = (min?) 


*, prove that gyz- 1, 
(c) Find the square root of at 8 [ Ans, +3(/3-+1)] 


Group B—Trigonometry 


8. b) Ifcos 0—sin 6— ,/9 віп 9, prove that 
cos 0+sin 0— ‚/2 cog б, 

11. A man on a cliff observes a boat at an angle of depression 
of 30°, which is making for the shore immediately beneath him. 
Three minutes later the angle of depression of the boat is found to 
be 60° ; assuming that the boat moves uniformly, how soon will 
it reach the shore 2 [ Ans. 12 min. ] 
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SECOND PAPER 
Group A—Plane Geometry 


1. (а) If two triangles have their sides proportional, when 
taken in order, prove that they are equiangular. 

(b) Prove that the areas of two similar triangles are propor- 
tional to the squares on their circum-radii. 

2. (a) Ifthe base of a triangle be divided externally in the 
ratio of the other two sides, prove that the line joining the vertex 
to this point of division bisects the vertical angle externally. 

(b) Prove that the external bisectors of two angles and the 
internal bisector of the third of a triangle are concurrent. 


Н, S. Exam.—(Compartmental)—1963 
FIRST PAPER 
Group A—Algebra 
1. io ness АЛАС = V8) 
(6) Simplity — 73 s /3- 5084.75) 
Г Ans. 24-3] 


b : AY. 1l 19/371 i ri 
(b) Simpity: (Vix qeu ie [ Ans, 9 ] 
(с) Find the square root of /18— 4/16. 
[ Ans, +9/2(/2-1)] 
Group B—Trigonometry 


11. At the foot of a mountain, the elevation of its top is 
found to be 45° ; aftor proceeding one mile towards the бор up a 
slope of 30° inclination to the horizontal, the elevation of the top 
is found to be 60°. Find the height of the mountain. 


[ Ans. à(43--1)mi. or 1°37 miles (App.)] 
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SECOND PAPER 


together with twice the Square 


on the median that bisects the 
third side, 
ABCD is a rectangle, and Р ig any point within it, Prove 
that РА? роз pps TEDS; 


2. (a) Ifa Straight line is drawn Parallel to one side of в 
triangle, proye that the other two sides are divided Proportionally, 
(à) ABODi ium i i 


— 


HIGHER SECONDARY EXAMINATION, 1964 
FIRST PAPER 
GROUP A—Algebra 


implify ; 84/9 4 ўв /6 
ad rir ui cee SEE 


ar DEN e 
(b 1 £40 — 20 and xyz=1, prove that a+b+c=0, 


GROUP B—Trigonometry 


11. Two chimneys aro of equal height. A person standing 
between them in the line joining their bases, which is horizontal, 
observes 


the elevation of the nearer one to be 60°. After walking 
80 feet in a horizontal di i 


their bases, 


30” respecti: mneys. 


[ Ans. 40 J6 ft. or 20 ,/6 ft. 1 


E сс наз. REEL 
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SECOND PAPER 
Group A—Plane Geometry 


2. Same as Q. 1 (a) of H. S. 1960. 


ABC is an isosceles triangle and AY is drawn to cut the base 
internally at У. Show that Ay*— AB? — BY.YC. 


З. Same аз Q. 1(a) of H. S. 1960 (Compl.). 
Prove that the altitudes of two similar triangles are propor- 
tional to the Corresponding sides, 


Н. S. Exam. (Compartmental) 1964 
FIRST PAPER 
GROUP A—Algebra 


L (a) Sim Шу: V9(2-- /3 2(3- J3) v6 
Mir E MEE 


3 
(5) Si ; т+1 —__ 1 
mplity. [4"*ix агат 


find the value af ys = Je [Ana а 5/8] 


[ Ans. 8] 
(c) Маъта уа, 


Group B—Trigonometry 


8.(b) If tan 0-l-bin O=m, tan 0 ain 0=n, prove that 
m? — пй = 4 nn. ў 
11. Brom an observation balloon 7,200 ft. above the sea, the 
Single of depression of two oruisers are 30° and 45% Fina the 
distance detween the cruisers if ono is onst and the other south 
of the balloon. [ Ans. 14400 ft. 1 
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SECOND PAPER 
Group A—Plane Geometry 


1. (a) Prove that in any triangle the sum of the squares on 
two sides is equal to twice the Square on half the third side 
together with twice the Square on the median that bisects the 
third side. 


ABCD isa rectangle, and Р is ап 


У point within it. Prove 
that PA? +P0?= pp TEDA 
2. (a) If a straight line is drawn parallel to one Side of a 
triangl i 


and Q respectively, prove that PQ is bisected at О. 


HIGHER SECONDARY EXAMINATION, 1964 
FIRST PAPER 
GROUP A—Algebra 


implify : 949 _ 4,3 A/6 
1. (a) Simplify : B+ 8+ J8 Ee 78 [Ans, 0] 


i i i 
(b It G4 16 =° and tJ2 —1, prove that a+b+c=0, 


A person Standing 


which is horizontal, 
the elevation of the nearer one бо be 60°. After walking 


тапөув. 
[ Ans. 40/6 tt, or 20 J/G ft. ] 
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SECOND PAPER 
Group A—Plane Geometry 


2. Same as ©. 1 (a) of Н. S. 1960. 


ABC is an isosceles triangle and AY is drawn to cut the base 
internally at Y. Show that AY? = AB? — BY.YC. 


3. Same as Q. 1(a) of H. S. 1960 (Compl.). 


Prove that the altitudes of two Similar triangles are propor- 
tional to the corresponding sides. 


H. S. Exam. (Compartmental), 1964 
FIRST PAPER 
Group A—Algebra 


implify . VABE /8)_ /2(2- ./8) J6 
Se e 434-1) J3(/3—1)' Е | 


— 1l 
(b) Simplify : Cup ' [ Ans. 8] 
5 от 


(с) Itz—7--4J8, вва the value of Ja - =z [Ans. 2 48] 


Своор B—Trigonometry 


8. (5) If tan 6-+sin 0 — m, tan Ө -sìn 0—n, prove that 
m? =n? рт, 

ll. From an observation balloon 7,200 ft. above the sea, the 
angle of depression of two cruisers аге 30° and 45°. Find the 
distance detween the cruisers if one is east and the other south 
of the balloon, [ Ans. 14400 ft. ] 
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SECOND PAPER, 1964 (Compl) 
Group A—Plane Geometry 

3. Same as Q. 1 (c) of H. S., 1961. 

XY is drawn parallel to BC, the base of the triangle ABC, 
cutting the sides AB, AC at X, Y respectively. Given that 
AX=3 in, XB=18 in. Calculate the ratio cf the area of the 
triangle АХУ to that of the quadrilateral BOY X. [Апв. 25: 39] 

4, Same аз Q. 1(c) of H. S., 1960. 


Hence prove that in any triangle, the internal bisectors of the 
three angles are concurrent. 


H. S. Examination, 1965 
FIRST PAPER 
Group A—Algebra 


1. (a) Ш == (а4- Ja? Fo) +a- „агуу, find the value: 
of z? 4-3bz — 2a. [ Ans. 0] 


1 ai 
(b) Simplity : ctae ү [Ans. 6] 
(с) Find the square root of 18--6 /5. [Ans, +(/15-+ /8)]: 
SECOND PAPER 
Group A—Plane Geometry 
9, (а) Same аз ©. 2(a) of H. S., 1963 (Oompl.). 


(b) Prove that the straight line which joins the middle points 
of the oblique sides of a trapezium is parallel to the parallel sides. 

4. Same ав Q. 1(c) of H. S., 1961 (Compl.). 

ABC is a triangle right-angled at A and AO’ is drawn perpen- 
dicular to the hypotenuse ; also О'А' is drawn parallel to CA. 
If AC=15 cm. and AB=20 сш. find, geometrically, the lengths 
of АО’ and C'A'. [ Ans. 40'—12 cm., A'O'—9'6 om. 1 


H. S. Examination, 1966 


FIRST PAPER 
GnouP A—Algebra 


3 JT 5/5 2/2 
Jess PAE 


GnouP B—Trigonometry 


1. (с) Simplify : 


12. (b) The shadow of a tower standing vertically on a 
horizontal plane is 504%. longer when the altitude of tho sun is 30° 


than when it is 45°. Find the height of the tower. 
[Ans. 25(./3+1) №] 


SECOND PAPER 
Group A—Plane Geometry 
2. First part :—Same as Q. 1(a) of H. S., 1962. 


The medians of a triangle ABC meet at O. Prove that 
AB? -- BC3 --O 43 —3(40? + BO* --CO*), 


HIGHER SECONDARY EXAMINATION, 1967 
FIRST PAPER 
Group A—Algebra 
1. (à) Simplify :— 
ав 2-3 Ans. X2] 
/2+ J2-- J8* AJ8- J2- J3 lAng 
() ш в=1-Е3°-Е3ї, prove that z? — 32? — 6z — 4-0. 
2. (b) Find the square root of a+b+ /2ab+0*. 
" A 
[ame eg У 4| 
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SECOND PAPER 
GROUP A—Plane Geometry 


2. (а) SameasQ.1 (c) of H. S., 1961. 
(b ABO is a triangle, Z an 


d M are points in AB and AC 
respectively such that LM is рагай 


lel to BO. It AL—5 ems. and 
ТВ=4 cms., find the value of Brea AL M 


25 
area LMOE" [ Ans. | 
4. (a) TEG be the centroid of the A АВО, show that 

AB*+BO24+-042 = З(@А®--@в° G3) 
(0) Samo as 9. 2 ( 


$) or, of Н. S., 1960 ( Compl, ). 


